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Abstract

In this paper we describe a systematic methodology for the construction of computational models for coupled multi-scale
dynamic problems with a major focus given to a case study example related to the design of shape memory alloy actuators
controlled by thermoelectric effect. From a mathematical point of view, the problem in hand is a coupled dynamic system of
partial differential equations which is not amenable to analytical treatments and requires an efficient computational tool for its
solution. The developed methodology is based on a combination of the analysis of such invariant sets that keep the essentials
of the system dynamics and on the reduction procedures of the original model on such sets. A presented numerical example
demonstrates the efficiency of the developed tool in describing phase transformations in actuators based on materials with
shape memory effects.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

There is a growing recognition in scientific and en-
gineering communities that many, if not all, real world
problems are intrinsically coupled. The coupling may
have different sources, e.g. different physical fields
coupled together. Electroelasticity, thermoelasticity,
viscoelasticity, magnetoelasticity are examples of
such problems. Different states of matter should of-
ten be also treated together, giving other examples of
coupled problems such as fluid–structure interactions,
aeroelasticity, various phase transitions. Sometimes
such problems are termed as multi-physics problems.
This term, however, does not include explicitly many
other important coupled problems where, for exam-
ple, chemical, biological fields, or a combination of
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those could be a major source of coupling. In cli-
mate modelling, for instance, we need to account
for physical, chemical, biochemical, geological, and
many other features of the planet and its surrounding
in their intrinsic interactions[13]. Such seemingly
distant fields as biomechanics, climate modelling,
geomechanics, and nanotechnological applications
all have in common that further advances in these
areas are closely connected with our ability to solve
efficiently coupled problems[12].

The class of coupled problems has been continu-
ously expanded, reflecting the nature of scientific dis-
covery and needs of practical applications. However,
it would be proper to say that the coupling most often
originates from:

• the phenomenon under consideration which re-
quires accounting for several different fields,

• a multi-scale nature of the problem where differ-
ent effects and/or structure properties may be more
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pronounced at a specific scale, while being negligi-
ble at other scales,

• a combination of the above factors.

Most of such coupled problems are not amenable to
analytical treatments, especially when dynamic phe-
nomena are at the focus of interest. At the same time,
computational cost of such problem solutions is often
prohibitively high to allow their efficient solution on
modern computers.

By now, with ready availability of computer power
many coupled problems are already possible to attack
directly, without restricting our attention to just one
phenomenon or field. However, there is a large and
expanding class of coupled problems that requires the
development of efficient computational algorithms for
the solution of these problems. In fact, many prob-
lems in this class involve strongly couplednonlin-
ear dynamics. Practically important, mathematically
fruitful, and computationally challenging examples
of such coupled problems are provided by advances
in smart materials and structure technology. Indeed,
a better understanding of magnetostrictive and piezo-
electric materials, magneto- and electro-rheological
fluids, and materials with memory such as shape
memory alloys (SMA) can only be achieved with
efficient computational models describing these mate-
rials. For this reason, our discussion is centred around
a case study example dealing with one of the most
important problems in this field requiring an adequate
description of the dynamics of materials with shape
memory as part of multi-layered structures.

The paper is organised as follows:

• In Section 2we provide details of our approach,
highlight its main features, generic to a large class
of coupled problems, and discuss the differences
and similarities of our approach with other existing
approaches.

• Section 3 gives a necessary background in and
examples of coupled dynamic problems arising in
smart materials and structures applications. Major
attention is given to thermoelectric SMA-based
actuators which are currently in the focus of exper-
imental studies aiming at developing new devices
for microtechnology and microsystem engineering.

• In Section 4we give details of the governing equa-
tions describing both thermoelectric and thermome-
chanical processes in the system chosen as a case

study example. In this section we also give details
of the reduced computational model, derived with
the developed technique, and demonstrate the effec-
tiveness of the proposed approach in the analysis of
coupled thermomechanical dynamics of the SMA
layer in the actuator.

• Concluding remarks are given inSection 5.

2. Multi-scale analysis and low-dimensional
modelling

It is well known that standard approaches in devel-
oping numerical discretisations neither explicitly take
into account subgrid scales, nor allow to rescale the
system in terms of a set of parameters responsible for
the contribution of small effects[2]. In the analysis of
singular perturbed systems, such as

du
dt

= εLu + f(u), (2.1)

it is a common practice to rescale the system in terms
of a single parameter which leads to rescaling the time
ast = τ/ε

du
dτ

= Lu + 1

ε
f(u), (2.2)

where ε is a small parameter,L and f are linear
and nonlinear (at least quadratic) parts of the sys-
tem, respectively. Difficulties with this approach are
well known and lie in the fact that loweringε leads
to a decreasing influence of the contribution of the
dissipative termεLu and that a lower value ofε
may produce a manifold (e.g., an inertial manifold
M) of higher dimension. More precisely, if, for ex-
ample,A = −L is self-adjoint andf : D(Aα) →
D(Aβ) is bounded and satisfies the following
conditions:

|Aβf(u)| ≤ K1,

|Aβ[f(u) − f(v)]| ≤ K1|Aα[u − v]|,
supp(f) ⊂ {u : |Aαu| ≤ ρ}, (2.3)

then the standard arguments of the inertial manifold
would require the spectral gap condition

λk+1 − λk > 2K1[λα−β

k + λ
α−β

k+1 ] (2.4)

for such a manifoldM to exist. In(2.3) and (2.4)we
assume that 0≤ α − β < γ with γ = 1 (the standard
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arguments apply forγ = 1/2, inclusive) and that

Aωk = λk, λk+1 ≥ λk. (2.5)

The condition(2.4) leads to severecomputationalre-
strictions on the applicability of the described method-
ology to a number of practically important problems.
The standard methodologies of multiple scales and
singular perturbation are efficient tools for the anal-
ysis of weakly nonlinearproblems. In some cases
these methodologies can be applied directly to some
PDE-based models and even can result in obtaining
normal forms. However, since the systems we are in-
terested in this paper are infinite dimensional, it is
quite natural to apply a centre manifold reduction first,
and in doing so to balance the order of small effects
at the stage of the model construction, rather than
at a later stage. In what follows we explain how a
combination of the centre manifold technique and the
computer-algebra approach would allow us to con-
struct efficient computational models even in the situa-
tions where the standard approaches highlighted above
would lead to serious difficulties.

Firstly, we recall that centre manifold is a technique
of reducing the model dimensionality and restricting
attention to an invariant subspace, known as the centre
manifold, which contains all of the essential dynam-
ics of the system described by the original model. The
technique has been used widely in the context of ODE,
including bifurcation analysis and general nonlinear
delay-differential equation (e.g.,[17] and references
therein). From a theoretical point of view the tech-
nique is well established (see, e.g.,[4,16,18,20]and
references therein). Although the technique was con-
ceived for ordinary differential equations, at present
time application areas of the centre manifold technique
to PDE-based models are growing rapidly. Moreover,
the normal form methodology and centre manifold
technique often considered in conjunction (e.g.,[11]),
and historically the key publications on both of these
tools appeared around the same time.

Secondly, it is important to note that the centre
manifold methodology can deal with problems where
invariant sets might become non-hyperbolic, which is
an important element in phase transition problems and
in a number other coupled models based on systems
of PDEs consisting of different type equations (e.g.,
hyperbolic and parabolic, hyperbolic and elliptic,
etc.). It is known that non-hyperbolic sets cannot per-

sist in general, so the task is to construct a normally
hyperbolic (invariant) manifold which contains the in-
variant set of the smallest possible dimension. A key
to the current success stories of applying the centre
manifold technique to complicated applied problems,
as diverse as nonlinear aeroelasticity, nonlinear optics,
delay PDEs, thin film fluid dynamics, combustion sys-
tems of reaction–diffusion types, turbulent flows and
climate models, magneto-hydrodynamic plasma, and
many other applications (e.g.,[5,11,19]and references
therein), is thelink between the centre manifold and
computer-algebra methodologies. This link allows
one to derive low-dimensional modelssystematically.

We recall the main idea of centre manifold by high-
lighting major steps of associated numerical proce-
dures. If we have already approximated the spatial part
of our PDE-based model, we come to a fairly generic
system in the form (e.g.,[5] and references therein)

dx
dt

= Lx + f(x, y), x ∈ R
n,

dy
dt

= Ky + g(x, y), y ∈ R
m. (2.6)

Bringing an analogy with the classical Tichonov sin-
gular perturbation system, we can say that ifx is a
“slow” variable (the real parts of the eigenvalues ofL
are zero), andy is a “fast” variable, relaxing exponen-
tially quickly to the instantaneous equilibrium value
(the real parts of the eigenvalues ofK are negative), we
can then construct systematically an approximation to
(2.6) by consideringy as a function ofx, y = h(x)
(whereh(x) is called a centre manifold), in the form

du
dt

= Lu + f [u, h(u)], u ∈ R
n. (2.7)

If the origin is an equilibrium point of(2.6), then the
solutions of(2.7) relax exponentially quickly to the
solutions of(2.6). It is rarely possible to find centre
manifold h(x) analytically, and hence to write down
Eq. (2.7)explicitly. Even in this, relatively simple case,
the equation for evolution ofh(x) has a complexity
comparable with the second equation of system(2.6)
(see, e.g.,[5]). Sinceh(x) and(2.7)can rarely be con-
structed analytically, the construction of model(2.7)
and the derivation of the equation for the centre man-
ifold y = h(x) are conducted simultaneously with a
computer-algebra-based numerical procedure. Since
h is found in an iterative manner, model(2.7) can be
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thought as a set of models, each of which can be rep-
resented in the following form:

du
dt

= Lu + f [u, ε], (2.8)

whereε is a vector of parameters. This idea allows
us to generalise the classical singular perturbation ap-
proach. Rather than to rescale all variables with respect
to a single parameter, as shown by(2.1) and (2.2), we
aim at balancing as many small effects as needed in a
particular problem.

From a theoretical point of view, the idea of centre
manifold is ultimately connected with that of inertial
manifolds introduced by Foias, Sell, and Temam in
the mid-1980s, in particular in the context of approx-
imate inertial manifolds (AIM) (e.g.,[22]). Similar
to the centre manifold technique the (approximate)
inertial manifold methodology allows us to reduce
infinite-dimensional PDEs to a finite set of ODEs, but
the tools of such a reduction are somewhat different
in these two cases. While in the inertial manifold
methodology we use asymptotic “slaving rules” (or
exponential tracking properties that follow from(2.4))
in an attempt to achieve the asymptotic completeness
of the model, in the centre manifold technique the
main emphasis is placed on aconstructive procedure
of obtaining a model, solutions of which are attracted
exponentially quickly to the solutions of the original
system (see also[16]).

In general,approximationsobtained with any of
these two approaches are distinct from the standard
Galerkin approximation. A more general nonlinear
Galerkin method becomes one of the most popular
approaches in constructing AIMs. However, at the
computational level this approach is quite demanding
computationally, and, as it has been pointed out in[8],
it is not clear at the moment whether better accuracy
of this methodology (say, compared to the standard
Galerkin technique) is worth its computational cost.
Recent attempts have been made to remedy this de-
ficiency via multi-level multi-grid procedures and
post-processing Galerkin methodologies (see, e.g.,
[3,8,23]and references therein).

We note also that in its essence our approach has
similar features to that of multiple scale method-
ologies where two-scale models achieve certain de-
gree of maturity (e.g., macro–micro, or macro–meso
[24,25]). Among multi-scale approaches widely used

in the literature we mention the wavelet method
for the numerical approximation of PDEs, Harten’s
multi-scale framework, level-set-based method of
multiple scales, incremental unknowns and other
techniques of the non-linear Galerkin type. A quite
promising method based on variational multi-scale
techniques has recently been described in[2]. Its main
steps are:

• at the initial stage, the presence of the unresolved
scales is included ab initio;

• then, the problem is decomposed into two coupled
sub-problems, so that we can carry out computa-
tions of: (a) the fine scales as driven by the residu-
als of the visible modes, and (b) the coarse scales,
accounting for the effects of the invisible modes.

No computational results have been reported so far
to test this methodology. It is well known, however,
that the method of two-scale asymptotic expansions
may fail to give the appropriate multi-scale govern-
ing equation for general nonlinear problems[24]. At
the same time, iterative schemes, developed within
the multi-scale methodology framework, that allow
us to alternate between macroscopic and microscopic
solutions (e.g.,[24]) could lead to unjustifiably high
computational cost. In our approach we balance con-
tributions of small effects at the stage of the model
construction, and the centre manifold technique al-
lows us to treat effectively as many small effects as
we wish by choosing as many different parameters
(and orders in the amplitudes) as needed for a specific
problem.

In the next sections, our goal is to apply our ap-
proach to the description of the dynamics of phase
transitions in the SMA layer of thermoelectric ac-
tuators. The problem has recently been analysed by
experimentalists[1], and an efficient computational
methodology would lead to a further insight into the
physical processes that are crucial for the design of
these devices. Firstly, note that the problem in hand is a
strongly nonlinear problem. Moreover, since we need
to deal with different (possibly co-existent) phases
of the material, the problem is a multi-equilibrium
problem. These features of the problem under consid-
eration would require a quite efficient computational
methodology in order to simulate phase transforma-
tions in the material. Before moving to technicalities
of this problem, we summarise the most important
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features of our approach:

• computational implementations of the centre man-
ifold technique do not require a restrictive spectral
gap condition typical for a number of other numer-
ical algorithms, including AIM constructions;

• the methodology can be applied to multi-equilibrium
problems, which is an essential factor for phase
transition models;

• the centre manifold technique can be effectively ap-
plied to multi-scale problems; it allows treatment of
multiple small effects by choosing as many differ-
ent small parameters as needed;

• last, but not least, the centre manifold can be con-
structed to any desired degree of accuracy with re-
spect to the chosen small parameters.

In what follows, we demonstrate our approach on
the example of modelling a thermoelectric SMA ac-
tuator. The approach, which is a combination of the
centre manifold technique and computer algebra, is
systematicin a sense that it allows us to derive com-
putational models with arbitrary order of accuracy
with respect to a pre-defined set of small parameters.

3. Multi-scale coupled dynamic problems in
smart material and structure technologies

A wide range of computationally challenging prob-
lems is provided by recent advances in smart material
and structure technologies. Not only do new materials
require an efficient treatment ofspatio-temporal mul-
tiple scale effects, they lead to mathematical models
which are essentiallycoupled. In many applications
of smart material and structure technologies, coupled
phenomena are in the very essence of the successful
design of systems and devices. Classical examples in-
clude electromechanical and magnetomechanical sys-
tems. As a part of modelling such systems, in some
cases we have to adequately describe the dynamic be-
haviour of complex materials these systems made of,
subject to different loadings. This is known to beone
of the most difficult tasks in computational sciences,
which is complicated even further as soon as an in-
trinsic nonlinear interplay between different physical
fields, such as mechanical, electric, and/or thermal,
is at the heart of the process of interest. Typical ex-
amples of the materials that are usually classified as

“smart” (due to their ability to respond to environ-
mental changes or external loading conditions) include
electro-rheological fluids, magnetostrictive materials,
piezoelectrics to name just a few. In what follows,
we consider a specific example which has recently
attracted a considerable interest of experimentalists.
It has been known for a long time that under exter-
nal stimuli (e.g., a mechanical force, a temperature
impulse, or a magnetic field) some materials can re-
store their original configurations after being perma-
nently deformed. The materials that have attracted a
lot of attention in the context of microtechnology and
microsystems engineering are SMAs. However, these
promising materials have a disadvantage which only
recently has been overcome by experimentalists. In-
deed, it is known that the control of the SMA phase
transformations can be made by temperature or me-
chanical field or a combination of both, but what is
problematic is the low dynamic response of these ma-
terials. For example, we can use SMA elements to ac-
tuate microrobots, but their low dynamic response may
not allow us to do so efficiently, in particular in the sit-
uations where it is difficult to control the external tem-
perature or where such actuators operate in confined
environments. This is especially true due to cooling
mechanisms[1]. Hence, it is our next goal to develop
a model which would work for such SMA-based sys-
tems. In particular, we want to describe adequately
phase transformations occurring in the SMA layer of
thermoelectric actuators such as those that have re-
cently been studied experimentally in[1]. The design
of new devices and systems requires a better under-
standing of the dynamics of these materials, including
phase transition and hysteresis phenomena[15]. The
modelling of SMA dynamics is a challenging field of
computational science where interdisciplinary efforts
are required. The adequate modelling of SMA-based
multi-layered structures represents even a greater chal-
lenge. It is a novel, interesting, and important task,
and it is this class of problems that is in a focus of our
analysis in the next two sections.

We consider a SMA actuator whose operation is
based on the so-called solid–solid phase transitions, a
process which can be understood only by considering
the dynamics of thermal and mechanical fields as cou-
pled. From a practical point of view, such actuators,
which could be quite small in size, can outperform
classical piezoelectric-based actuators in terms of their
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ability to generate larger stresses and strains. SMA
can be used for actuating purposes in shape and vibra-
tion control problems, as well as in applications rang-
ing from various mechatronics products (e.g., flexible
grippers for the assembly of tiny workpieces in the
semiconductor industry and the sample collection for
microscopic observations in the biochemical labs) to
SMA actuators in the area of underwater vehicle de-
sign, artificial valves in bioengineering applications,
etc. However, as we have already mentioned, SMA ac-
tuators have a fairly low frequency response and slow
cooling rates[1,6,7,10]. Hence, substantial research
efforts have been recently directed to overcome this
disadvantage of SMA-based devices by controlling
their operation with thermoelectric, magnetic, or other
externally generated fields. It has been confirmed by
experimentalists that the Peltier effect can be used ef-
fectively for these purposes[1]. This effect is intrinsic
to thermoelectric materials. The fundamentals of mod-
elling thermoelectric (thermodynamically reversible)
processes were laid by A.F. Ioffe, and based on those
early results, semiconductors have been used for lo-
calised cooling in various applications. Several factors
contribute to a renewed and rapidly growing interest in
thermoelectric materials. As the size of semiconductor
devices continues to decrease, this leads to an increas-
ing power dissipation per unit area. Thermal effects
become even more critical for photonic devices where
the heat generation density could be very high. In the
context of our further discussion, thermoelectric ef-
fects are used for thermal cycling of the SMA, so that
the desired phase change for actuation purposes can be
induced, subject to appropriate mechanical conditions.
In order to model such thermoelectrically controlled
SMA actuators based on an SMA layer surrounded by
layers of thermoelectrics (typically semiconductors),
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Fig. 1. Schematic representation of a single multi-layered SMA actuator module.

we have to deal with two levels of coupling. Firstly,
we have the coupling between thermal and electric
fields in the semiconductor layers, and secondly, we
have the coupling between mechanical and thermal
fields in the SMA layer. In its generality, a complete
dynamic description of such multi-layered structures
is difficult to obtain, and efficient computational mod-
els should be developed to attack the problem. In
order to demonstrate the methodology described in
Section 2in modelling such devices, we use a simple
model for thermoelectric “surroundings” of the SMA
layer.

4. Case study example: thermoelectrically
controlled SMA actuators

We consider a single SMA module (a realistic
structure consists of a set of such modules) depicted
in Fig. 1. The idea here is essentially the same as
in more classical applications of thermoelectrics in
power conversion and refrigeration industries, where
the cooling efficiency can be achieved with semi-
conductor thermoelements (in fact, much progress in
the field has been connected with the development
in solid-state electronics). For SMA-based actuators
cooling is important as soon as the control of SMA
phase transformations (and a subsequent mechanical
power generation) is made by the temperature. If the
dynamic response of such actuators is low in low
cooling rates, it deteriorates their usefulness. Note that
the efficiency of traditional “cooling” technologies
such as thermal convection and conduction, usually
applied to SMA samples at larger scales, decreases
with scaling down SMA devices. A novel engineering
idea, developed here further from a computational
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point of view, originates from the fact that the Peltier
effect is known to be quite effective for cooling elec-
tronic chips in electronic industry. The use of this
effect is based on the fact that whenever we apply an
electric current to a system composed of two dissim-
ilar conductors, heat is evolved at one junction and
absorbed at the other leading to a situation where one
junction becomes cold and the other becomes hot.
From a computational point of view, this fact brings
difficulties in modelling these devices due to a jump
in the heat flux at the interface caused by the Peltier
effect.

In Fig. 1, P and N stand for oppositely doped semi-
conductors (e.g., bismuth telluride TeBi), and S stands
for the SMA layer of this multi-layered structure. We
assume that the density of applied current isJ(t), and
the current direction for this specific case is indicated
schematically inFig. 1.

The modelling of thermoelectrically cooled/heated
SMA actuators is typically limited in the literature
to thermal analyses only (e.g.,[1,7] and references
therein) where the SMA module is described on
the basis of the heat equations with different ap-
proximations for the internal heat productions. Such
models cannot describe the dynamics of phase tran-
sitions that would require considering displacements
coupled to temperature changes. In addition, until
recently such models were based on the assumption
of a small ratio between the SMA layer thickness
and the thickness of semiconductors (see discus-
sion in [7]). This assumption might be violated in
practice. Nevertheless, such models allow us to ob-
tain a first approximation to the temperature at the
interface between the SMA and semiconductor lay-
ers. This fact will be used in the models discussed
below.

4.1. Accounting for thermoelectric effects in the
thermomechanical analysis of the system

We denote the temperature byθ, the thermal con-
ductivity coefficient byk, the perimeter and area of the
cross-section byP andA, respectively, the heat con-
vection coefficient byH , the electrical resistivity byρ
(so thatρJ2 is the Joule heat), the heat capacity per unit
volume byCv, and the Seebeck coefficient byα. The
structure is symmetric, the thickness of the SMA layer
is a0, and the thickness of each semiconductor layer

is a (seeFig. 1). Two other dimensions of the struc-
ture, denoted byb andc, are used in the definition of
A andP , so thatA = bcandP = 2(b+c). Following
[6], we consider a thermal model for the multi-layered
SMA actuator based on a system of three heat equa-
tions written for each layeri (either N-semiconductor
layer, P-semiconductor layer, or SMA layer, that is,
for instance,θs denotes the temperature in the SMA
layer)

ki
∂2θi

∂x2
+ ρiJ

2(t) − H
P

A
(θi − θ0) = Ci

v

∂θi

∂t
, (4.1)

and coupled together by the flux interface conditions,
e.g.,

−ks
∂θs

∂x
= −kp

∂θp

∂x
+ αpθpJ(t). (4.2)

Model (4.1) and (4.2)provides a good approxima-
tion especially in the case where the temperature in
each layer does not vary significantly in the plane per-
pendicular to thex-axis. This simple analysis allows
us to set a background for the analysis of the SMA
layer.

Note that by considering a special case where the
thermal conductivity of SMA,ks, is much larger com-
pared to thermal conductivity of semiconductors,kn,
and kp (e.g., by assuming a small ratio between the
layer thickness of SMA and semiconductora0/a �
1), the strong thermomechanical coupling, intrinsic to
the SMA layer, has often been neglected (e.g.,[6]).
Although the assumptiona0/a � 1 (dubious in many
applications) has been recently removed in[7], most
approaches developed in this field so far can account
only partly for the thermomechanical coupling in the
SMA layer [6,7,10]. However, it is thiscoupling that
is responsible for phase transformations, and due to
this coupling, the often made assumption thatθs(x, t)

is independent ofx (e.g., [6]) cannot be justified in
any realistic situations involving phase transforma-
tions. A partial phase transformation (and hence the
effect of coupling) has been considered in[10], where
the assumption of an almost uniform temperature
distribution in the SMA layer has been removed. The
authors of[10] used a phenomenological model based
on gradual transformations of SMA polycrystals and
evolution equations for field variables which were
then solved with a Runge–Kutta method. Similar to
their previous works, the procedure was limited to



460 R.V.N. Melnik, A.H. Roberts / Future Generation Computer Systems 20 (2004) 453–464

stress-free boundaries, and therefore could be applied
to a specific form of thermomechanical coupling
only.

Despite limitations mentioned above, models pro-
posed in[6,7,10] are an important step forward, in-
dicating clearly a way of reducing the problem(4.1)
and (4.2)to a relatively simple heat transfer problem
with coupling effects implemented at the boundaries,
as a result of the dependency of the temperature in
semiconductor layers on the heat capacity of the SMA
material. Indeed, as shown in[6], this problem can be
effectively reduced to an integro-differential equation,
which in its turn is reduced further to the solution of a
Volterra equation. By consideringθ as a function ofJ
in the SMA layer, it can be shown that certain condi-
tions, such as bounds onJ , should be satisfied in order
to achieve a monotonic decay of the SMA temperature.
This is an important observation since a major disad-
vantage in utilising SMA actuators is the low rate of
cooling. However, no possible austenite-to-martensite
transformations as a result of this cooling has been
discussed. It is one of our purposes here to demon-
strate that our computational model can reproduced
very well such transformations under appropriate cool-
ing conditions. Before proceeding with this task, ther-
mal boundary conditions for the SMA layer should be
specified.

In describing coupled thermomechanical fields in
the SMA layer, we follow a two-step procedure. Our
first step is equivalent to that described in[7]. This
leads us to an approximation of the temperature on
the boundary of semiconductor layers, and by using
its continuity a fully coupled model for the SMA layer
can be formulated at the second step. IfJ(t) is assumed
to be constant, the exact solution to the problem at step
1, considered as a “purely” thermal analysis of the
multi-layered structure, can be found. In this analysis,
the heat transfer behaviour along the SMA layer is
dominated by the temperature at the interface between
the SMA layer and the semiconductor layer. The anal-
ysis can be reduced to an integro-differential equation
with respect to an auxiliary function, as discussed in
[7]. More precisely, we considerEq. (4.1)for i = s,
that is for the SMA layer, where, due to symmetry,
it is sufficient to consider the interval 0< x < a0/2
only. This equation is supplemented by the initial
conditionθ(x,0) = θ0, “symmetry” boundary condi-
tion (∂θ/∂x)(0, t) = 0, and the “interface” boundary

condition atx = a0/2:

∂θ

∂x
= − 2k

aks

∫ t

0
G1(t−τ)

[
dθ

dt
+ HP

CvA
(θ−θ0)

]∣∣∣∣
t=τ

dτ

+
(

1 − k

αa

)
θ + F(t), t > 0, (4.3)

obtained by using the solution for the semicon-
ductor layer, as explained in[7]. In (4.3) G1(t) =∑∞

n=1 exp(−βnt) and functionF has the following
form:

F(t)= 4ρk

Cvksa

∫ t

0

∞∑
n=1

exp(−β2n−1(t − τ)J2(τ))dτ

+ k

aks
θ0. (4.4)

Indices of the coefficients of the semiconductor ad-
jacent to the SMA layer are omitted in(4.3) and
(4.4), and βn = n2π2 + H . It is this problem that
is reduced to an integro-differential equation. Exis-
tence and uniqueness of its solution is established
in a standard manner by equivalence with a Volterra
equation, and its solution is found numerically by
employing a finite difference scheme. Temperature
profiles at the interface between the SMA and semi-
conductor layers can be quite different for different
values of the current densityJ , but once such a pro-
file is found we can proceed to the next step of our
procedure.

4.2. Thermomechanical interactions in the
actuator SMA layer

The methodology discussed inSection 2can be
applied to the description of solid–solid phase transi-
tions in the SMA layer of the thermoelectrically con-
trolled actuator. The behaviour of one-dimensional
SMA samples is reasonably well understood, and
austenitic–martensitic transformations, as well as the
associated hysteresis phenomena, can be reproduced
computationally (see[15,16] and references therein).
However, the extension of such computational mod-
els allowing to describe multidimensional responses
is more difficult. We consider the fully coupled ther-
momechanical dynamic system of the SMA layer by
employing a general procedure, similar to that dis-
cussed in[15] for a single layer structure. In particular,
starting from the 3D coupled model consisting of the
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equation of motion and the energy balance equation

ρ
∂2u
∂t2

= ∇ · s + F,

ρ
∂e

∂t
+ ρτ0

∂2e

∂t2
− sT : (∇v)

− τ0
∂

∂t
[sT : (∇v)] − ∇ · (k∇θ) = G, (4.5)

we aim at developing efficient computational models
allowing to reproduce austenite-to-martensite phase
transformations observed under thermoelectric cool-
ing of SMA actuators. In(4.5) u denotes displace-
ments,s is the stress tensor,v = ∂u/∂t the velocity
vector,e the internal energy,τ0 the relaxation time,ρ
the density of the material,F andG are forcing terms
(further details can be found in[14]).

Solving problem(4.5) is a quite challenging com-
putational task. Note, for example, that the invariant
directions in the definition of strain are associated with
a representation of the 48th order symmetry group,
and the complexity of the problem can be appreciated
better if one writes explicitly the resulting strain in-
variants (e.g.,[14]). Even in a relatively simple (due
to a straightforward relationship between microscopic
strain and displacementsε = ∂u/∂x) one-dimensional
case the system(4.5) reads as follows:

Cv

[
∂θ

∂t

]
− k1

[
θ
∂u

∂x

∂2u

∂t∂x

]
− ∂

∂x

(
k
∂θ

∂x

)
= G,

ρ
∂2u

∂t2
− ∂

∂x

[
k1

∂u

∂x
(θ − θ1) − k2

(
∂u

∂x

)3

+ k3

(
∂u

∂x

)5
]

= F, (4.6)

whereθ is the temperature field,k the thermal con-
ductivity of the material,Cv the specific heat constant
of the material,θ1 is a positive constant that char-
acterises a critical temperature of the material, and
ki, i = 1,2,3 are material-specific constants that char-
acterise the material free energy which was chosen in
the Landau–Devonshire form. Note that in(4.6) we
neglect relaxation time effects and the dependency of
the stress on the rate of the deformation gradient and
temperature. The stress is defined via the free energy
function ass = ρ(∂ψ/∂ε).

In moving to the three-dimensional case note that
each specific type of phase transformation brings

some restrictions to the definition of the free energy
function. Even if the free energy function is chosen,
it is not always easy to proceed with such a function
to the computational level. A classical example is the
Ericksen–James functional, for which it is difficult
to construct computationally a minimising sequence
due to increasing oscillations with grid refinement.
Different remedies have been proposed in the liter-
ature to overcome this deficiency. For example, a
number of procedures have been proposed to approx-
imate the free energy function, e.g. by considering
its quasi-convex counter-part (see[9] and references
therein). However, hysteresis effects have not been
included into such simplified models.

Constitutive models used in this paper are based on
the general representation of the free energy function
in the form

Ψ(ε) = ψ0(θ) +
∞∑
i=1

ji∑
j=1

ψi
jI

i
j (4.7)

with Iji being the strain invariants,ψj
i the temperature

dependent functional coefficients, andε the strain ten-
sor. Function(4.7)is made invariant with respect to the
symmetry group of austenite, and the upper limitsji

are chosen appropriately to satisfy this condition[14].
Further, we determine the stress component due to

mechanical dissipations assq = ρ(∂Ψ/∂ε). As with the
one-dimensional system(4.6), thermal dissipations,
plasticity, and other effects can be incorporated into the
model, but in what follows we describe our methodol-
ogy for the Landau–Devonshire type constitutive mod-
els as an example, where we takes = sq. In particular,
for the general 3D model we use the Falk–Konopka
representation of the free energy function(4.7)with 10
strain invariant directions, valid for the copper-based
SMA materials[14].

Model (4.5), supplemented by appropriate consti-
tutive laws for the SMA materials, boundary and ini-
tial conditions, represents a tremendous computational
challenge in the general 3D case. Any computational
treatment of this model aiming at the description of the
dynamics of SMA-based system responses will nec-
essarily require essential simplifications of this model
in order to be tractable. Such simplifications should be
developed in a systematic way, and below we apply
our methodology for improving computational mod-
els for the description of SMA dynamics.
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4.3. Centre manifold analysis of the phase
transformations in SMA-based actuators

As described inSection 2, our idea is based a combi-
nation of the centre manifold technique and computer
algebra, and we apply this idea to developing reduc-
tion procedures for the original model(4.5) on centre
manifolds, while retaining essential properties of the
system. Our approach allows considering different pat-
terns of thermomechanical coupling implemented via
appropriate choices of the free energy function, con-
stitutive models, initial and boundary conditions. In
the dimensions higher than one computational results
are virtually absent in this field, and little is known on
how to simplify such models as(4.5) and (4.7)sys-
tematically. In the spirit of our previous works[14,15]
we consider an SMA slab, and associate the qualita-
tive change in system behaviour with the subset of
eigenvalues having zero real parts. In the case anal-
ysed here, if dissipations are omitted, there is a zero
eigenvalue of multiplicity 5 and the rest are purely
imaginary. Then, critical variables are chosen as those
that are responsible for the essential behaviour of the
system. This leads to the following steps in our com-
putational procedure:

• Analysis of eigenvalues of the cross-slab modes, as
required by centre manifold theory.

• Construction of a sub-centre manifold based upon
the relevant eigenmodes as they evolve slowly.

Therefore, the sub-centre manifold is constructed
based on these five eigenmodes. Note that for sim-
plicity we consider here the critical eigenvalues that
are zeros (see comments on pure imaginary eigenval-
ues in[20,21]). The initial conditions for the detailed
(original) dynamics also have to be projected onto the
low-dimensional manifold, as well as the boundary
conditions (see further details on this in[14,15]). The
low-dimensional invariant manifold should be param-
eterised by the amplitudes of the critical modes, which
constitute a subset of all modes, and determine the es-
sential dynamic behaviour of the system[20]. A com-
putational model is constructed with respect to these
amplitudes, and since the leading order structure of the
critical eigenmodes are constant across the slab (the
longitudinal variations were neglected in the first ap-
proximation), we associate these amplitudes with the
y-averages of displacements, velocities, and temper-

ature, denoted here asU = (U1, U2),V = (V1, V2),
andθ′ = θ − θ0 (θ0 is taken as 300 K). The connec-
tion between these variables, and the variables of the
original model is established in an approximate form
by employing the low-dimensional invariant manifold
and asymptotic sum representations (explicit formal
power series representations maybe prohibitive even
for the modern computer). The small parameters used
in this paper are∂x, E = ‖Ux‖ + ‖Vx‖ andϑ = ‖Θ′‖,
and our computer-algebra program balances their
small effects in such a way that in the model con-
struction the strains are treated as small, as measured
by E, while asymptotically large displacements and
velocities are permitted. After the decision on how to
parameterise the centre manifold model is taken, and
the critical modes are identified in order to project
the dynamics onto the “slow” modes of interest, we
complete our computational procedure by:

• Substituting the asymptotic sums into the governing
equations.

• Evaluating residuals by using computer-algebra
tools to get the result with the required accuracy.

These steps are performed in a computationally very
efficient manner by using an iterative algorithm anal-
ogous to that discussed in[20]. By applying the above
procedure, we have derived the reduced model

ρ
∂V1

∂t
= ∂s

∂x
+ F,

∂U1

∂t
= V1,

Cv

∂Θ′

∂t
= k

∂2Θ′

∂x2
+ (c11 + c12Θ

′−c13(Θ
′)2)

∂U1

∂x

∂V1

∂x

+ (c14 + c15θ
′)
∂V1

∂x

(
∂U1

∂x

)3

+ c18
∂V1

∂x

(
∂U1

∂x

)5

+ g,

s = (c1 + c2θ
′ − c3(θ

′)2)
∂U1

∂x
− (c4 − c5θ

′)
(
∂U1

∂x

)3

+ c6

(
∂U1

∂x

)5

, (4.8)

where coefficientsck are positive material constants
(taken here as in[14]). This model, derived from the
general 3D model(4.5), is exact up to the fourth order
with respect to the small parameters, and preserves
all essential features of the dynamics of the original
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Fig. 2. Austenite-to-martensite phase transformation in the SMA layer of the thermoelectric actuator (from left to right): (a) displacements;
(b) temperature; (c) strain.

system. The resulting model(4.8) is solved by its re-
duction to a system of differential-algebraic equations,
and the displacements and temperature of the slab are
recovered by using critical eigenmodes.

The developed computational procedure provides
an efficient tool for analysing multi-layered SMA ac-
tuators. InFig. 2 we present a typical result of com-
putation based on this procedure. Profiles for thermal
cycling used in these experiments are analogous to
those used in thermal analyses of these devices[6,7].
Starting with high temperature phase (austenite) (rep-
resented inFig. 2(a) and (c) by zero displacements and
zero strain, respectively) it is shown how the cooling
of the SMA layer (Fig. 2(b)) leads to the martensitic
phase.

5. Concluding remarks

By using a realistic case study example based
on thermoelectrically controlled thermomechanical
SMA actuators, we have demonstrated a systematic
methodology for improving computational efficiency
of models describing the coupled dynamics of nonlin-
ear systems. The approach, based on a combination
of the centre manifold and computer-algebra tech-
niques, allows us to derive computational models
with arbitrary degree of accuracy with respect to a
priori chosen small parameters. The methodology can
be applied to other complicated multi-scale problems

where as many such small parameters can be chosen
as needed in order to allow an effective treatment of
contributions from many different small effects.
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