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Abstract

In this paper we analyse vibrational characteristics of piezoceramic shells surrounded by acoustic media. Main results are presented
for radially polarized piezoceramic PZT5 elements of hollow cylindrical shapes. The coupling in the radial direction between the solid
and the acoustic media is accounted for indirectly, via impedance boundary conditions. The model based on such impedance boundary
condition approximations offers a robust simplified alternative to a full scale fluid–solid interaction modelling. By using this model, we
analyse numerically the influence of the boundary conditions imposed in the axial direction for long, medium, and short (disk-like) piezo-
ceramic elements.
� 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Piezoceramic elements constitute an important part of
smart materials and structures technology with applica-
tions ranging from medical imaging and aerospace to non-
destructive testing, ultrasonic flow-metering and ocean
engineering. Such elements come in different forms and
shapes and can be prefabricated by using different polariza-
tion directions. Hollow cylindrical shells are among most
frequently used elements in many areas, including ultrason-
ics applications [2,18,12,6,13]. While vibrational patterns of
purely elastic waves in such structures have been analysed
for many decades, the analysis of coupled electroelastic
wave propagation is of more recent origin.

Many previous results have been obtained in the context
of guided elastic wave analysis using circumferential and
longitudinal modes, but the situation becomes more com-
plicated if the cylinder is made of some anisotropic mate-
rial, such as piezoelectric ceramics. These polycrystallic
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solids have dipoles in each crystal which are stochastically
oriented in general, but tend to be parallel in small
domains. Preliminary polarization of the piezoceramics
orders these domain in one single direction. The fact, often
overlooked in the literature, is that only in the case where
the external field has some symmetry properties, it is possi-
ble to simplify constitutive relations in such a way that they
can be written with constant coefficients in some appropri-
ate curvilinear system of coordinates. In this paper we
consider the case of radial preliminary polarization which
results in a strong coupling between elastic and electric
fields [3,11]. We are interested in a situation where the
structure is in contact with another acoustically active
media, e.g., a fluid and/or gas. In order to analyse such
problems at a full scale, one needs to consider also the
coupling between solid and fluid/gas media. If the solid is
made of an active material (the situation considered in this
paper), then the model for such a full scale modelling
becomes quite complicated [14,4,11]. Numerical metho-
dologies for the solution of such fully coupled problems
are quite involved and are at the beginning of their
development.
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Fig. 1. Geometry of the structure under consideration.
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In this paper we propose a different path. As our main
interest is in vibrational characteristics of the solid element,
we account for the surrounding acoustic media indirectly,
via impedance boundary conditions. In this case we can
analyse electromechanical waves in hollow cylinders by
using only the equation of motion and the Maxwell equa-
tion accounting for conservation of electric charge. For
the case of radially polarized cylinders, these equations
are strongly coupled by constitutive relations between
stresses, strains, and the electric field. In all results reported
here we use the crystal symmetry group C6v (6 mm) so that
axisymmetrical conditions can be applied. We organize the
rest of the paper as follows. In Section 2 we provide the de-
tails of the model that describes vibrations of axisymmetric
cylindrical shells preliminary polarized in the radial direc-
tion. Section 3 gives geometric details of piezoceramic ele-
ments we analyse, as well as the information on their
physical characteristics. The procedure describing coupling
between the solid piezoceramic element and the surround-
ing acoustic media is discussed in Section 4. In this section
we also formulate the impedance boundary conditions used
in our calculations. Section 5 reports the results of
numerical experiments carried out for different boundary
conditions and different geometric characteristics of the
elements under consideration.

2. Model of dynamic piezoelectricity for axisymmetric

cylindrical shells

The model describing vibrations of piezoelectric axisym-
metric cylindrical shells can be written as follows (e.g.,
[7,11]):
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where u = (u1,u2) is the displacement (in r and z directions,
respectively), q is the density of the piezoceramics, rij are
stress components, F = (f1, f2) is the piezoelectric body
forces, and D = (Dr,Dz) is the electric displacement (induc-
tion) vector.

The type of preliminary polarization determines the
form of constitutive equations which for the case of radial
preliminary polarization yield [3,11]

rrr ¼ c33�r þ c13ð�h þ �zÞ � e33Er;

rhh ¼ c13�r þ c11�h þ c12�z � e13Er;

rzz ¼ c13�r þ c12�h þ c11�z � e13Er; rrz ¼ 2c44�rz � e15Ez;

Dr ¼ e33�r þ e13ð�h þ �zÞ þ e33Er; Dz ¼ 2e15�rz þ e11Ez;

ð2:4Þ

where the electric field E = (Er,Ez) is defined by its electro-
static potential w (Er = �ow/or, Ez = �ow/oz), cij are elas-
tic coefficients, ekl are piezomoduli, eii are dielectric
permittivity, and �ij are strain components. The relation-
ships between the components of strain and displacements
are defined in the Cauchy form:
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The system (2.1)–(2.5) is supplemented by corresponding
boundary and initial conditions.

3. Geometric and physical characteristics of the structure

The model (2.1)–(2.5) is applied in the subsequent
sections to the numerical analysis of vibration patterns of
hollow cylindrical shells. In particular, we focus on the
analysis of cylinders with different ratio between the thick-
ness and the lateral length of cylinder. This analysis is per-
formed for the model (2.1)–(2.5) with impedance boundary
condition approximations which we develop in Section 4.
In this section we provide details of geometric and physical
characteristics of the structure.

The structure under consideration is depicted in Fig. 1.
By varying the ratio between Lz and Lr = R1 � R0 (see
Fig. 1), we consider three typical situations encountered
in practical applications. In particular, the thickness of
the cylinder, Lr, is kept the same for all experiments re-
ported in Section 5 (1 mm), while the length of the cylinder
in the axial direction is varied. Namely, we have

• Lz = Lr/40 (Case (i)—short structure),
• Lz = Lr (Case (ii)—medium structure), and
• Lz = 10Lr (Case (iii)—long structure).

The analysis is carried out for clamped ends lateral
boundary conditions as well as for the relaxed conditions
which accounted frequently in applications of piezoceramic
elements (e.g., [8,4,15]). We analyse piezoceramic elements
made of PZT5 (e.g., [16,11]). These elements are sur-
rounded by acoustic media from inside and outside (water
and air, respectively). The computational domain is sym-
metric with respect to the r-axis, and hence Neumann�s
boundary conditions are imposed at that axis. The physical
characteristics of the structure are provided in Table 1.



Table 1
Piezoelectric and acoustic characteristics of the analysed structure

c11 = 1.21 · 1011 N/m2 c12 = 7.54 · 1010 N/m2 c13 = 7.52 · 1010 N/m2

c33 = 1.11 · 1011 N/m2 c44 = 2.1110 N/m2 e33 = 15.8 C/m2

e15 = 12.3 C/m2 e13 = �5.4 C/m2 e11 = 1.53 · 10�8 F/m2

e33 = 1.51 · 10�8 F/m2 c0 = 1509.37 m/s c1 = 343.7 m/s
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Our next step is to consider a simple and robust model
for coupling of the piezoceramic shell to the surrounding
acoustic media. This is achieved with impedance boundary
conditions, as explained in the next section.

4. Coupling to the acoustic media and boundary conditions

The basic model for coupling between an active solid
material, such as the piezoceramic element under consider-
ation, and surrounding acoustic media can be derived via
the concept of acoustic pressure [9]. As the acoustic pres-
sure is coupled to the flow velocity, the model (2.1)–(2.5),
given for axisymmetric waves, should be supplemented by
two pairs of three equations. Namely, in each such a pair
we have to deal with the continuity equation coupled to
two equations resulting from Euler�s vector equation with
respect to components of the fluid particle velocity
vðiÞ ¼ ðvðiÞr ; vðiÞz Þ; i ¼ 0; 1 on each side of the hollow piezoce-
ramic shell. If we denote by qi, ci, and pi, i = 0, 1 densities,
speeds of sound, and acoustic pressures in the internal and
external acoustic media, we have six partial differential
equations to supplement model (2.1)–(2.5):
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We further note that (4.1) are coupled to (2.1)–(2.5) via the
condition for continuity of radial stresses at the fluid–solid
interface:

rrrðR0; z; tÞ ¼ P 0ðR0; z; tÞ;
rrrðR1; z; tÞ ¼ �P 1ðR1; z; tÞ;

ð4:2Þ

where the acoustic pressures of the flows on the internal
and external surfaces are denoted P0(R0,z, t) and
P1(R1,z, t), respectively. In the general case, the conditions
coupling (4.1) and (2.1)–(2.5) are dynamic and are difficult
to treat numerically. Results on such a treatment are
known only for some special cases (e.g., [11]). Here, we
propose a different path to the solution of this problem.
First, we limit ourselves to the harmonic approximation
by assuming the solution in the form:

uk ¼ ~uk expð�ixtÞ; k ¼ 1; 2; w ¼ ~w expð�ixtÞ; ð4:3Þ
where i is the imaginary unit, x = 2pf, and f is the fre-
quency (all values reported in Section 5 are given in terms
of f). In this case the model (2.1)–(2.5) can be simplified by
moving from the time to frequency domain. As we move
from the time to frequency domain in the problem formu-
lation, we omit the tilde in the equations that follows. We
consider the situation where the cylinder is excited by an
electric pulse with pre-defined applied potential difference
V(t)

w ¼ V =2; r ¼ R0; w ¼ �V =2; r ¼ R1. ð4:4Þ
In addition, we have to impose the electric boundary con-
ditions at the lateral ends of the cylinder z = z1 and z = z2:

Dzðr; zjÞ ¼ 0; j ¼ 1; 2. ð4:5Þ
Next, we simplify the model by replacing the electrome-
chanical coupling with mechanical boundary conditions
that express continuity of radial stresses and velocity via
the impedance boundary conditions [9]. Such conditions
have important applications in acoustics and have recently
been analysed in the context of time-reversal techniques
important for improved refocusing in such applications
as medicine, communications, nondestructive testing, and
underwater acoustics [1]. Impedance boundary conditions
are used also frequently in the context of the acoustic sen-
sitivity analysis and design optimization (e.g., [17]). The
acoustic impedance corresponding to water/air as the
surrounding fluid is defined here as follows (e.g., [9, Chap-
ter 5]):

Zwa ¼ iq0c0H
2
0ðxR0=c0Þ=H 2

1ðxR0=c0Þ;
Zair ¼ iq1c1H

2
0ðxR1=c1Þ=H 2

1ðxR1=c1Þ;
ð4:6Þ

where, as before, ci and qi, i = 1, 2 are the speeds of sound
in and densities of water and air, respectively, and
H 2

i ; i ¼ 0; 1 are Hankel functions of the second kind of
zeroth and first orders, respectively. Our application of
impedance boundary conditions (4.6) assumes continuity
of radial component of velocity at the fluid–solid interface,
while conditions (4.2) imply continuity of radial stress in
the solid and pressure in the inviscid fluid:

rrrðR0; z; tÞ ¼ ixZwau1ðR0; z; tÞ;
rrrðR1; z; tÞ ¼ �ixZairu1ðR1; z; tÞ.

ð4:7Þ

The (rz)-component of stress in all our experiments re-
ported in Section 5 is taken to be zero:

rrzðR0; z; tÞ ¼ 0; rrzðR1; z; tÞ ¼ 0; ð4:8Þ
since we have inviscid fluid on the inside and outside. At
the same time, the mechanical boundary conditions at the
axial/lateral ends of the cylinder will vary and we will ana-
lyse the dependence of the solution on this variation. In
particular, first we will be interested in the clamped bound-
ary conditions. These conditions are frequently used in
applications, although it is known that they are quite diffi-
cult to satisfy in practice (e.g., [15]). Hence, we relax these
conditions by considering a series of computational exper-
iments with transversely free structures as well as trans-
versely and longitudinally free structures. From a series
of computational experiments reported in the next section
we determine typical critical frequencies for the structures
under consideration, and provide details of the analysis
of vibration patterns for one such frequency.
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5. Numerical results and discussion

The model discussed in the previous sections has been
solved numerically. The set of partial differential equations
(2.1)–(2.5) and the associated boundary conditions (4.7)
and (4.8) for fluid coupling were implemented in Matlab-
based Femlab [5] using the finite-element methodology
[19]. The problem was solved in cylindrical coordinates
and—given the independence of the problem of the azi-
muthal coordinate—the computational domain simplifies
to a two-dimensional rectangular region in z and r. Com-
putations were carried out on a sequence of grids with tri-
angular elements increasing in numbers from 264 to 1700
to ensure that grid independence of dependent variables
was achieved for all cases presented here.

In what follows we discuss the results of computational
experiments performed for three structures, short, medium,
and large. Three representative examples were chosen to
represent such structures as described in Section 3. As we
have mentioned, we will consider three main types of the
boundary conditions for the ends of the cylinder (z = z1
and z = z2), namely:

• u1 = 0; u2 = 0 [Case (a)],
• u2 = 0; rrz = 0 [Case (b)], and
• rrr = 0; rrz = 0 [Case (c)].

These three boundary-condition cases reflect typical sup-
port conditions in the sense that Case (a), Case (b), and
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Fig. 2. Frequency sweep of the maximum absolute radial displacement
Case (c) correspond to a longitudinally and transversely
clamped structure, a longitudinally clamped but trans-
versely free structure, and a longitudinally and transversely
free structure, respectively.

Consider the medium cylinder first. In Fig. 2, a fre-
quency sweep of the maximum absolute radial displace-
ment u1 as calculated over the whole piezoceramic
structure is shown for the medium structure with Lz = Lr =
10�3 m and boundary conditions (b). In a series of compu-
tational experiments we have performed, these boundary
conditions lead to a practical independency of the results
along the z-direction. The model reproduces the results of
the one-dimensional case where the impedance boundary
conditions are well justified because the reflected and trans-
mitted waves can be determined in terms of the impedance
as a function of the geometry, the velocity of sound and the
density of the medium (e.g., [10]).

It is evident from our Fig. 2 that two resonant peaks at
1.885 MHz and 1.95 MHz exist, the former being slightly
larger corresponding to maxju1j = 90 Å. In the following,
we present results exclusively at 1.885 MHz for three cases
of boundary conditions at the lateral boundary ends, as
outlined above. Furthermore, we present results for all
boundary-condition cases for the three structures, medium,
short, and long, as we described in Section 3. In all these
cases the impedance boundary conditions, as outlined by
(4.6)–(4.8), are imposed. We note that for the long struc-
ture with boundary conditions corresponding to Cases
(a) and (c), resonance frequencies are found to be at
2.05 2.1 2.15 2.2 2.25

x 10
6

cy [Hz]

maxju1j for the full medium structure with boundary condition (b).



Fig. 3. Plots of the radial displacement value u1 along the inner boundary
side facing water (medium structure). The upper, middle, and lower plots
correspond to Case (a), Case (b), and Case (c) boundary conditions,
respectively. The first (second) axis is z (u1) measured in m.
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1.92 MHz and 1.98 MHz, respectively. In case with bound-
ary conditions (c), two resonance peaks are observed at
1.89 MHz and 1.98 MHz, the latter being approximately
10% larger in maximum radial displacement as compared
to the former. At this point, it is important to mention that
qualitative differences in the spatial dependency of dis-
placements with frequency near the resonance are not ob-
served. Hence, it is reasonable to compare—as mentioned
above—spatial displacement curves at one given frequency
for all three types of boundary conditions. Indeed, our
numerical experiments confirm that the qualitative spatial
displacement dependencies for the short and medium struc-
tures also are unchanged at frequencies close to resonance.

In Fig. 3 (upper), u1 for the medium structure is plotted
versus z along the inner boundary facing water in Case (a)
with longitudinally and transversely clamped support con-
ditions. The displacement u1 reaches its maximum value of
approximately 90 Å at the center of the structure and de-
creases to 0 at the end points z = 0 and z = Lz = 1 mm as
it must. Results for u1 in Case (b) show that u1 � 89 Å
and constant as a function of z (Fig. 3 (middle)) while u1
in Case (c) varies symmetrically around the center z value
with a double-peak structure having maximum and mini-
mum absolute values of 6.17 Å and 5.88 Å (Fig. 3 (lower)).
The computed results reveal that the average 1=Lz

R z¼Lz
z¼0

u1 dz
is largest in Case (b) and that u1 is almost uniform over z.
Hence, for most device applications where a large and uni-
form displacement is sought it is beneficial to support the
piezoceramic structure rigidly against longitudinal motion
while allowing free motion of shear displacements at the
top- and bottom-boundary ends. Note, that all displace-
ment results are symmetric around the center z value:
z = Lz/2 due to the symmetry of the mathematical problem
at hand.

Consider next the long structure with Lr = 10�3 m and
Lz = 10�2 m. In Fig. 4 (upper), u1 is plotted versus z at
the inner boundary side facing water corresponding to
Case (a) boundary conditions. Evidently, u1 varies period-
ically with approximately the same distance between peaks
and valleys as observed in Fig. 3 (upper) for the medium
structure (in the latter case assigning the top- and bot-
tom-ends as valleys). The radial displacement u1 peaks near
the center z = Lz/2 at a value of approximately 90 Å and
decays to 0 at the top- and bottom-boundary ends. In
Fig. 4 (middle), u1 is plotted against z at the inner bound-
ary side corresponding to Case (b) boundary conditions
(long structure). Similar to what is found in the medium
structure with Case (b) boundary conditions, u1 is large
(approximately 89 Å) and almost uniform. Fig. 4 (lower)
shows u1 for Case (c) boundary conditions as a function
of z at the inner boundary side. The spatial vibration pat-
tern is complicated and nonuniform although large peak
values of u1 equal to approximately 130 Å are found, how-
ever, all displacement results are symmetric around the cen-
ter z value: z = Lz/2 for the same reason as given above.

Results for the short structure with Lz = 1/(40Lr) =
2.5 · 10�5 m are shown in Fig. 5 (upper). The maximum
radial displacement is considerably smaller (u1 � 0.25 Å)
than in the long- and medium-structures cases with Case
(a) boundary conditions. The reason is that the longitudi-



Fig. 4. Plots of the radial displacement value u1 along the inner boundary
side facing water (long structure). The upper, middle, and lower plots
correspond to Case (a), Case (b), and Case (c) boundary conditions,
respectively. The first (second) axis is z (u1) measured in m.

Fig. 5. Plots of the radial displacement value u1 along the inner boundary
side facing water (short structure). The upper, middle, and lower plots
correspond to Case (a), Case (b), and Case (c) boundary conditions,
respectively. The first (second) axis is z (u1) measured in m.
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nal and transverse vibrational wavelengths are much larger
than Lz. Hence, wave motion is almost prohibited in the
case with completely clamped boundaries: u1 = u2 = 0. In
Fig. 5 (middle), u1 is shown as a function of z at the inner
boundary side corresponding to Case (b) boundary condi-
tions. Results are indeed quite similar to those obtained
with Case (b) boundary conditions in the medium- and
long-structure cases, i.e., u1 is large (approximately 89 Å)



Fig. 6. Contour plot of the radial displacement value u1 for the full medium structure with Case (a) boundary conditions. The first (second) axis is r (z)
measured in m; the color bar values of u1 are in m. (For interpretation of the references in color in this figure legend, the reader is referred to the web
version of this article.)

Fig. 7. Contour plot of the radial displacement value u1 for the full medium structure with Case (b) boundary conditions. The first (second) axis is r (z)
measured in m; the color bar values of u1 are in m. (For interpretation of the references in color in this figure legend, the reader is referred to the web
version of this article.)
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Fig. 8. Contour plot of the radial displacement value u1 for the full medium structure with Case (c) boundary conditions. The first (second) axis is r (z)
measured in m; the color bar values of u1 are in m. (For interpretation of the references in color in this figure legend, the reader is referred to the web
version of this article.)
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and almost uniform. In Fig. 5 (lower), u1 results are shown
corresponding to Case (c) boundary conditions. Evidently,
u1 is almost uniform but smaller in average as compared to
results obtained for Case (c) boundary conditions in the
long- and medium-structure cases. Again, all displacement
results are symmetric around the center z value: z = Lz/2
given the symmetry of the problem.

In Fig. 6, a contour plot of u1 for the entire medium
structure (2.9 · 10�2 m 6 r 6 3 · 10�2 m, 0 6 z 6 10�3 m)
is shown with Case (a) boundary conditions. The displace-
ment shows symmetry around the center value of z (=Lz/2)
as it must given the symmetry of the system of differential
equations and the boundary conditions. As mentioned
earlier (Fig. 3 (upper)), the maximum radial displacement
value occurs at the center z value at the inner- and outer-
boundary sides. Note, that no symmetry exists with respect
to the center r value (r = Lr/2 = 2.95 · 10�2 m) due to the
cylindrical nature of the problem.

In Fig. 7, a contour plot of u1 is shown for the entire
medium structure with Case (b) boundary conditions.
Clearly, u1 varies over the top- and bottom-boundary ends,
however, u1 is constant with respect to variations in z. In
actual fact, it can easily be shown that a solution set exists
of the form:

u1ðr; zÞ � ur; u2ðr; zÞ ¼ 0; wðr; zÞ ¼ ar; ð5:1Þ
where a is a constant, fulfilling (trivially the boundary con-
dition: u2 = 0) and the boundary condition:
rrz ¼ c44
ou1
oz

þ ou2
or

� �
� e11

ow
oz

¼ 0; ð5:2Þ

everywhere at the top- and bottom-boundary ends. The
general symmetry of the problem mentioned above is again
reflected in the results.

Finally, in Fig. 8, u1 is shown versus z and r for the full
geometry corresponding to Case (c) boundary conditions.
Results are symmetric with respect to a reflection in the
z = Lz line due to the symmetry of the problem but peak
u1 values of approximately 10 Å are now found at locations
r � 2.92 · 10�2 m and r � 2.98 · 10�2 m at the top- and
bottom-boundary ends.
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