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Abstract

In many areas of chemical engineering applications we have to deal with thermosetting polymer structures. One of the major

processing techniques for producing such structures is the curing process. This process may be accompanied by undesirable thermal

spiking phenomena during which the released energy may be trapped inside of the structure. In order to predict the onset of this

phenomenon models that couple reaction kinetics and heat transfer are required. In this paper we propose an efficient algorithm for

the solution of such coupled problems. The algorithm is based on the alternating-triangular methodology which is more efficient

compared to ADI methodologies conventionally applied to similar problems. The algorithm is described in detail. The results for

simulations of reaction kinetics are compared with those obtained in the literature from experimental measurements. A series of

numerical experiments for the fully coupled system are also presented.

# 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Many problems arising in chemical engineering ap-

plications are essentially coupled in a sense that they

require to deal with the dynamics of two or more

different processes and/or physical fields that are

intrinsically connected and influence each other. In

this paper we are interested in one such problem, namely

in the modelling of curing dynamics of polymeric

materials. These materials embrace the whole range of

chemical engineering applications including applications

of polymeric composites, elastomers, thermosets, ther-

moplastics, polymer colloids, coatings, films, copoly-

mers, polymer blends, and polymeric biomaterials. The

materials range substantially in terms of their processing

techniques and the resulting properties. For example,

thermosetting materials, in contrast to conventional

thermoplastics, require more delicate techniques at the

processing stage, but this is paid off by the fact that the

resulting materials are more stable in terms of creeping

and softening under higher temperature. As a result,

thermoset composites have an increasing demand in

such areas as the encapsulation of computer chips (to

protect metallic layouts exposed to electrical current),

communication industry, and biomedical applications

to name just a few. In many such applications a better

dimensional stability and higher thermal resistance are

the key factors that determine a wide spread success of

these materials (Flipsen et al., 1996). However, while

producing thin polymeric thermoset composites is a

well-established technological process, several inherently

difficult problems exist in the production of thick

composite structures. One of the most important among

them is the thermal lag and spiking phenomena pro-

nounced at the stage of curing. These phenomena may

contribute substantially to the overall thermal degrada-

tion of the material at the stage of material applications.

To predict the onset of thermal spiking is not an easy

task, and in order to approach the solution of this task

we need to apply models that couple the dynamics of

heat transfer to chemical kinetics. Such models require

efficient computational algorithms that would allow us

to deal with steep gradients in the solutions and with

nonlinearities of coupled dynamics. Recently, the im-
* Tel.: �/45-6550-1681; fax: �/45-6550-1660.

E-mail address: rmelnik@mci.sdu.dk (R.V.N. Melnik).

Computers and Chemical Engineering 27 (2003) 1473�/1484

www.elsevier.com/locate/compchemeng

0098-1354/03/$ - see front matter # 2003 Elsevier Science Ltd. All rights reserved.

doi:10.1016/S0098-1354(03)00093-0

mailto:rmelnik@mci.sdu.dk


portance of coupled solution of models for heat transfer

and chemical reaction models have been emphasised by

several authors (e.g. Li, Sun, & Lee, 1999; Ding et al.,

2000).
In this paper we propose a new approach for

modelling coupled dynamics of chemical reaction and

heat transfer in polymeric materials. The approach,

based on the alternating-triangular methodology, is

discussed here in the context of modelling thermal

spiking phenomena in thick composite layers. The paper

is organised as follows. In Section 2 we give a brief

overview of the problem of thermal degradation and
formulate the mathematical model we are dealing with

in the subsequent sections. Section 3 is devoted to the

description of the algorithm on which our computa-

tional code is based. Details of the implementation with

ordered set of iterative parameters are also given in this

section. In Section 4 we describe the results of our

computational experiments demonstrating capabilities

of the algorithm to reproduce experimentally available
data on reaction kinetics for acrylic resins, and to

predict the onset of thermal spiking in thick samples

of these polymers.

2. Model formulation and governing equations

Thermal degradation of polymeric materials is a

consequence of the fact that all organic macromolecules
as well as low-molecular weight organic molecules are

stable only below a certain limiting temperature, which

is much lower compared to many inorganic materials.

Since molecules are composed of atoms linked together

by covalent bonds and the strength of these bonds is

limited (dislocation energies of single bonds in the

ground state are in the order of 140�/420 kJ mol�1 at

25 8C), a high thermal sensitivity of organic substances
can be explained at the molecular level because scissions

of chemical bonds under the influence of heat are the

results of overcoming bond dissociation energies. How-

ever, the methodologies based on the idea of tracing

time-and-rate-dependent thermochemical (and viscome-

chanical) properties of polymers back to their origin at a

molecular level that lead to the application of different

molecular modelling techniques (see, for example,
Melnik, Uhlherr, Hodgkin, & de Hoog, 2003; Tokarski

et al., 1997 and references therein) are computationally

very costly, and in their full implementations are

typically impractical for routine engineering runs from

a computational point of view. On the other hand, usual

analytical methods might fail in detecting chemical

changes in polymer systems induced by their degrada-

tion. Under these circumstances, the development of
macroscopic mathematical models and numerical meth-

ods for their solution that incorporate a coupled effect

of chemical kinetics and heat transfer allowing the

prediction of such changes becomes an important and

challenging task in chemical engineering (Covas, 1994).

In what follows, our major focus will be on the

modelling of the phenomena associated with the curing
process of thermoset resins, a key process in the

manufacturing of these materials. It is an irreversible

process which requires accounting for many different

features in order to produce a high-quality rigid cross-

linked molecular structure. Some such features will

remain beyond the scope of the present paper. For

example, the molecular weight dependency of the stress

relaxation modulus is certainly an important factor to
the understanding of viscous effects in polymer systems.

Due to a high sensitivity of viscosity to temperature

changes and in the end essentially non-Newtonian

rheological properties of the (molten) polymer, it is

also important to pay attention to the possibility of

generation of high stresses which might contribute to

material failures. We refer the reader interested in these

issues to Mohan and Grentzer (1995), Adolf et al.
(1998), Covas (1994), Li and Lee (1998) and Cristini,

Macosko, and Jansseune (2002) for practical examples

and mathematical models related to the associated

problems. In this paper we concentrate on modelling

thermochemical properties of thermosets that at a later

stage can be effectively coupled to the modelling of such

mechanical properties as stresses, and hence can lead to

accurate prediction of shrinkage during thermoset cur-
ing.

Our further discussion is based on the fact that the

behaviour and properties of polymeric materials are

determined largely by processes of heat and mass

transfer which, in their turn, depend strongly on the

degradation reactions. In the general case, polymerisa-

tion kinetics in thermoset composites during the cure is a

fairly complex process due to the fact that the cure
kinetics is determined by relating cross-linking (con-

nected in a complex manner with conversion) and the

dynamics of heat generation response. In deriving a

model for polymerisation kinetics we have (a) to take

into account the diffusion effect in the models, (b) to

couple the kinetic model with the energy balance

equation, and (c) to account for the fact that depending

on temperature conditions we can achieve usually only a
partial resin cure (or conversion) due to quenching of

the reaction (Mohan & Grentzer, 1995; Nzihou, Shar-

ock, & Ricard, 1999). A computational code developed

as a result of our analysis allows us to deal with a quite

general model for the reaction kinetic with five degrees

of freedom

dG

dt
�K̃Gb1 (Gmax�G)b2 (1�G)b3 ; (2:1)

where K̃ is a function of temperature determined as K̃�
K̃0 exp(�oA=RT ); where oA is the activation energy, K̃0
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and R are given kinetic constants (pre-exponential and

gas constants, respectively), and b1, b2, and b3 are

exponents determined through the experiment. Further,

G is the cumulative conversion (extent of cure) at a
given time t and Gmax the maximum conversion at a

given isothermal cure temperature. Note that the partial

conversion is accounted for by the term containing b2,

and the conversion rate is zero if G�/Gmax. This term

could also be written as (1�/(G /Gmax))b2 with appro-

priate changes made to the pre-exponential coefficient

K̃ :/
Our computational experiments reported in Section 4

deal with acrylic composites. It is known that model

(2.1) provides a very good experimental fit for these

materials (Maffezzoli & Terzi, 1998; Nzihou et al.,

1998). To demonstrate this, we present both conversion

and conversion rate for the acrylic resin modelled with

Eq. (2.1) in a range of temperature conditions. Para-

metrisation of the model for the material of interest is as

follows:

K̃0�4:76�109; TA�8207;

Gmax�0:018T�5:034; b1�0:7; b2�0:9;

b3�1:

(2:2)

The results, obtained with models (2.1), (2.2), and that

presented in Figs. 1 and 2, reproduce very well the

dependencies obtained experimentally with differential

calorimetric measurements (e.g. Nzihou et al., 1998,

1999).

The cure is one of the most critical processes in

manufacturing thermoset composites. In order to model

this process the chosen model for chemical kinetics

should be coupled to a model for heat transfer. Before

proceeding to the heat transfer part of our model we

note that in many applications polymeric materials are

used in the form of thin structural components. While

there are well-established technological procedures for

producing such structures, manufacturing thick poly-

meric components, important in many industries (Kim

et al., 1995), is connected with several inherently difficult

problems. From a physical point of view, we have to

deal with large barriers during heat-up/cool-down of

such materials due to their low thermal conductivities.

What happens is that as soon as the interior of the

future product heats up, the exothermic curing reaction

starts by releasing energy which is often trapped in the

interior. This phenomenon, known as thermal spiking, is

often attributed to poor thermal conductivity. A basic

consequence of this phenomenon is that the entrapped

heat raises the temperature of the structure further,

Fig. 1. Conversion for different temperatures.
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stimulating faster curing and more rapid energy release,

and leading to a possibility of instability of the process
(Kim et al., 1995). In some cases, the onset of this

phenomenon can be predicted with analytical tools

(Buckmaster & Vedarajan, 1997), while in more com-

plicated situations numerical simulations are required.

Such simulations are based on the coupled dynamics of

chemical kinetics and heat transfer. The model for the

heat transfer in the polymeric material of cylindrical

shape can be written as follows:

rrpCp

@T

@t
�

@

@r

�
rkp

@T

@r

�
�

@

@z

�
rkp

@T

@z

�
�f 0; (2:3)

where rp is the density, Cp the heat capacity, and kp the

coefficient of thermal conductivity of the polymeric

material under consideration. The right hand side of Eq.

(2.3) should account for the total heat of reaction of the

thermoset material. It is a nonlinear function of T , and

is dependent on the reaction rate, and realises the

coupling between the heat transfer and chemical reac-

tion intrinsic to the process of curing. Basically, we need

to establish an equation that connects the heat genera-

tion, dH /dt , and the reaction (conversion) rates, dG /dt .

By using the standard definition of the reaction rate (e.g.

Torre, Maffezzoli, & Nicolais, 1995), we assume the

linear dependency between these two quantities (e.g.

Fig. 2. Conversion rate for different temperatures.

Fig. 3. Computational domains for thin and thick polymer layers.
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Mohan & Grentzer, 1995; Kinsey, Haji-Sheikh, & Lou,

1997; Nzihou et al., 1999):

f 0�rrcemHr
tot(x; z; t;T)

dG

dt
; (2:4)

where Hr
tot is the total heat of reaction of the thermoset.

In the general case, the coupling between two parts of

our model, (2.1) and (2.3), is amplified by the depen-

dency of coefficients of Eq. (2.3) on the kinetic reaction.

For example, the specific heat can be well approximated

by the following formula (Pitchumani & Yao, 1993):

Cp�Cp(G;T)�C1
pG�C2

p(1�G); (2:5)

where coefficients C1
p and C2

p may be temperature-

dependent. In particular, for the acrylic resins these

coefficients can be well approximated by the following
relationships (the data in Eq. (2.6) were obtained with

linear approximations from Fig. 10 in Nzihou et al.,

1999):

C1
p�629:10�3:30T ;

C2
p��6650:00�22:47T :

(2:6)

In this case these coefficients can be interpreted as the

sum of two terms accounting for contributions before

and after polymerisation.

The model is supplemented by initial and boundary

conditions and we describe our algorithm for general

forms of such conditions in the next section. As a final

remark of this section we refer to Table 1 for all data
used in our computational experiments reported in

Section 4.

3. Numerical algorithm for coupled problems of heat

transfer and chemical kinetics in processing polymeric

materials

For the solutions of the coupled problems (2.1) and

(2.3), we apply an algorithm based on the alternating-
triangular methodology which has a number of advan-

tages compared to the techniques proposed earlier for

similar types of models, e.g. the ADI method (Kinsey et

al., 1997). Consider a general type of nonlinear partial

differential equation to which model (2.3) belongs to

a0(x; t;T)
@T

@t

�
X2

i�1

@

@xi

�
ki(x; t;T)

@T

@xi

�
�q0(x; t;T)T

�f 0(x; t;T); (3:1)

where a0, q0, f0, and ki , i�/1, 2, are given as functions of

x , t , and T . Although we have x1�/r and x2�/z for our

Table 1

Data for computational experiments performed for acrylic resins

Parameter Value

rcem (kg m�3) 1100

kcem (W mK�1) 0.17

K0 (s�1) 4.76�/109

oA (J mol�1) 71.41�/103

R (J mol�1 K�1) 8.314472

/Hr
tot (J g�1) 152

r12 (m) 2�/10�3

r22 (m) 5�/10�3

r11�/r21 (m) 4�/10�3

kb (W mK�1) 0.43

kps (W mK�1) 10.3

h1�/h2 (m) 5�/10�3

Fig. 4. Thermochemical characteristics of the first sample (spacial distribution of conversion and temperature evolution in the middle point of the

sample).
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model discussed in Section 2, we use here the indexed
spatial coordinates xi , i�/1, 2, to simplify notation in

the discussion that follows. Again, without lost of

generality and to simplify the discussion we consider

the spatial region of interest as G�/{x�/(x1, x2): 05/

xi 5/Li} with given Li , i�/1, 2. Eq. (3.1) is supplemented

by the initial

T(x1; x2; 0)�T0(x1; x2) (3:2)

and boundary conditions

l(1)
i

@T

@xi

�k
(1)
i (xj; t;T)T�g

(1)
i (xj; t;T); xi�0; (3:3)

�l(2)
i

@T

@xi

�k
(2)
i (xj; t;T)T�g

(2)
i (xj; t;T);

xi �Li; i�1; 2; j�3� i:

(3:4)

In Eqs. (3.3) and (3.4), values of l(1)
i and l(2)

i are equal
to 1 if on the corresponding boundaries of the spatial

region G the Neumann are given, or the third-kind

boundary conditions. They equal to zero for the

Dirichlet boundary conditions. The coefficients in Eqs.

(3.1), (3.2), (3.3) and (3.4) satisfy the following condi-

tions

k1
i (xj; t;T)]0; k2

i (xj; t;T)]0;

0Bc?5ki(x; t;T)5cƒ; q0(x; t;T)]0;
(3:5)

which include the possibility of fast changing coeffi-

cients. Problems with such coefficients arise naturally in

many problems pertinent to chemical engineering appli-

cations (e.g. Goncharenko & Lychman, 1994; Morton,

1996), and in our case we have to be able to deal with
rapid changes in the right hand side part of Eq. (2.3).

Such problems with rapidly changing coefficients pre-

sent serious mathematical difficulties and the develop-

ment of effective numerical methodologies is required
for their treatment. Our computational code for the

solution of Eqs. (3.1) and (2.3) is based on the idea of

the integro-interpolational approach (Samarskii, 2001).

We cover the computational domain with a non-uni-

form grid, v̂h; and consider an elementary space-time

cell, Dst, with Ds�f(x1; x2): x1;i1�0:55x15x1;i1�0:5;/
/x2;i2�0:55x25x2;i2�0:5g and Dt�ftk5t5tk�tg: We

integrate differential equation (3.1) over the cell Dst to
get

g
tk�t

tk

�
g

x2;i2�0:5

x2;i2�0:5

[F(1)
i1�0:5(x2)�F(1)

i1�0:5(x2)] dx2 dt

�g
x1;i1�0:5

x1;i1�0:5

[F(2)
i2�0:5(x1)�F(2)

i2�0:5(x1)] dx1 dt

�

�g Dst

q0(x; t;T)T dx dt

�g Dst

a0(x; t;T)
@T

@t
dx dt

�g Dst

f 0(x; t;T) dx dt; (3:6)

where dx �/dx1dx2, F(1)
i190:5(x2)�F(1)(x1;i190:5; x2); and

F(2)
i290:5(x1)�F(2)(x1; xi290:5) with F(i)(x; t;T) being the

flux in the direction of xi , that is

F(i)(x; t;T)�ki(x; t;T)
@T

@xi

: (3:7)

It is also straightforward to get

T(x1;i1�1; x2; t)�T(x1;i1
; x2; t)

�g
x1;i1�1

x1;i1

F(1)(x; t;T)

k1(x; t;T)
dx1; (3:8)

Fig. 5. Temperature evolution in the second sample.
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Fig. 6. Spacial distributions of conversion and temperature for different moments of time.
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and a similar expression for T (x1, x2,i2�/1, t)�/T (x1, x2,i2
,

t). By using interpolation formula F(1)(x; t;T):

F(1)
i1�0:5(x2; t;T); where x1 � [x1;i1

; x1;i1�1] we come to the

following result:

T(x1;i1�1; x2; t)�T(x1;i1
; x2; t)

:F(1)
i1�0:5(x2; t;T)g

x1;i1�1

x1;i1

1

k1(x; t;T)
dx1: (3:9)

Again, an analogous expression is derived for T (x1,

x2,i2�/1, t)�/T (x1, x2,i2
, t ). Then, we express the values of

F(1)
i190:5(x2; t;T) (and F(2)

i290:5(x1; t;T)) in terms of the

solution of the problem and known functions, e.g.

F(1)
i1�0:5(x2; t;T)

:Tx1;i1

�
1

h�
1;i1
g

x1;i1�1

x1;i1

1

k1(x; t;T)
dx1

��1

: (3:10)

The expressions for F(1)
i1�0:5(x2; t;T) and F(2)

i290:5 are

obtained in a similar manner. The resulting scheme is

conservative and for the inner points (i1, i2) of the grid in

the stationary case this can be represented as follows:

K�
1 yx1

� K1yx̄1

’1;i1

�
K�

2 yx2
� K2yx̄2

’2;i2

�qy��f ; (3:11)

where y �/y(i1, i2) and by yxi
and yxi

we denoted

backward and forward first difference derivatives. The

coefficients and the right hand side of Eq. (3.11) are

defined as follows:

Fig. 7. Spacial temperature distribution in the boundary control and heat pulse simulations.

Fig. 8. Temperature evolution in the boundary control and heat pulse simulations.
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q�q(i1; i2)�
1

’1;i1
’2;i2
g Ds

q0(x) dx;

f �f (i1; i2)�
1

’1;i1
’2;i2
g Ds

f 0(x) dx;

(3:12)

K1�K1(i1; i2)

�
1

’2;i2
g

x2;i2�0:5

x2;i2�0:5

�
1

h�
1;i1
g

x1;i1

x1;i1�1

1

k1(x)
dx1

��1

dx2 (3:13)

(with an analogous formula for K2); K�
1 �

K�
1 (i1; i2)�K1(i1�1; i2); K�

2 �K�
2 (i1; i2)�

K2(i1; i2�1): Boundary conditions are approximated

by integrating the original differential equation over the
cell

D(1)
s �f(x1; x2): L1�0:5h�

1;N1
5x15L1;

x2;i2�0:55x25x2;i2�0:5g

and then using approximate formula (3.10) and comput-

ing values of F(1)
N1

(x2); F(2)
N2

(x1) from boundary condition

(3.4) for xi �Li�xi;Ni
; where i�1; 2: The result is

1

’i

(g(2)
i �k

(2)
i y�Kiyx̄i

)�(Kjyx̄j
)x̂j

�qy��f ;

x � v̂j(Li);

i�1; 2; j�3� i;

(3:14)

where yx̄j x̂j
denotes the second difference derivative

constructed on our grid, and other notations are

conventional for theory of difference schemes (e.g.

Samarskii, 2001). For the grid prototypes of functions

k
(2)
i and g

(2)
i in Eq. (3.4) we used the same notation.

For the solution of obtained discretised system we
implemented an effective alternating-triangular metho-

dology with ordered Chebyshev set of iterative para-

meters. In particular, the constructed discrete scheme

can be written in the following generic form:

Ly�
X2

i�1

Liy��8 ; x � v̂h; (3:15)

where 8�f �8 1�82 and x � v̂h; and for i�/1, 2

or simply as

Ay�8 ; (3:16)

to which we apply an implicit two-layer scheme in the

following general form:

B(yk�1 � yk)

tk�1

�Ayk�8 ; k�0; 1; 2; . . . (3:17)

Parameters {tk�1} should be chosen in some optimal

way, whereas B has to be constructed as a product of
easily invertible operators. In this paper we use the

alternating-triangular method with the optimal Cheby-

shev choice of parameters (Samarskii, 2001). We choose

Fig. 9. Spacial distribution of conversion temperature evolution in the heat pulse simulations.

Liy�

2

h�
i

K�
i yxi

�
�

2

h�
i

K(1)
i �

1

2
q

�
y; xi�0;

(Kiyxi
)x̂i

�1
2
qy; xi"0;Li;

�
2

h�
i

Kiyxi
�

�
2

h�
i

K(2)
i �

1

2
q

�
y; xi�Li; xj � v̂j;

8>>>>>><
>>>>>>:

8 i�

2

h�
i

g
(1)
i ; xi�0;

0; xi"0;Li

2

h�
i

g
(2)
i xi�Li; xj � v̂j;

8>>>>><
>>>>>:

R.V.N. Melnik / Computers and Chemical Engineering 27 (2003) 1473�/1484 1481



the operator B in the form

B�(D�v0A1)D�1(D�v0A2); v0	0; (3:18)

where

Dy�d(x)y; d(x)	0; x � v̂h;

A�A1�A2; A1��A2: (3:19)

We assume that inequalities

dD5A; A1D�1A25
D
4

A; d	0;

D	0

(3:20)

are satisfied with certain constants d and D . Then we

define parameters tk�1 and v0 in the following way:

v0�2
ffiffiffiffiffiffi
dD

p
; tk�

t0

1 � r0sk�
; (3:21)

where

t0�
2

g1�� g2�
; g1��

d

2(1 �
ffiffiffi
h

p
)
; g2��

d

4
ffiffiffi
h

p ;

r0�
1 � c

1 � c
; c�

g1�

g2�
; h�

d

D
;

and sk � Sn0
� ; where k�1; . . . ; n0: The set

Sn0
� �

�
cos

�
2i � 1

2n0

�
p; 15 i5n0

�
(3:22)

is a specially ordered set of the roots of Chebyshev

polynomial degree n0. For more details on the ordering

procedure the reader may consult Samarskii (2001).

Note that if the error of the alternating-triangular

method has to be decreased by the factor of o it is

sufficient to perform n0 iterations, where n0]

ln(2=o)=(2
ffiffiffi
2

p ffiffiffi
h4

p
): The choice of accelerating parameters

d and D is a quite involved task that requires the

application of discrete analogues of Green’s formulae

(for further details on this choice the interested reader

may consult Melnik (2000)). The described algorithm,

implemented into a software code called ALTPACK,

constitutes a major block for the solution of the coupled

system of Eqs. (2.1) and (2.3) which we perform in an

efficient iterative manner. In particular, taking tempera-
ture from the initial condition we solve the kinetic

reaction equation and determine dG /dt at time t1�/t0�/

t for all spatial points (note that the kinetic reaction rate

is a spatially dependent function). The reaction kinetic

equation is solved with a two-step block Runge-Kutta-

Fehkberg (RKFC) procedure called kinetics.f that uses

interpolation to produce output at ‘‘off-step points’’

efficiently. This is a modified procedure developed
originally by J.R. Cash and H.A. Watts (see Netlib

Software Library). In the context of our problem, the

starting point of computations with this model has to be

chosen greater than zero. The result of computation of

the conversion rate (stored in the array Yp) is fed into

the right hand side (Fp) in polymer.f (a subroutine in

ALTPACK). The value of the conversion rate, dG /dt , will
then serve as the input for the package ALTPACK which

solves Eqs. (2.3) and (2.4) and hence determines the

temperature at the new time layer.

4. Computational experiments

It is known that the analysis of thick composites is

inherently more difficult compared to their thin counter-

parts, and the development of models for curing such

composite parts constitutes an important task in many
chemical engineering applications (e.g. White & Kim,

1996). The difficulties stem from the fact that a thermal

lag and spiking are much more common phenomena for

thick composites compared to thin polymeric compo-

sites. We demonstrate this statement by the following

example. Consider two samples made of acrylic resins

(see Fig. 3). These materials are indispensable in many

applications ranging from automotive industry (Petit et
al., 2001) to biomedical applications (Lewis, 1996;

Halvorson, Erickson, & Davidson, 2002). As evident

from Table 1, the thickness of the first sample is only 2

mm while the second sample has thickness of 5 mm. The

developed software code described in Section 3 is

capable of dealing with both of these situations with a

complete range of initial and boundary conditions

encountered in practical applications. In what follows
we describe three groups of computational experiments.

In the first group, we consider the Dirichlet boundary

condition at side AD: T�/TAD. The interpretation of

the considered situation can be analogous to that

considered previously by Nzihou et al. (1998, 1999)

where the prosthesis (index ‘‘ps’’ in our notation) is fixed

to a bone (index ‘‘b’’ in our notation) by the layer of

bone cement (acrylic resin), which is the polymeric
material of interest. In this case we can approximate

the boundary condition at the BC side by the following

boundary conditions of third kind�@T=@r�C(T�Tb)

with C taken in our experiments as C�kb=(5�
10�3kp): In the first set of experiments we impose the

Neumann boundary conditions at boundaries AB and

CD: @T=@z�0: The initial boundary conditions are

chosen in the form

T �ar�c for t� t0 with a�(Tb�Tps)=Dr and c

�Tb�(Tb�Tps)r2=Dr; (4:1)

where Dr�/r2�/r1. The initial temperatures of prosthesis

(Tpros) and bone (Tb) are assumed to be at 293 and 310
K, respectively. We solve the coupled heat transfer/

reaction kinetics problem for these two geometries. For

the first sample, the spatial distribution of conversion at

R.V.N. Melnik / Computers and Chemical Engineering 27 (2003) 1473�/14841482



time moment t�/600 s is shown in Fig. 4 (left). On the

right (the same Fig. 4) we present the temperature

evolution at the middle point of the structure. It is seen

that the conversion is nonuniform along the r-direction
and its evolution leads to an increase in temperature

which stabilises at around 303 K. The evolution is

fundamentally different for thick composites. The same

conditions were applied to the analysis of the second

sample presented in Fig. 3. The result is drastically

different clearly demonstrating that the heat produced

as a result of the reaction is trapped inside of the

structure. Moreover, after 260 s of the process of curing,
a spike in the temperature profile can be observe not

only in the middle of the structure (see Fig. 5 (right)),

but also closer to its boundary (see Fig. 5 (left)),

although with a smaller magnitude due to the Neumann

boundary conditions imposed. The evolution of tem-

perature and conversion for the second sample are

shown in Fig. 6. The initially linear-in-r profile of

temperature and almost zero degree of conversion
(taken at 10�5) evolves, as expected, with a pronounced

increase in temperature propagating from the higher

temperature end of the structure. There are two

competing requirements in this coupled process, namely

maximising the degree of curing and minimising the

peak of temperature. As a result of this competition,

conversion evolves to a typical (for these boundary

conditions) spatial pattern presented in Fig. 6 (the
bottom right), while temperature profile becomes close

to linear again. The dynamics of peak temperature

propagation (see, for example, Fig. 5) is intrinsically

coupled with the evolution of the degree of conversion.

As a result, we can attempt to control the onset of the

thermal spiking phenomenon by exposing the sample to

some additional heating pulse, e.g. by laser irradiation

and/or by the boundary control. In particular, the
technique known as stereolithography is based on curing

polymers by exposing their small zones to laser irradia-

tion (e.g. Maffezzoli & Terzi, 1998). In our second group

of experiments we impose Dirichlet boundary condi-

tions at 310 K and expose our second sample to a small

concentrated heat pulse. Two snapshots of temperature

evolution are presented in this case, for times 5 and 42 s,

in Fig. 7. In this case, the onset of thermal spiking in the
sample happens much quicker compared to what we

have observed in the first group of computational

experiments. As demonstrated in Fig. 8, after 40 s of

evolution the spiking phenomenon is observed. In our

final group of computational experiments we return to

our original boundary conditions discussed at the

beginning of this section. In this case, due to the

Neumann boundary conditions imposed, the onset of
thermal spiking phenomenon slows down compared to

the second group of computational experiments. In Fig.

9 we present the degree of conversion and temperature

evolution for this case. Note finally that compared to

the first group of computational experiments the onset

of thermal spiking is observed at an earlier stage due to

the heat pulse applied.

5. Concluding remarks

In this paper the problem of coupled kinetics and heat
transfer has been solved with an efficient numerical

algorithm based on the alternating-triangular methodol-

ogy. We have focused on the problem that consists of a

phenomenological kinetic model coupled to an energy

balance model. The algorithm proposed for the solution

of this problem allows one to determine simultaneously

the fractional conversion, the conversion rate, and the

temperature profile.
The coupling between kinetics and heat transfer is

especially important in analysing spiking and thermal

lag phenomena in polymeric materials. With the algo-

rithm developed we have analysed numerically the onset

of thermal spiking phenomena in polymeric (acrylic)

resins. Results of numerical predictions have been

discussed in detail. From a numerical point of view,

the algorithm is more efficient compared to alternating-
direction implicit methodologies of the Peaceman-

Rachford-type traditionally applied to similar problems.
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