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Abstract

In this paper, we consider a strongly coupled model of nonlinear thermoelasticity describing the dynamics of
materials with shape memory. The model is not amenable to analytical treatments and the development, analysis, and
applications of effective numerical approximations for this model is in the focus of the present paper. In particular,
we discuss a recently proposed fully conservative difference scheme for the solution of the problem. We note that a
standard energy inequality technique, applied to the analysis of convergence properties of the scheme, would lead
to restrictive assumptions on the grid size and/or excessive smoothness assumptions on the unknown solution. We
show how such assumptions can be removed to achieve unconditional convergence of the proposed scheme. Next
we apply the proposed scheme to the analysis of behaviour of a shape memory alloy rod. We demonstrate that
the proposed approximation can describe a complete range of behaviour of the shape memory material, including
quasiplastic, pseudoelastic, and almost elastic regimes. We discuss the influence of nonlinear effects in each of these
regimes focusing on hysteresis effects.
© 2004 IMACS. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Upon the action of thermal, magnetic, electrical, hydrostatic and other fields, some specific materials
can recover their original shape after being permanently deformed. In order to analyse the dynamics of
these materials behaviour, we need to deal with multi-physics problems where interactions between two
or more physical fields should be taken into account.

It has been shown experimentally that such metallic alloys as NiTi, NiAl, CuZnGa, CuZnAl, CuZn,
CuAINi, AuCuzn exhibit a hysteretic behavior and shape memory effects, subject to adequate thermo-
mechanical conditions. The problem of the analysis of the behaviour of such materials can be formulated
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mathematically on the basis of conservation law equations that incorporate a nonlinear coupling between
mechanical and thermal fields.

A better understanding of the dynamics of shape memory alloy (SMA) materials is important for many
areas of applications. These materials are an intrinsic part of the smart material and structure technology
They can directly transduce thermal energy into mechanical and vice versa, making them very attractive
in micro-sensor and actuator applications. Other application areas include biomedicine, communication
industries, robotics to name just a few. The analysis of shape memory materials has attracted a considerab
attention of researchers, both experimentalists and theorist$§&.4.,10,14,30,31,3R]Computational
aspects of modelling shape memory materials have also been in the focus of a number of papers. One of th
first papersin this field wg83] where the authors constructed and analysed a finite element approximation
to a system describing phase transformations in a simple one-dimensional shape memory sample. In
series of paper§30—32]the authors developed a generic procedure based on a low-dimensional reduction
of the general three-dimensional systems describing the dynamics of shape memory materials. While a
a theoretical level, the authors[@0—-32]used effectively a blend between the centre manifold technique
and computer algebra, the underlying numerical implementation was based on a differential-algebraic
solver. However, there has been no systematic discussion in the literature devoted to fully conservative
difference schemes for shape memory material applications. The construction of such schemes is ¢
difficult task due to a strong nonlinear coupling of the associated system of partial differential equations.
At the same time, the nonlinear coupling is essential in describing hysteresis effects, often accompaniec
by phase transformations. Since such phase transformations occur in SMA materials with a shearing
motion of the crystal atoms without their large movements, they are often termed as “diffusionless” to
reflect the fact that they occur practically instantaneously. The description of such “instantaneous” phase
transformations and quantification of accompanied hysteresis effects is a very challenging computational
task. The development and analysis of effective numerical approximations to coupled nonlinear models
of thermoelasticity capable of describing these effects is the focus of the present paper.

In this paper, we consider a general model describing coupled thermomechanical wave interactions for
the first order phase transitions. The model uses the Landau—Ginzburg—Devonshire representation of th
free energy function, assuming that any isothermal equilibrium configuration of the lattice corresponds
to a minimum (either local or global) of that function. 8ection 2we argue that such a model can
be reduced to the Falk formulation in a number of practically important cases. Ne&gction 3we
discuss energy conservation properties of the model which we would like to preserve in our numerical
approximation. The actual conservative scheme for the analysis of shape memory effects is discusset
in Section 4of the present paper. Bection 5 we formulate the problem for the error of our numerical
approximation. We underline the main steps of the convergence analysis procedure and derive the mair
energy inequality irBection 6 Finally, in Section Ave apply the scheme to the analysis of behaviour of a
SMA rod and demonstrate that the proposed approximation can describe a complete range of behaviour o
the shape memory material, including quasiplastic, pseudoelastic, and almost elastic regimes. We discus
the influence of nonlinear effects in each of these regimes focusing on hysteresis effects.

2. Themodel for shape memory material dynamics

We start our consideration from two conservation law equations, written for linear momentum and
energy:
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wherep is the density of the materiad, = {u;}|,—1 > the displacement vectow,the velocity,c = {ojj}
the stress tensaog, the heat fluxe the internal energyf = (fi1, f>)" andg are mechanical and thermal
loadings, respectively.

Given an appropriate model for the free energy function, the system (1) can describe coupled thermo-
mechanical wave interactions during the first order phase transitions in a two dimensional SMA structure
(e.g.[30,35,42). Indeed, letp be the free energy function of a thermomechanical system described by
(). Then, stress and the internal energy function are connectegwithithe following relationships
¢ o¢p

=905 (2)

a=r %

whered is the temperature, and the Cauchy—Lagrangian strain ténisogiven by its components as
follows (with the repeated-index convention used)

du;(x,t oui(x,t
Uij(x,l‘)=( ui(x )+ uj(x ))/2’ =12 3
8Xj 8x,~

wherex is the coordinates of a material point in the domain of interest.

Following [42] (and references therein), we note that for the square-to-rectangular transformations
[20,21]we can represent the free energy function of our thermomechanical system by using the Landau
form F|.

¢=—cHlnb+ %alei + %ageg + F, @

1 2 14,1 6
FL = 5a2(0 — Op)e; — Zaaes, + zasey,

wherec, is the specific heat consta#, is the martensite transition temperatwg,; = 1-4, 6 are the
material-specific coefficients, and

o1 — (11 + 122) ep— (111 — 122 ¢s— (12 + 121 (5)
- ﬁ 9 - ﬁ ) - 2

are dilatational, deviatoric, and shear components of strain, respectively. Then, combining (2)—(5) and
(1), we obtain the following model
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We consider a situation where the deformation of a 2D SMA sample alpdgection substantially
exceeds the deformation in the other direction, so that the deformationgldirgction can be neglected
and the sample can be treated as a SMA rod. In this éaggjx, = 0, du,/dx1 = 0, du;/9x, = 0, and
system (6) is reduced to

3 3 (/2
aTle = a (%(6116 + ax(6 — Bpg)e — a4€3 + 0665)) + f1,
(7)
30 ¥\ V2 e
— =k(=— |+ —a¥e— +g.
“or (8x2)+ g e T8
It is straightforward to see that system (7) can be re-cast in the Falk formpwithty — aq/as:
Pu 9 du '\ u\°
— = — (k-0 — — ko [ — ks — F,
P o 3x(1( Vo 2<8x) + 3<8x>>+
(8)
0 k829+k93” 8v+G
Cy— =K—5 — ,
Yor ~ Tax2 Y ax ox

wherek,—k3 are re-normalised material-specific constants, Brahd G are distributed mechanical and
thermal loadings. As before, is the displacement of the rogd,is the density of the materiat, is the
thermal conductivityg, is the specific heat constant,is a positive constant that characterises a critical
temperature of the material.

System (8) is completed by appropriate initial and boundary conditions and has to be solved with
respect tau, 6) in the spatial-temporal regiof? = {(x,7) : 0 <x < L,0 <t < Ty}, whereL is the
length of the shape memory rod afigis the limiting time moment.

Since the shape memory material can be in a high temperature phase (austenite) as well as in a lov
temperature phase (martensite), at the computational level one faces a fairly complex task of dealing with
different equilibrium configurations of the metallic lattice simultaneously. Therefore, it is important to
preserve intrinsic properties of model (8) at the discrete level.

3. Establishing properties of the model to beinherited by the difference scheme

The success of modelling is often dependent on how well the invariant properties of the original differ-
ential model are reflected in the numerical approximation. Difference numerical approximations for which
discrete analogues of conservation laws are satisfied are known as conservatj@8])e Gonservative
numerical schemes play a fundamental role in applications, and their development for coupled nonlinear
problems constitutes an important task in applied numerical mathematics. Such schemes preserve fun
damental properties of the continuous model at the discrete level and allow us to carry out computations
on coarse grids with minimal computational expenses. The fundamentals of what is now known as the
energy method stem from the seminal work of Courant ¢1&]. However, as it was pointed out [h5],
in that work and in a series of other works that followed in the subsequent decades a major emphasis wa:
often given to stability properties of numerical approximations rather than to the energy conservation
property itself.
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A turning point in this development was woj&9] where conservative difference schemes were con-
structed for a class of problems with discontinuous coefficients. A natural extension of that early work
was the development of the concept of full conservativeness. The full conservativeness requires not only
discrete analogues of conservation laws to be fulfilled, but also additional relationships that express a
balance of different types of enerf36]. Conservative and fully conservative schemes have been devel-
oped in a number of application areas, gas-, magneto-, and hydro-dynamic applications to mention just
a few (e.g[18,36]and references therein). Several different methodologies have been developed in the
literature for the construction of such schemes, in particular those based on the integro-interpolational,
variational, and projection methodologies (€8}17,39] and references therein). Those results have
created a foundation for further construction, development, and applications of conservative difference
schemes in a range of problem areas, including linear and nonlinear models for deformable elastic
media[40,41] Recent re-discovery of these methodologies (H.6,25) has led to their further de-
velopment and applications to complex nonlinear problems, including those involving phase transition
problems (see, for examplf,6] where conservative schemes have been applied to the Cahn-Hilliard
model).

In the remainder of this section, we aim at establishing, under certain conditions, the conservation law
of the total energy of the system described by models like (8). One of the difficulties in the numerical
solution of system (8) lies with the fact that the stress—strain dependency here is a nonmonotone function.
In [30-32] an efficient numerical methodology was developed based on a reduction of the original model
to a system of differential—-algebraic equations. The main differential variables of the system, were
and#, while the equation for stress was handled as a differential-algebraic equation. In what follows, a
different idea is developed. We will treat the stress—strain dependency as a purely algebraic equation by
introducinge, v, ando as differential variables, in which casean be written as an algebraic equation in
terms ofe. We have:

ou ou
€= —, v=—,
ox ot

s = k1(0 — 61)€ — koe® + kae®, (9)

wheres is the stress and the last relationship between stress and strain functions in the one-dimensional
case follows directly from the Falk representation of the free energy and the first relationship (2). Hence,
problem (8) can be recast as:

86_81) 8v_8s+F
o o Pw T D

, (10)
90 96 v 3 5
CU& :kﬁ +k19€a +G, s =k1(9—91)6—k26 +k36 ,
where, as an example, we choose the following initial and boundary conditions
auO(x) 1 0
€(x,0) = o v(x,0) =u"(x), 06(x,0)=6"(x),
: (11)

- _ 00 - a0 -
50,0 =51, s(L,1) = 520), 5(0, D =000), - (L.1)=0x1).
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Following[29], we obtain that in the absence of distributed loadirfgs{ G = 0), systems like (10)—(11)
are characterised by the conservation law of the total energy which can be written in the following
form

E(r) = £(0), (12)
where the full energy of the system is understood as

k k ! a0
Et) = pllv][? + (2C,0 — ks016® — Ze* + =8, 1) — / 2k— +sv | |dr (13)
2 3 0 0x

with scalar products taken in spate. The result (12) is obtained by multiplying the second equation in
(10) by 2, integrating the result over the entire dom&imnd performing integration by parts, accounting
for boundary conditions (11).

Now, we would like to preserve the property (12) on the grid. To achieve this, we employ an idea
for the construction of fully conservative schemes based on the integro-interpolational methodology
[38] with the following modification. In addition to the interpolation of the sought-for solution with
respect to independent variables, we perform the Steklov averaging of nonlinear terms. This idea has
been applied successfully before in in the context of constructing conservative numerical schemes
for several classes of nonlinear problems of mathematical physics [@-g] and references
therein).

4. Conservative scheme for the analysis of shape memory effects

Numerical schemes that have a minimal sensitivity to the regularity of the grid are important in many
areas of applications (e.fl,28,29). For the problems like ours, it is important to be able to compute
the solution on relatively coarse grids for large time intervals. This can be achieved with conservative
numerical schemes.

In the closed interval [OL], we define the space grid with integer pointsand flux pointsx; as
xi =1ihi =0,1,2,...,N,andx; = (i + 1/2h,i = 0,1,2,..., N — 1, respectively, wher&v is
the number of grid points satisfying equalitid = L. The set of these points will be denoted dy.
Straine, temperatur® and stress are approximated in the integer grid pointsand are denoted here
by ¢;, 6; ands;, respectively, while velocity is approximated in the flux points and is denoted here
by vi+1/2 (or by v where appropriate). We note that the scheme described below is a second order
scheme obtained on the minimal ster{@®]. Nonlinear terms (in particulag* and ¢®) are averaged
here in the Steklov sense, so that for nonlinear funcii@), averaged in the the intervad, ], we
have

1 €
g(e. €) = :/ faydy, e=e" =€), eé=e"=elt). (14)

This averaging procedure and its development in the context of several classes of nonlinear problems
of mathematical physics goes back to woj&s4]. In our context, the procedure allows us to construct a
scheme for which a discrete analogue of (12) is fulfilled.
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The discretization intime is carried out with time stepo that the scheme constructed has the following
form

n+1 n o1 o1

. — €. V. — V.
€; €; _ Vit ,—1/2’ i=12 ... N—1,
T h
n+1 n n
Uirl/z - U?+1/2 ,jll s i—012 . N-1
T h (15)
gt _ g — 207 4 6 ; vt
Cvl l=kl+l h2 ll+k90302%5 i=1,2,...,N_1,
T
n+1 03 o2 k2 n _n+l k3 n _n+l
s; T =k1(6;° — 01)€;° — Zgl(e,- L€ )+ EgZ(E" V€,
where
— E 3 — 6 >
aed=———=) &' ped=——"= Z (16)
k=0 k=0
and, as usual, the discrete function with weighs defined by
Y=oy +(@1-0)", 0<o<l (17)
Discrete problem (15)—(17) is supplemented by the initial
0 u® 0 1= 0 0 18
=5, p=u'G) 0 =00, (18)
and boundary
st =51tasr), ST = S2(tugn),
9;3 - 083 _ ll £0n+1 Qn koeas o2 68+1 B 66 — éU3
h 2\ k T Ko L (19)
L L AN k0903 o et e _ e
h 2\ k T k T 2’

conditions. Difference scheme (15)—(19) approximates the differential problem (10)—(11) @b+

(ox — 0.5)T + 7°) order in space-time. In obtaining approximations (19) for the thermal field, the standard
technique of approximation of the third-kind boundary conditions with second order was applied (e.g.
[38]). For simplicity of the analysis, we will replace the constant valij&sandd(® in (19) byd; = const.

In practice, this may reduce the order of the error of approximation in space by one. However, conservative
properties of the scheme will be preserved even in this case.
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The above difference scheme satisfies a discrete analogue of energy conservation (12). Recall that th
main result of29], stated there without proof, is the following energy equality:

En(+0+ Y Ea()—2) @) =Eu(0), 1€o, (20)

TEW, TE€EW,

where discrete analogues of the energy ndims E,;,, andy;, (r) are defined as follows

Eu = pl[0l] + 2C,[6, 1] — ki1 l[e] 1 — 2211312 + %11€3)12, (21)
Ep, = 2t20(01 — 0.5)|[0;]|2 + 2k1617%(02 — 0.5)|[€]][%, (22)
Vit + 1) = k050 + 5y oYy — k0¥ — Sovg™. (23)

In (20)—(23), we use standard notations of theory of difference schi@8gdn particular, byy; andy,
we denote left and right first difference derivativesyofirt x, while y = y(t + 1) whenevery = y(1),

tew, ={t,=nt,n=1..., No— 1, tNg = Ty}. The discretd., norms are defined in a usual manner
lull = V@, w), (w,0) = " huv,  [lu]l = /(@ u], @, 0] = Y huw, (24)
XEwy xewh

wherew; = {x; = ih,i = 1,..., N} and norm|[«|| is defined analogously to (24).

To show that the discrete analogue of energy conservation (20) is satisfied, similar to the continuous
case we multiply both parts of the second equation in (15) 4§y &d perform the summation over
i=0,1,..., N — 1. First, we note that

[v, s3) = —(s, Vz] + SNUN—1 — VoSO (25)

is valid for arbitrary grid function® = v(x + k/2) ands(x) wheneven € w,. The above equality (a
discrete analogue of Green’s formula) follows directly from the difference summation by parts

N-1

N-2
Z hv;sy; = — Z hvz iS; + SN—10N—1 — Vos1. (26)
i—1 i—1

Using (25) and thap® = y©9 4+ (¢ — 0.5)y; Yo € [0, 1], we arrive at the following result:
p(I[011%); + 22(01 — 0.5)|[3,1%) + 25, 0) — 2Bn "y — Sovg™) = 0. (27)

The third term in the left hand side of (27) needs to be transformed. This is achieved in several steps.
Firstly, we use the first and the last equations of (15) to rewrite this term as follows:

k2€4—64+k3%6—66 €—¢€
4 ¢—¢ 6 é—¢ T

2(& 1_);01)) =2 (k1(9(03) _ 01)6((72) 2

. k k
= 201005 1) — k101 ((|[€]?)+21(02— 0.5) || [?) (—fneznz + §||e3||2) :
t
(28)
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This still requires further transformations due to the presence of 7> \", 1) which can be
re-written by taking into account (19) as follows:

(k10T 1) = 2(C0, — k0, 1) = (2C,0, 1), — 2k(65) — 053))

= [2C,6, 1], — §((ka61, (€0)s + 21(02 — 0.5)€7o)
+ (k161, (€3), + 2t(02 — 0.5)€2 ) — 2k(6y° — 65, (29)
where, as usual, we denote by the second central difference derivative of functionrt x (e.g.[38]).
In obtaining (29), we have replaced for simplicity the valuegdfand6?? by a constant denoted gy.

Hence, the actual boundary conditions used in obtaining a discrete analogue of the energy conservation
can be written as follows (see comments after (19)):

h(C k101 -
(G ) i

2\ k k

(30)

03+ (o - ey ) =57,

With this in mind, we substitute (29) into (28) and use the result in (27) to get
By (t + 7) 4 Eoi (1) — 20(k05® + 55072 — k67 — 5005") = B (0). (31)
Performing summation of (31) over ale w., we obtain
Eu(t+0+ Y Eau(t) — 2t Y (k05 + 5y — ko — Sovy") = E14(0) (32)
tew, tew,

which, taking into account (21)—(22), coincides with (20).

By analysing (32), we come to the conclusion that the derived scheme is fully conservatie=if
Zrew, Eo, (1) = 0[29]. This energy disbalance term will be zero if we choese- o, = 0.5 which in this
case will be necessary conditions for full conservativeness of the constructed scheme. Furthermore, from
a physical point of view the values &&hould be positive. This is achieved for the purely implicit scheme
with o3 = 1. In this case, we finally arrive at the following discrete analogue of energy conservation

E (1) = Ex(0), (33)

where we sek), (1) = Ey, (1) — 2t ), vi(#). As we have already mentioned[2B], an a priori estimate
for the discrete problem with homogeneous boundary conditions (30) follows from (33) in the specified
combined discrete norm under the above choice of weight parameters.

We conclude this section with several remarks concerning concepts of conservativeness and full con-
servativeness. There are several different definitions of conservativeness of difference schemes and their
equivalence was established[84]. It seems that the notion of full conservativeness is used sometimes
in a wider sense than it was originally propose{36]. For example, in the CFD community all schemes
that discretely conserve mass, momentum, and kinetic energy (in the inviscid limit) are often called fully
conservative (sed,19] and references therein). Moreover, many of the ideas proposed recently seem to
be developed independently of much earlier works performed for gas- and hydro-dynamic applications
(e.g.[17,18)), although conceptual basis and methodologies for constructing fully conservative schemes
in these cases are quite similar.



498 P. Matus et al./ Mathematics and Computersin Smulation 65 (2004) 439-509

With growing areas of applications of nonlinear models of mathematical physics the interest to fully con-
servative numerical approximations continues to incré&igeFurthermore, over the last several decades
there have been continuing efforts in developing a unified framework for constructing high-order schemes
for conservative/dissipative systems (¢2h] and references therein) and in extending Noether theorem
to a large class of difference schemes that possess an equivalent variational formulati¢h2, g3Jy.

5. Analysisof the discrete model

Before proceeding to numerical experiments with (15)—(19), we shall highlight the main steps of the
convergence analysis of the proposed scheme.

Classical approaches to the analysis of stability and convergence of numerical approximations for non-
linear problems of mathematical physics rely typically on certain global assumptions about the coefficients
of the models which, in the case of nonlinear problems, depend on the solution itself. In particular, we of-
ten need to satisfy certain constraints such as boundness of the derivatives with respect to the solution fo
all set of possible exact solutions, e.g. the solution may be considered in theief2@} Such problems,
known as problems with bounded nonlinearities, do not include many problems of practical interests,
where coefficients of the model may retain their properties only in a small neighbourhood of variation
of the exact solution. The problems considered in the present paper belong to the latter class. One of the
consequences of unbounded nonlinearities is that the problem for the error of approximation becomes
nonlinear which complicates the analysis substant[2B}. One way to analyse convergence properties
of numerical schemes for these types of problems is to use a well-known methodology based on energy
inequalities. This methodology has recently been applied in the context of several classes of nonlinear
problems (e.q1,15,16). However, a conventional application of the method to problems with unbounded
nonlinearities leads to restrictive assumptions on the grid size and/or excessive smoothness assumptior
on the unknown solution. Such assumptions are very undesirable, in particular in the problems like ours
where the ability of computing the solution even on coarse grids for large time intervals is essential. Indeed,
unconditionally convergent numerical approximations is a desirable feature of computational algorithms
and such algorithms have already been discussed in the context of several application afg@2(84).

A methodology for analysing unconditionally convergent algorithms for a class of models with un-
bounded nonlinearities was proposed[2T]. The methodology was based on a combination of the
so-calledv-method (e.g[2]) and the methodology developed[26]. In what follows, we employ this
methodology in the analysis of the proposed difference scheme. The basic idea behind this generalise
v-methodology consists of proving unconditional convergence of the scheme in the uniform norm by
considering separately situationswok aph andt > aoh (Where, as before;, andh are time and space
discretisation steps, ang is a given constant). Each of these two cases requires a choice of a specific
norm in which it is possible to establish a priori estimates for the problem solution, and which then can
be improved at the next stage of the procedure (24)).

As the first step of our analysis, we derive in this section a problem for the approximation error for one
of the schemes from class (15)—(19). As an example, we consider the following scheme which we write
in the index-free notation (e.§B8]):

) = @O, p@) = Gr)er 50 = k(B — 01)én — koS + ks>,
cv(On)e = k(On)zx + k10n€n(en)s, (34)
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wherey = (¢, vy, 0),) is a vector of the approximate solution (a vector of discrete functions of the grid
size), obtained with scheme (34). When it does not lead to ambiguity, we use the bar to indicate the value
calculated at the flux point (thatig = v, (x;11/2, t,)), and the exact solution calculated at the same grid
point will be denoted by = (¢, v, 6). We are in a position to introduce the error of approximation as
z=y—u = (Ae, Av, Af), where

Ae=¢,—¢, Av=1v,—v, A9=0,—0. (35)
We substitute functions,, vj,, andé,, found from (35), into the scheme (34). We have immediately that
Ae, = Av®¥ 4y 0% pAv, = A3, + P, (36)

where
PV = e+ 00V =02+ 1)), Yo = —pi, + 5, = O(h? + 0. (37)

After some tedious transformations we obtain the following equation for the error of approximation

CUAGI - kAé)_(x + kléétAé + kléE,A% + klé%AEt + kléA%AGt

+ k1€ AOAE; + kie, AOAE + k1 AGAEA€, + V3, (38)
where
U3 = —c,0; + ks, + kabee, = Q(h? + 7). (39)
Initial and boundary conditions of the problem for the error approximation are homogeneous
A = A® = A® =0, (40)
A = Al =0, Agtt=AgT =0 (41)

Hence, the problem for the error of approximation of our scheme (34) is completely defined by (36)—(41).

6. Energy inequalities and main steps of the convergence analysis

The analysis of convergence of solutions of difference schemes for nonlinear problems of mathematical
physics is an important and difficult task. The standandethod (e.g[2,26]) works well for a wide class
of nonlinear problems, but in its implementation requires quite restrictive assumptions on the grid size
(typically such asx = h*, ¥ > 1, e.g.[13,3] and references therein). Since conservative schemes are
known for their robustness even on coarse grids, it is desirable to remove such assumptions when the
convergence of the scheme is analysed. One way to do that is to use an assumption of the increasec
solution smoothneg4.6]. However, in the problems like ours it is not an option since we have to deal
with steep gradients in the solution (€20,42]. A two-stage methodology that does not require excessive
smoothness assumptions has been originally proposbjnit rests on the analysis of the difference
solution in discrete norms, andW;. More precisely, first we analyse the difference solution in the grid
norm L, and C under the condition < agh with givenag = const> 0 (e.g.ag = 1), and then we
carry out the analysis of the solution in the discrete ndgnin the case > agh. Combining these two
results yields to unconditional convergence of the difference solution in the uniform norm. The success
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of the methodology ultimately rests on the embedding theorems. Indeed, if one analyses the difference
solution inLy, the assumptiom < aoh is a consequence of the embedding theofietig. < ~~4(|y||,
(e.g.[26]). In what follows we consider only one of the above two cases.

The discrete uniform (C) norms are defined in a standard manner

[vlle = MaXeew, V()] [[vllc = MaX.,, [v()], @, = wp U {xo =0}, (42)

and norm||v]|¢ is defined analogously to (42).
6.1. Estimateinvolving v,

Our main result in this subsection is the following estimate:

—2t(Avgz, Av®P +9 %71 < (1 — 0.57)||AD; + 1] + (L + 0.57)|| Avs + v1] % + 7| (W) ]2
(43)

To prove (43), we multiply the first equation in (36) by2t Av,; in the inner product sense (summing
the respective terms froin= 1 toi = N). We analyse each term separately, starting with

—2t(viz, AvV] = —[|AD:] 2 — || A2 (44)
Then, by using
(fg); = f(O.S)gt + g(O.S)ft’ (45)

we transform the second term in the left hand side of (43). We sum the obtained two equalities up, and
use a consequence of the so-caliddequality (e.g[38])

1
lab| < ea® + 4—€b2, € > 0. (46)
In particular, fore = 0.5 we have
(Abs + Y1, (Y1):] < 0.57]|ADs + Ya]l® + 0.5¢]| (W] 1%, (47)
with a similar expression for(A vz + Y1, (¥1);]. Note further that
A€ < 3A1AD + Yl + 1 Ave + ¥, (48)

which follows immediately from the equation for the error of approximation
A¢, = AU;O‘S) + 1//(10'5) (49)

and the application of the-inequality (46). Combining these results leads immediately to (43).
6.2. Estimateinvolving v,

Obtaining an estimate for the second equation in (36) is much more involved. The final result can be
presented in the following form:

—207 Y (A€, (P2)3) = —1¢||Ae])? — el | (Y2)il |2, (50)
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wherec is a constant that does not dependent on grid stepsl/, or approximate solutiosy,, v, and
6y, or the error of approximatione,, Av,, andAg,.

In what follows, we highlight key steps of obtaining this estimate. By using the second equation in
(36), we obtain the following equality

X

5
—27(A€,, Avz) = —2tp L (Ae,, (21Ae + k1 (EAD + AD + AOAE) + Zim@’f)
k=2 X

+ (fm;) :
(51)

Then we analyse each term in (51). The technique used in the analysis requires additional identities and
embedding theorems. In particular, we make use of the first Green'’s difference formula (see (25)):

(z, @Y)z) = [z @), 20=2v=0, a=alx), x¢€w, (52)
the equality
Aé = A% 4+ 0.57A¢,, (53)

the Cauchy inequality (a direct consequence okthreequality (46)):
1
I(u,v)ls||u||||v||Sellullz+zllvllz, (54)

and the following embedding theorems

12 Vi
] ? < glluxllz, up=uy =0, [[Af]lc < 7”A9)_c]|» o =0y =0,
[1A6:]] < : [|AGzll, 60 =6y =0, [[AG]] < ZZIIAG- Il (55)
X_Zﬁ xxll, VO — UN = U, =8 xx |-
Finally, we apply the following formulae for difference differentiation

k—1

(A): = A& Y AFTTTALL L v = v(x £ h) = v, (56)
m=0
a—1

(A€"), = Ae Y A& AE" (57)
m=0

in order to arrive at (50).
6.3. Estimate involving 3

The estimate for the erraxo,
21(AG, —Absy, ki(DAEAE, + EAOAE, + €, AOAE + ADAEAE,) + Vr3) < Tever|| A, |2
+ ther|| ABsl P + te(| ADI 121 A&] 21 A |2 + (I[AI[Z + || AB]12)] | Ae|
+ | AG]Z11 AGL]12) + el s, (58)



502 P. Matus et al./ Mathematics and Computersin Smulation 65 (2004) 439-509

is also obtained by using the technique described above. Ir (58} 1, 2 are positive constants resulted
from the application of the-inequality. A key point in obtaining (58) is the multiplication of (38) by
21(6, — A#bs,) in the scalar product sense.

6.4. Main energy inequality
In what follows, we use the following notation:
lp=const [y =k1(0—61) — 3k2€2 + 5k364 >lg>0, Ilp=—3k+ 10](363,
13 = 1Ok3€2 — kz, l4 = 5k36, 15 = k3, (59)
I1+ k1 AO + @E(Ae) > Ip > 0,

where

4 k
Dl (Ae) = Z Z A€ 1A . (60)
k=1 m=0

Then, summarising the results obtaine®irctions 6.1-6,3and using (48), we arrive at the following
energy estimate for the error approximation obtained with scheme (34):

4
(1 —ze)[2]]f —7c [(HA@XH% + Y I1A8Z + ||A9||%> IA& + (1ABIIZ + || ABIIZ] | A&]IZ
k=1

+ [|A&]12)||Ads + fmn} + 10, || AG ]| + Th|| Abs, |12 + I(z) < (L+ 70)|I2]12

+1c(|| A6y )% + fr(Ae) || A€ 2 + el Y] 12, (61)

where

1(z) = th(1 — 2e1 + e1]| A&|2) || Abs| 2 + 1207 l1 + k1 A + PL(AE), A€?)

+ 1y (1 = 3e2)[|AG]* + T2(k + )| ABz] 1> = O, (62)
3 3
fu(Ae) = (HZHAeH%") Az + D [ AellE, (63)
k=1 k=1
112 = @D A1 + 1123 P + 1 @) 2. (64)
Norm|| - |1 in (61),
2112 = p~ I + k1 A0 + D5 (A€), A€d) + || Avs + Yal1> + (cy + D[] AGR]I%, (65)

is the norm used in the analysis of convergence in the casé. As we have already mentioned at the
beginning of this section, conditian<  is a consequence of the embedding theoligttf < 2| y| |i2
connecting the uniform and, discrete norms.
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6.5. Convergence in the semi-norm W3

Our procedure here follows the line of reasoning proposed originall27h It is a two-stage pro-
cedure that has been applied to analyse convergence of difference schemes for nonlinear problems of
mathematical physics. Recall that thenethod cannot be applied in a straightforward manner to these
problemg26]. Indeed, by estimating the error of the first difference derivative in the uniform metric, we
would need to impose a restrictive condition like= i, x > 1 which we would like to avoid. Hence,
the idea here is to estimate first the difference derivative irLtheorm fort < h, and then to estimate
itin the W1 norm. By combining such two estimates we obtain an unconditional bound for the accuracy
of the scheme in the uniform metric. Each case separately can be analysed withetigod. At the first
step, it is straightforward to obtain a rough estimate of the error

za]1? < V2(h% + 1), (66)
where the norm in (66) is defined as
Izl1? = p Hol[Ae]1? + [|Av:] 12 + (cy + K)]|AB:] 12, (67)

andly is defined as a constant that satisfies the following inequaity:ki A8 + @%(Ae) > Ip > O.

Then, we can derive an estimate for the error of the approximation authel(st time layer by
considering a corresponding iterative process in a way similar to that descrilj2d]imA chain of
recurrent relationships leads to the following estimate:

12712 4D weal |A@DalP + K1 AG)" D) < A0 (R + ), (68)
k=0

where f1(v) is a bounded function for sufficiently small step sizesdi. This estimate is then improved
by using the main energy inequality (61). In particular, we obtain that

1 A€lle, [1AvlIc, 11A6]lc < vi(h? + ). (69)

At the second step of our procedure, we analyse convergence of our difference scheme in the discrete
normW3. This is done for the case of> 1 and hence the embedding theorems (55) are in use. Similarly
to the above, we obtain that

| Aelle, [|A6:]|c < va(h? + 7). (70)
The norm used for this analysis is
12115 = p[l1 + k128, A€) + [|Avs + Y] + (cy + k)| A6:] 2. (71)

Finally, the convergence in the semi-no##} is obtained as a result of the combination of the above
two results by choosing asthe maximum of the two values of andv,:

(1A + 11Avs] 12} + 11AG]2 + Y Tl AG I+ > 7| Ab A2 < v(h® + 7). (72)

tew; tew;



504 P. Matus et al./ Mathematics and Computersin Smulation 65 (2004) 439-509

7. Numerical experiments

The scheme described and analyse&éttions 4—thas been applied to modelling the dynamics of
shape memory alloy materials. The major goal of the computational experiments reported below is to
demonstrate that the scheme is capable of efficiently quantifying phase transformations and associate!
hysteresis phenomena in materials with shape memory. As an example, we consigst a#Xin,7 rod
of lengthL = 1 cm. Physical parameters for this material are available in the literdidy@1,33]Jand in
the context of system (8) we have

k=19x10%cmg/(msK), p=111g/cm’, 6, =208K ki =480g(ms cmK),
ko =6 x 1°g/(mecmK), C,=29g(MmcmK), k3 =45x 10°g/(mscmK),

where ms in the above units stands for milli-seconds. We analyse the behaviour obtGeipdn,; rod
under different time-varying distributed mechanical loadings.

One of the advantages of fully conservative schemes lies with the fact that they can be used ef-
fectively on coarse grids. Indeed, all results reported below have also been performed wit@4.

Our iterative process for solving (15)—(19) is based on Newton’s iterations with a Jacobian-based
preconditioner.

A Ginzburg capillarity effect has been formally included in the implemented model. However, since
the Ginzburg coefficient reported in the literature is typically small, we neglect this effect in the present
computations.

We start our computational analysis with the low temperature case, where one would expect a well
pronounced hysteresis effects. The implementation of the scheme has been carried oudivariables.

The boundary conditions for the problem have been taken=a$, ¢, = 0 (e.g.[9]) with zero heat fluxes
(08/0x = 0). No thermal loading was assum@d = 0). The initial conditions for this first experiment
have been taken as follows:

0.1186%, 0<x<0.25
6° =220, u°=101186905—x), 025<x <075 1=u'=0. (73)
0.11869x — 1), 0.75<x <1,

The time-varying mechanical loading in this experiment has been defined byitseg lower left
plot)

F = 7000 sir? (377) (74)

given in the g(ms cm?) units (that is the load/stress per unit length). In the upper plo&igfl we
present both displacement and strain as functions of space and time. In this case, the material behaves lik
a “quasiplastic” sample (see, e[d2]) and a wide hysteresis loop is an intrinsic feature of the process.
This is demonstrated by the lower right plothig. 1 This plot has been obtained for a fixed spatial grid
point (taken in all experiments ag = n/2 — 3) by plotting the displacementas a function off".

Having succeeded in reproducing the hysteretic behaviour of a SMA rod under low temperature condi-
tions, our next goal has been to analyse the behaviour of the sample under an increased initial temperatur
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Fig. 1. Mechanically induced phase transformations and associated hysteresis effects in a SMA rod.

We have observed not only quantitatively, but qualitatively different behaviour. We have changed the
time-varying mechanical loading to a sharp profile, defining it now by

i1, 0<t<3,
F=7000y 2(6—1, 3<1<9, (73)
$t-12, 9<1=<12

and looked at the spatio-temporal distribution of strain. For the low temperature case, the qualitative
behaviour of the sample remains the same as the one depicted in the upper rightftnt bfThe

N
)
A

QN
QAN

NN

SO
QNN

Strain

N
N

Strain

\V\\\\\\\\
N
B NN

)

N
N
\

25

Time o1l

Fig. 2. Spatio-temporal strain distributions for the medidm= 260, left) and high { = 310, right) temperature regimes.
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increased temperature produces a qualitatively different behaviour. In the medium temperature range
the sample is expected to be in the “pseudoelastic” regime, while under the high temperature regime the
sample attains features of an “almost elastic” rod (see,[82}). The strain distributions in these two
cases (for® = 260 andh® = 310, respectively) are shown ffig. 2

Next, we have analysed displacements as a function of space-time and as a function of loading in a
systematic manner. In particular, we have taken the same sample with the same initial and boundary condi
tions as above with the mechanical time-varying loading (75). We have been changing initial temperature
values of the sample in a range between 220 andRHNd observe the behaviour of the SMA rod under
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Fig. 3. Mechanically induced hysteresis for loW £ 220, upper plot), mediumX = 260, middle plot), and high® = 310,
lower plot) temperature regimes (left: hysteresis characterisations; right: mechanical displacements).
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the mechanical loading given in form (75). As before, a wide hysteresis loop is clearly pronounced in the
low temperature regime (see upper plot&ig. 3). This regime has its analogy in quasiplastic materials.
Note also that for shape memory alloy materials this regime corresponds to the situation where the free
energy function has two pronounced minima that correspond to the martensitic variants (twins) in our
case. As seen frofRig. 3, the stress—strain dependency varies substantially over the temperature range
of operation, exhibiting strongly nonlinear behaviour.

Then, we have increased the temperature to the medium range of values. We have observed a funda-
mentally different behaviour of the SMA sample. Two small symmetric hysteresis loops are formed in
this case and the profile of displacement becomes smoother as compared to the “quasiplastic” case. This
situation, typical for “pseudoelastic” materials, is presented in the middle pl&ig08. From a physical
point of view, this corresponds to the situation where all three phases considered with our model (one
austenite and two twin martensite) may coexist (g]). In this case, the free energy function has three
minima that correspond to our possible equilibrium configurations.

Finally, we have moved the sample to the high temperature phase by increasing the initial temperature
to 310°K. As demonstrated by the lower plotskig. 3, hysteresis effects are practically absent in this
case. The free energy function has a single minimum that corresponds to the (austenite) equilibrium
configuration. Nonlinearities are small and the sample is in an “almost elastic” regime.

8. Conclusions

In this paper, we applied a new conservative difference scheme to the analysis of behaviour of materials
with shape memory. Firstly, we noted that the general system of 2D PDEs describing a coupled strongly
nonlinear behaviour of a thermomechanical physical system with shape memory effects can be reduced
to the 1D Falk model in a number of practically interesting cases. Then, we presented a new fully
conservative implicit scheme for solving the problem. We underlined a general procedure for the analysis
of the scheme and highlighted the main steps leading to unconditional convergence of the proposed
numerical approximation. Finally, the constructed and analysed scheme was applied to the investigation
of the behaviour of a shape memory alloy rod under different physically plausible conditions. In particular,
we demonstrated that the proposed scheme can reproduce effectively, even on coarse grids, the entire
range of SMA sample behaviour, from quasiplastic, to pseudoelastic, and to almost elastic cases. Strong
nonlinearities, including hysteresis effects, were analysed with several numerical examples.
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