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It is shown that the phenomenon of inversion recently discovered in a one-band model[L. C. Lew
Yan Voon and M. Willatzen, J. Appl. Phys.93, 9997(2003)] is much more general and is present
in both multiband theories and in the excited states. Predictions of the one-band and of a four-band
model are in good agreement for the ground state. A critical radius of around 15 Ås7 Åd is obtained
for holes in InGaAs/ InPsGaAs/AlAsd modulated nanowires. This phenomenon should be readily
observable in both optical spectroscopy and transport. ©2004 American Institute of Physics.
[DOI: 10.1063/1.1792803]

A type of nanostructures, so-called modulated nanow-
ires, has recently been grown.1–4 Material systems studied so
far are GaAs/GaP,1 Si/SiGe,2 InAs/ InP,3 and ZnSe/CdSe.4

Typical dimensions have been radii of 200–400 Å. While
Bjork et al.3 have reported atomically sharp modulation, the
structures of Gudiksenet al.1 have much more gradual
modulation. It has been predicted that these structures might
find applications as nano bar codes, waveguides, lasers, and
light-emitting diodes, and that nanowire superlattices are an
improvement over plain nanowires due to the coupling of the
superlattice longitudinal confinement to the nanowire radial
confinement.1 Among the characteristic properties experi-
mentally reported so far, we note photoluminescence from
the GaAs layer in the GaAs/GaP structure,1 and the nonho-
mic conductance of a modulated nanowire with a single bar-
rier layer.3

Due to the large radii of the structures grown so far,
there is not yet any experimental evidence of quantum phe-
nomena in these structures. Nevertheless, we recently pre-
dicted, on the basis of a parabolic one-band model with an
infinite potential barrier outside the nanowire that a drastic
change in the localization of the electron states can occur
below a certain critical radius.5 This model was chosen be-
cause it leads to analytic solutions but it is also realistic for
the conduction states of large-gap materials and for a free-
standing(i.e., not embedded) nanowire; we have since inde-
pendently verified the results numerically.6,7 For a normal
III-V semiconductor system, this would apply to the conduc-
tion band but not, in general, to the valence band. Indeed, it
is known that the lowest hole state in a cylindrical quantum
wire has mixed heavy-hole and light-hole characters.8,9

Therefore, the existence of a critical radius for holes is not
guaranteed. Our goal here is to give a general demonstration
of the effect by solving the nonparabolic multiband problem.
The theory is directly applicable to the hole states. We also
predict an effect of the dependence of the critical radius on
the longitudinal structure and of multiple critical radii when
the excited states are considered.

The band structure of the modulated nanowires with an

f001g wire axis is calculated using a four-bandkp theory
within the axial approximation, following the method of Ser-
cel and Vahala.8 It involves expressing thekp Hamiltonian in
terms of cylindrical polar coordinatesr ,f ,z and noting that
a good quantum number is the projection of the total angular
momentum(of the envelope function and Bloch state) along
the rod axis(labeledz),

Fz = Lz + Jz, s1d

where the angular momentumLz of the envelope function
can only take integer values, and theJz values belong to the
J= 3

2 subspace of heavy holes(HHs) and light holes(LHs).
The total wave function is then written as

csrd = o
Jz

fJz
sr,zdeisFz−JzdfU3

2
JzL , s2d

where fJz
sr ,zd are the envelope-function components. There

is a double degeneracy with respect to the sign ofFz due to
inversion symmetry. Two new features of our theory are the
use of the Burt-Foreman Hamiltonian(instead of the
Luttinger-Kohn one) and the presence of confinement along
the wire axis. While the two Hamiltonians are in good agree-
ment for the GaAs/AlAs system, there are substantial differ-
ences for InGaAs/ InP. The coupled differential equations
were solved using the finite-element method.

We represented the superlattice structure by using a fi-
nite number of periods; it turns out that only a couple of
periods are necessary for convergence. Specifically, we
found that, for radii away from the critical radius, the lowest
two levels converge already to within 1 meV after only one
period of the superlattice, i.e., the energies of the first two
states do not change with the superlattice period after only
one period. We attribute the rapid convergence to the pres-
ence of barrier layers in the modulated structure which re-
duce the interbilayer coupling of the states even more over
the plain nanowire case, and to the heavy mass of the lowest
hole state.

Despite the general inapplicability of a one-band model
to the hole states, we first use the one-band model5 in order
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to estimate the critical radius, assuming the latter to exist. It
was shown5 that the critical radiusRc is given by

Rc
2 =

smB − mWd
mBmWVB

alm
2 , s3d

whereVB is the original barrier height,mB and mW are the
effective masses in the(conventional) barrier and well lay-
ers, andalm is the lth zero of the Bessel function of the first
kind Jm. Equation (3) predicts that the critical radius in-
creases with decreasing effective masses, decreasing band
offset, increasing difference in effective masses between the
barrier and well materials, and for higher states. We studied
two popular unstrained systems that have been used for mak-
ing plain nanowires: GaAs/AlAs and In0.53Ga0.47As/InP.
Band parameters for all the materials are given in Table I.
For the valence-band offsets, we used 0.53 eV for
GaAs/AlAs (Ref. 10) and 0.39 eV for In0.53Ga0.47As/ InP.11

The InGaAs/ InP is expected to lead to a larger HH critical
radius than GaAs/AlAs due to the larger difference in Lut-
tinger parameters between In0.53Ga0.47As and InP than be-
tween GaAs and AlAs, and also to the smaller valence-band
offset for the former. The above equation gives a critical
radius for the lowest HH(LH) state of about 10 Ås31 Åd for
In0.53Ga0.47As/ InP and of about 5 Ås16 Åd for GaAs/AlAs.

We next carried out the four-band calculations for modu-
lated nanowires with layer thicknesses of 50 Å and a circular
cross section with radii ranging from 5 Å to 15 Å. A critical
radius is identified when the envelope function shifts from a
well layer (here In0.53Ga0.47As and GaAs) to a barrier layer
(here InP and AlAs). The sum squared of the envelope func-
tions for one structure withR=15 Å and one withR=10 Å
are shown in Fig. 1(first row) for In0.53Ga0.47As/ InP. In the
longitudinal direction, there are two well layers and three
barrier layers, each of width 50 Å. A change in the localiza-
tion of the envelope function is clearly seen. For
In0.53Ga0.47As/ InPsGaAs/AlAsd, the actual critical radius for
the lowest state is found to be 14–15 Ås7–8 Åd. This is in
good agreement with the one-band calculation. While the
corresponding diameter is rather small for the lowest state of
GaAs/AlAs, it is of the order of 30 Å for In0.53Ga0.47As/ InP,
a value within the limit of applicability of the theory and a
structure that is realizable in the laboratory. Also, our earlier
prediction of a critical radius of about 20 Å for electrons in
GaAs/AlAs modulated nanowires5 means that just below
that radius, the ground electron state would be inverted but
not the ground valence state. Thus, the fundamental absorp-
tion should be strongly suppressed below the critical radius.
One would also expect the transport properties to be signifi-

cantly affected. For example, below and above the critical
radius, the states are mostly localized leading to little current
flow under an applied voltage across the wire. However, at
the critical radius, the barrier height is effectively zero lead-
ing to a strong transmission(but not complete due to the
effective-mass mismatch). Thus, the current-voltage curve
should display a large peak at the critical radius.

A one-band calculation would be accurate if there is
little heavy hole–light hole mixing in the ground state. The
four components(squared) of the envelope function are also
given in Fig. 1. Note that the color codings for the compo-
nents in the panels are independent of each other. Both above
and below the inversion, the predominant component is for
Jz= +1/2 butthere is some band mixing.

Quantum rods have been reported to display a level
crossing of the lowest two states near an aspect ratio of
1:1.12 We have also recently obtained a similar behavior,
whereby the ground state went from “bell shaped” to one
with a node in thez direction.13 We found that this does not
occur for the modulated structure for an aspect ratio below
1:10. This would suggest that the band-structure contribu-
tion to the linearly-polarized emission reported previously1

would be less likely with the modulated nanowires, an im-
portant consideration for optoelectronic devices. This would
also support the calculations of Wanget al.14 that the polar-
ization properties can be accounted for using electromagnetic
theory. The work of Sercel and Vahala on quantum wires also
showed that the ground state always has the quantum number
Fz= ±1/2; wehave found this to be true for the modulated
nanowires too.

Equation (3) predicts that the critical radius increases
with the energy of the state[the energy varies approximately
linearly with alm, refer to Eq.(2) of Ref. 5]. The multiband
calculation shows that the critical radii for excited states are
indeed larger than for the ground state but not by as much as
predicted by the one-band model. For example, for
In0.53Ga0.47As/ InP, the first excited state is inverted for a
radius of 18 Å, an increase of only 20% over the ground-
state value compared to an increase of 60% as suggested by
Eq. (3).

Finally, the one-band model predicts that the critical ra-
dius is independent of the actual structure in the longitudinal
direction as long as a modulation exists.5 However, since the
current problem is mathematically nonseparable(for the two
spatial coordinates), one would expect a dependence of the
critical radius on the structure in the longitudinal direction.
We investigated this by performing calculations for modu-
lated nanowires with various layer widths. We did find a

TABLE I. Luttinger parameters and computed effective masses alongf001g.

g1 g2 g3 mHH=sg1−2g2d−1 mLH =sg1+2g2d−1

GaAsa 6.85 2.10 2.90 0.377 0.090
AlAsa 3.45 0.68 1.29 0.478 0.208
InAsb 20.4 8.3 9.1
InPb 4.95 1.65 2.35 0.606 0.121
In0.53Ga0.47As 14.03 5.39 0.308 0.040

aReference 15.
bReference 11.
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small dependence of the critical radius on the layer widths.
For example, for InGaAs/ InP, decreasing both the layer
thicknesses from 50 Å to 20 Å reduced the critical radius
from 14–15 Å to near 12 Å.

In summary, the existence of critical radii for the inver-
sion of hole states in modulated nanostructures is demon-
strated using a multiband calculation. It is proposed to ob-
serve the inversion via interband absorption or transport
experiments in GaAs/AlAs modulated nanowires of radii
near 20 Å.
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FIG. 1. Lowest valence state above inversion(left, with R=15 Å) and below inversion(right, with R=10 Å). They axis is the radial direction, thex axis is
the z direction with 50 Å wide layers of(from left to right) InP, In0.53Ga0.47As, InP, In0.53Ga0.47As, and InP. The top plots are for the sum squared of the
envelope-function components, while the remaining rows are for each of the four components in the following order:Jz= +3/2, +1/2,−1/2,−3/2.
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