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Phase transitions in shape memory alloys with hyperbolic heat conduction
and differential-algebraic models
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matical point of view, one of the major difficulties come
from the fact that these transformations cannot be characterised by a single-valued function. Indeed, in those
solids that do not exhibit structure transitions or plastic
deformations, the strain is a single-valued function of
stress and temperature, which might not be the case for
many ‘‘smart’’ materials exhibiting hysteresis loops. Typical to ferromagnetic, ferroelectric, plasticity effects, such
loops arise due to the fact that the underlying process has
more than one stable equilibrium. The free energy function for this thermodynamic process should be derived
from statistical models, and any physically reasonable
approximation of this function will result in a non-convex
energy function. In this paper we focus on a specific type
of phase transformations, so-called solid–solid phase
transformations, in ‘‘smart’’ materials known as shape
Keywords Phase transitions, Shape memory alloys,
memory alloys (SMAs). In contrast to ferroelectricity,
Hyperbolic heat conduction
ferromagnetism, plasticity, where hysteresis phenomena
relatively well investigated, this is not the case for
1
pseudoelastic effects that are observed in SMA materials.
Introduction
At the same time, these materials have a huge potential in
One of the most difficult problems in computational
such fields as electronics, biomedical and environmental
mechanics is to quantify phase transformations in
engineering, energy production systems, various concomplex materials. For the so-called ‘‘smart’’ materials this
sumer products, aerospace, and automotive industry,
problem is of enormous technological importance. Indeed,
because they can provide functions of sensing, processing,
performance demands on materials and systems used in
actuation, and feedback [8]. In comparison with other
engineering applications and infrastructure necessitate the
actuating and sensing materials SMAs can offer a number
development of such ‘‘smart’’ materials that have the
of new important properties such as relatively large
ability to change their properties in response to external
reversible strains, high stress, large reversible changes of
and internal stimuli. In this way, new engineering comphysical and mechanical characteristics, high damping
ponents can be developed leading to improved efficiency
capacity. However, the adequate modelling of the therand reliability of the whole structure. For many such
momechanical behaviour of SMAs remains a difficult task
materials phase transformations and accompanied hysdue to a strongly nonlinear character of this behaviour
teresis phenomena, demonstrated by the strain–temperaincluding hysteresis loops [1, 6, 10, 24, 33, 39]. Note that
ture, stress–strain, and stress–temperature relations, are
the non-convexity of the free energy function ‘‘is dictated
intrinsic parts of the material dynamics. From a matheby the molecular structure of the metallic lattice’’ which
has a highly symmetric phase (austenite) and a less symmetric phase (martensite) capable of twinning [23]. Phase
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transformations in SMAs are characterised by the deformation which is a result of the crystal-lattice Bain transR. V. N. Melnik (&)
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inelastic deformation resulted from loading of a sample;
Abstract The dynamics of phase transitions and hysteresis
phenomena in materials with memory are described by a
strongly nonlinear coupled system of partial differential
equations which, in its generality, can be solved only
numerically. Following principles of extended thermodynamics, in this paper we construct a new model for the
description of this dynamics based on the Cattaneo–
Vernotte law for heat conduction. Models based on the
Fourier law follow from this general consideration as
special cases. We develop a general procedure for the
solution of the resulting systems by their reduction to
differential-algebraic systems. Finally, a computational
code for the numerical implementation of this procedure
is explained in detail, and representative numerical
examples are given.

(b) shape memory effect, i.e. full recovery upon heating a
large residual deformation after loading-unloading; (c)
thermal hysteresis, i.e. the ability to recall reversibly and
repeatedly both deformed (low temperature) and
undeformed (high temperature) shapes when cooled and
heated at a constant load (e.g., [5]). Our goal in this paper
is to construct a computational procedure which is able to
give an adequate description of these effects. Solid–solid
martensitic phase transformations in SMA materials are
produced by nucleation and growth, and they are thought
as ‘‘diffusionless’’ referring to a process for which each
atom moves a distance less than an atomic distance. The
models considered here can be treated as a link between
microscopic and macroscopic types of models. They are
often termed as mesoscopic models due to the fact that
their basic element is a small part of the metallic lattice
that forms the body, sometimes called the lattice ‘‘particle’’
or ‘‘cell’’ [23]. To put it differently, we aim at quantifying
phenomena that take place at the mesoscale ( lm) or
smaller with models describing the material behaviour at
the macroscopic scale (cm) [5]. The model and the
algorithm developed in this paper provide a basis for the
analysis of the dynamics of phase transitions in shape
memory alloys (SMA) for various types of dynamic loadings, and due to this fact the results reported here might
prove to be useful in related areas of research, including
modelling of SMA-based composites [7].
We structure our further discussion in the following
way. In Sect. 2 we discuss mechanisms for thermomechanical coupling in models describing SMA dynamics
and formulate the model used as the basis for our analysis
in this paper. In Sects. 3 and 4 we give details of constitutive relations, and in Sect. 5 we formulate a complete
model for the dynamics of phase transitions in a SMA rod.
Section 6 is devoted to the description of a reduction
procedure of our model to a system of differential-algebraic equations, and in Sect. 7 we give representative
examples of our computational experiments. In Sect. 8 we
make concluding remarks, and discuss future directions of
the presented work.

2
Nonlocal coupled models of nonlinear thermoelasticity
Consider a 3D SMA sample that occupies the volume V in
a fixed reference spatial configuration X at a certain time
t0 . Let further q0 ðx; t0 Þ > 0 be the density of the SMA
sample (the mass per unit volume) in the reference configuration X at time t0 and qðx; tÞ be the density of the
matter at time t where t  t0 is sufficiently small. Before we
proceed to balance equations for the description of the
dynamic thermomechanical behaviour of the sample
under quite general loading conditions, we need information on forces acting per unit area of the sample. This
brings along the concept of stresses, which in contrary to
what is often assumed, cannot be defined here by a mere
function of the deformation gradient. It is essential for us
to note that stresses also depend on temperature of the
sample, its rate of change in time, and the rate of change of
deformation gradient . In the general case deformation
gradient  is a nonlinear function, and in some SMA
applications the inelastic strain might not be small, and

some results are available in the framework of finite-strain
theory [2]. However, the strain linearisation hypothesis
has proved to be plausible in a range of SMA application
areas [1, 22, 28, 33, 34], and we follow this assumption in
this paper. In particular, we identify the partial derivative
of displacement u ¼ ðu1 ; u2 ; u3 Þ with respect to
x ¼ ðx1 ; x2 ; x3 Þ (material or Lagrangian coordinates of a
material point of the sample in the configuration X at time
t0 ) with the symmetric strain tensor




ouðx; tÞ
or
e ¼ sym
ox


1 oui ðx; tÞ ouj ðx; tÞ
ij ðx; tÞ ¼
;
þ
oxi
2
oxj
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i; j ¼ 1; 2; 3 ;
ð1Þ

where we require that detðI þ eÞ > 0 which precludes a
possibility of compression of the sample matter to zero
and guarantees the local invertibility of x þ uðx; tÞ [35].
Since the time derivatives are understood in the Lagrangian sense, x is kept fixed in (1). Now we are in a position
to proceed with a general formulation of balance law
equations.
1. In the Lagrangian system of coordinates ðx; tÞ, the
equation for balance of mass is written in the form [35]

qðx; tÞdetðI þ eðx; tÞÞ ¼ q0 ðx; t0 Þ :

ð2Þ

2. The equation of motion has the following form

o2 u
^v ;
¼ rx  s þ F with F ¼ qðf þ ^f Þ  q
ð3Þ
ot 2
^ and ^f are
where f is a given body force per unit mass, q
nonlocal mass and force residuals respectively, and s is the
stress tensor.
3. Finally, in Lagrangian coordinates the equation for
energy balance has the form


o
v2
 rx  ðs  vÞ þ r  q
eþ
q
2
ot



^
q
v2
^
;
ð4Þ
eþ
¼q hþhþf v
q
2
q

where e is the internal energy (per unit mass) of the system, v2 ¼ v  v, v ¼ ou=ot (that is vi ðx; tÞ ¼ oui ðx; tÞ=ot,
i ¼ 1; 2; 3), h is the heat source density, h^ is the nonlocal
energy residual (see [3] for conditions on localised residuals) and q is the heat flux.
As a next step, we note that the scalar multiplication of
(3) by v gives

q

ov2 =2
 v  ðr  sÞ ¼ ðF; vÞ
ot

^v2 :
qðf þ ^f Þ  v  q
ð5Þ

Taking into account normalisation, from (4) and (5) we get

oe
 sT : ðrvÞ þ r  q ¼ g ;
ð6Þ
ot
P
where aT : b ¼ 3i;j¼1 aij bij is the standard notation, given
the rank 2 tensors a and b, and
q



v2
^
^
^ e
:
g ¼ qðh þ hÞ  qf  v  q
2
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3
The Cattaneo–Vernotte model for heat conduction
The function U2 in (14) is chosen on the basis of the
The right-hand sides of Eqs. (3) and (6) incorporate into principles of extended thermodynamics [32] by using the
the model nonlocal and dissipative effects of thermomeCattaneo–Vernotte model for heat conduction
chanical waves. Moreover, as we shall see in the next
section, under appropriate constitutive relations it is also q þ s0 oq ¼ kðh; eÞrh ;
ð15Þ
ot
possible to allow for a relaxation time for acceleration of
the motion in response to applied gradients such as the
where s0 is the dimensionless thermal relaxation time and
deformation gradient and the temperature gradient.
kðh; eÞ is the thermal conductivity of the material (typi~h with the given dimensionless coefficient
We assume that there exists a one-to-one entropy
cally k ¼ 1 þ b
~). Incorporating this model into the general description
function of the system state. We denote the density of such b
a function by g, and then the second law of thermodyof thermomechanics of SMA materials allows one to
namics is
account for the finite speeds of thermal wave propagation
and thermally induced stress wave propagation coupled
^
og
q
 r  r n þ ^n  ;
ð8Þ to the deformation gradient (see also [41] and references
ot
q
therein). Although the interest to hyperbolic approaches in
ð7Þ

where n is the entropy source density, r is the entropy flux
density and ^
n is the nonlocal entropy residual.
The system of equations (3), (6) combined with inequality (8) provides the general mathematical model for
the description of thermomechanical behaviour of dynamic systems. The macroscopic modelling of such systems starts from the choice of constitutive relationships.
We assume the existence of a functional W invariant under
a time shift and chose this functional in the form of the
Helmholtz free energy

W ¼ e  hg ;

ð9Þ

where h is the temperature of the system (h > 0,
inf ðx;tÞ h ¼ 0). We also assume specific forms for the
entropy flux and the entropy source density as

r ¼ q=h;

n ¼ h=h :

the analysis of materials with memory has increased (e.g.,
[14]) in such a generality as it is proposed in the present
paper the dynamic behaviour of SMA materials has not
been modelled before.
In order to incorporate Eq. (15) into our general model
of thermoelasticity we use a consequence of (6)

 
o2 e
o T
oq
og
¼ s0
:
qs0 2  s0 ½s : ðrvÞ þ s0 r 
ot
ot
ot
ot

ð16Þ
On the other hand, from (15) we get

r  q þ s0 r 

Then from (6), (16), (17) we obtain the energy balance
equation in the form

ð11Þ

q

from (8) and (10) we get the nonlocal formulation of the
Clausius–Duhem inequality


 

^
q
v2
oW
oh
W

þg
þ sT : rv  ^f  v

q
2
ot
ot
q  rh

 ðh^n  h^Þ 0 :
ð12Þ
h
The latter inequality together with requirements on
localisation residuals (see [3] for details) impose restrictions on the choice of nonlocal residuals and the functions
g, s and q. We assume that the entropy density is given in
the form
oW
:
ð13Þ
g¼
oh
Finally, we have to specify the constitutive relationships
that couple stresses, deformation gradients, temperature
and heat fluxes
U1 ðs; eÞ ¼ 0;

U2 ðq; hÞ ¼ 0 ;

ð17Þ

ð10Þ

Using (9) in (6) and taking into account that

r  q ¼ hr  ðq=hÞ þ ðq  rhÞ=h ;

 
oq
¼ r  ðkrhÞ :
ot

ð14Þ

where it is implicitly assumed that these relations may
involve spatial and temporal derivatives of the functions.
In next sections we specify particular forms for U1 and U2
used in our computational experiments.

oe
o2 e
o
þ qs0 2  sT : ðrvÞ  s0 ½sT : ðrvÞ
ot
ot
ot
 r  ðkrhÞ ¼ G ;

ð18Þ

where G ¼ g þ s0 ðog=otÞ.

4
The Landau–Devonshire model for the Helmholtz free
energy and the stress–strain relation
Temperature is a key component in the dynamics of
shape-memory-alloys, and changing thermal conditions
SMA materials can exhibit qualitatively different behaviours. As it has been observed experimentally, ferroelastic, pseudoelastic, and elastic like behaviours of SMA
samples are expected for low, intermediate, and high
temperatures, respectively [16]. Such a wide range of
qualitatively different behaviours can be adequately described only if the thermal and mechanical fields are
considered in an intrinsic coupling. This coupling in
mathematical models can be accounted for by an appropriate choice of the free energy function. A ‘‘slight’’ change
in this function (such as the account for [or omitting of]
the viscous or coupled stresses, thermal memory terms,
etc. [39]) may require completely different mathematical
arguments in the analysis of the well-posedness of the
model and in the construction of numerical schemes for its
solution.

Having computational experiments in mind, our further
discussion is focused on the one-dimensional case
assuming the following approximation for the free energy
of the system

Wðh; Þ ¼ w0 ðhÞ þ w1 ðhÞw2 ðÞ þ w3 ðÞ

ð19Þ

where w0 ðhÞ models thermal field contributions,
w1 ðhÞw2 ðÞ models shape-memory contributions and w3 ðÞ
models mechanical field contributions. Note that although
the material laws are inherently multidimensional, on a
number of occasions a reduction in dimensionality is
possible. In this paper we consider a SMA wire/rod, but our
procedure can be extended to the multidimensional case
and some key ideas of such an extension have been already
discussed in [28]. Our considerations here are based on the
following forms of functions wm , m ¼ 0; 1; 2; 3

w0 ðhÞ ¼ a0  a1 h ln h;

w1 ðhÞ ¼ ð1=2Þa2 h;

w2 ðÞ ¼ 2 ;

w3 ðÞ ¼ ð1=2Þa2 h1 2  ð1=4Þa4 4 þ ð1=6Þa6 6 ;
ð20Þ
where all ai and h1 are positive constants. Some authors
include a linear term a0 h into w0 ðhÞ. Since this term has no
bearing on the final model and changes only the value of
the coefficient of h in the internal energy representation
(see formula (25)), it is omitted in our consideration. The
model (19)–(20), known as the Landau–Devonshire model
for the Helmholtz free energy [16, 17], covers a number of
important practical cases. However, it belongs to the class
of models which is difficult to investigate compared to the
Landau–Devonshire–Ginzburg model. In the latter case an
additional ‘‘smoothing’’ term, cuxxxx , appears in (19)–(20).
This term, known as the the Ginzburg term, is due to the
extra term in the approximation of the free energy function (coupled stress f ¼ fðx Þ). This term is sometimes
brought into consideration by assuming the dependency of
the free energy on a change of the curvature x of the
metallic lattice. From a mathematical point of view, it
simplifies the analysis of the model by allowing us to
obtain a bound of the deformation gradient (strain) using
a well established technique [13]. We do not proceed with
such an analysis here. However, we note that one has to
realise that the models under consideration (the Landau–
Devonshire and Landau–Devonshire–Ginzburg models)
provide just two good examples of many possible
approximations of the free energy function.
We analysed both these models numerically. Unfortunately, the definition of the Ginzburg term varies in the
literature, but in those cases where f ¼ ðc=2Þ2x reported
values of c (c  1010 –1012 ) showed little influence on the
dynamics of shape-memory alloys in all computational
experiments we have performed so far (see also [28]).
Having said that, we should mention that there is evidence
to suggest that for the deformation-driven set of computational experiments the choice of the value for the
Ginzburg coefficient can help in differentiating between
rate-dependent and rate-independent hystereses (e.g., [11]
and references therein). Moreover, a number of important
characteristics of phase transformations (such as the size
of hysteresis) may depend on the contributions of the interfacial energies, and these contributions can often be

approximated with the Ginzburg correction term. Nevertheless, the Ginzburg coefficient can only be determined in
approximate order [40] and in the general case this coefficient may not be temperature-independent. So, further
experimental results are needed to clarify this issue further.
The choice of the function W in (9), and consequently
in (19)–(20), brings major difficulties in the investigation
of the model. Strictly speaking, the free energy function
strongly depends upon the statistics of the phenomenon
and has to be derived from a statistical model. Since van
der Waals work on statistical mechanics it is a common
practice to choose this function as a non-convex function
of e [23]. When dealing with shape memory alloys, minima of this function are known to correspond different
phases of the material. For example, in the case of three
minima, we expect one austenitic and two martensitic
phase (see, for example, [16, 20, 40]). Temperature plays a
crucial role in the phase transition. Depending on the
value of temperature, the material may alternate between a
single thermodynamically unstable nonmonotone branch
and multiple unstable branches. The character of this instability depends not only on the deformation gradient
and temperature, but also on the rates of their changes.
As for other possible definitions of the free energy
function we mention an approach of taking into account
the contributions of interfacial energies by assuming [9, 31]

~ ð; hÞ þ zw
~ ð; hÞ þ zð1  zÞw
~ ;
W ¼ ð1  zÞw
1
2
3

ð21Þ

where z is the volume fraction of martensite (i.e. the
product phase), ð1  zÞ is the volume fraction of austenite
~ ,w
~ are the free energies of
(i.e. the parent phase), w
1
2
~ is the conaustenite and martensite respectively and w
3
tribution from the interaction effect between austenite and
martensite. This representation can be implemented into
our numerical scheme, if required.
Having defined the free energy function, we can discuss
approximations of constitutive models. First, we note that
in the general case the choice of the function U1 in (14)
should be made having in mind the dependency of the
stress on the rate of temperature and the deformation
gradient, e.g.




oh o
;
;
s ¼ q pðh; Þ þ k
ot ot

ð22Þ

where

oW
;
pðh; Þ ¼
o



oh o
o
oh
~ðhÞ þ ~mðÞ
k
;
¼l
:
ot ot
ot
ot

Then, it is straightforward to deduce

pðh; Þ ¼ a2 h þ


ow3 ðÞ 
¼ a2 ðh  h1 Þ  a4 3 þ a6 5 :
o
ð23Þ

Note that the minimisation of nonconvex functionals such
as (19)–(20) arises frequently in material science applications, and structural phase transitions in crystalline solids
can often be modelled effectively with nonconvex
variational problems [25]. In particular, we have to deal
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Fig. 1. Modelling the transition from ‘‘elastoplastic’’ to ‘‘quasiplastic’’ state

with nonconvex free energy functions in those cases where
the material exhibits microstructures in which the deformation gradient oscillates on ‘‘infinitesimal’’ scale between
two symmetry-related variants of the martensitic phase.
Depending on the type of transformation (cubic-toorthorhombic, cubic-to-monoclinic, or cubic-to-tetragonal) we have to deal with distinctively different dynamic
behaviour of the material [19].
The basic idea of this approach in the context of
modelling shape-memory alloys was initiated in [16] and
we demonstrate this idea in Figs. 1–3 for the material

Fig. 2. Modelling the transition from ‘‘quasiplastic’’ to ‘‘pseudoelastic’’ state

Au23 Cu30 Zn47 where the free energy and the stress are
depicted as functions of strain. Although the free energy
function depends on the statistics of the phenomenon, in
many shape-memory alloy applications it can be sufficiently well approximated by a non-convex function such
as (19)–(20). Minima of this function are known to correspond different phases of the material, and depending
on the value of temperature, the material may alternate
between a single thermodynamically unstable nonmonotone branch and multiple unstable branches. In particular,
in the low temperature range (see Fig. 1), one observes

that martensite twins (represented by two minima of the
free energy function) prevail. When the temperature increases, initially ‘‘elastoplastic’’ (or ferroelastic) material
exhibits a ‘‘quasiplastic’’ behaviour where one observes
that austenite and martensite twins phases co-exist (see
Fig. 2). By increasing temperature further, the behaviour of
the material becomes ‘‘pseudoelastic’’ with the prevailing
austenite phase (see Fig. 3). Finally, the material returns to
its ‘‘almost-elastic’’ state by completing a hysteresis loop.
The approximations described above provide a good
agreement with experimental isothermal load-deformation
curves reported in the literature [16, 21]. Our computational experiments show that these approximations allow
us to reproduce adequately the main nonlinear effects
characterising the dynamic behaviour of the material in
the first order solid-solid phase transitions. Nevertheless, a
complex character of thermomechanical coupling in SMA
materials requires the development of new refined approximations to constitutive models (14) [15, 38]. It
should be emphasised that it is conceptually straightforward to incorporate refined constitutive models into
computational schemes proposed here.

5
One-dimensional hyperbolic approximation of shapememory-alloy dynamics and coupling mechanisms
for thermomechanical dynamics
Using the model (19) and (20), from (13) we get
g ¼ a1 ð1 þ ln hÞ  ð1=2Þa2 2 :

ð24Þ

This enables us to find the internal energy of the system as
a sum of thermal and mechanical fields contributions

e ¼ a0 þ a1 h  ð1=2Þa2 h1 2  ð1=4Þa4 4 þ ð1=6Þa6 6
¼ a0 þ a1 h þ w3 ðÞ :
ð25Þ

Fig. 3. Modelling the transition from ‘‘pseudoelastic’’ to ‘‘almostelastic’’ state

The substitution of (25) into (18) leads to the final form of
the energy balance equation. In particular, assuming
symmetry of the deformation gradient tensor, we get



qa1


oh
o2 h
þ s0 2 þ Að; hÞ  r  ðkrhÞ ¼ G ;
ot
ot

ð26Þ

where the meaning of A is
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ð27Þ

Equation (26) is solved together with the equation of
motion (3) with respect to ðu; hÞ:
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ox otox
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þ s0
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oh o2 u
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o
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ot otox
ot ot otox
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ox
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o2 u o
ou
ou
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k1 ðh  h1 Þ  k2
þ k3
q 2
ot
ox
ox
ox
ox
o3 u
o2 h

m
¼F ;
ð28Þ
ox2 ot
oxot
where F is the one-dimensional analogue of function F
defined in Sect. 2, and Cv ¼ qa1 , k1 ¼ qa2 , k2 ¼ qa4 ,
k3 ¼ qa6 , l ¼ q~
l, m ¼ q~m.
l

The initial conditions for the model (28) are chosen in Indeed, our model under the conditions specified above
can be reduced to
the form

ou
ðx; 0Þ ¼ u1 ðxÞ;
ot
ð29Þ
oh
0
1
hðx; 0Þ ¼ h ðxÞ;
ðx; 0Þ ¼ h ðxÞ ;
ot
for given functions u0 , u1 , h0 , h1 . There are several distinct
choices for boundary conditions to be used in our computational experiments. Mechanical boundary conditions
are taken in one of the following forms (L is the length of
the structure):
uðx; 0Þ ¼ u0 ðxÞ;

22

R

oc
¼ a;
ot

s ¼ k1 ðh  h1 Þ

 3
 5
ou
ou
ou
þk3
 k2
ox
ox
ox

ð30Þ

where R ¼ diagð1; q; Cv Þ, c ¼ ðu; v; hÞT , a ¼ ðv; os=ox þ F,
ko2 h=ox2 þ k1 hðou=oxÞðov=oxÞ þ GÞT . The system (30)
should be solved with respect to ðu; v; h; sÞ. It is this system
that was used for our computational experiments reported
in the next section. Similar systems can be derived for
‘‘stress-free’’ boundary conditions: sð0; tÞ ¼ sðL; tÞ ¼ 0; other dynamic models describing the coupled thermomechanical behaviour of SMA materials. Note that the term
‘‘pinned end’’ boundary conditions:
ou=ox ¼  in (30) is the linearised strain that plays the role
uð0; tÞ ¼ uðL; tÞ ¼ 0;
of the order parameter in the Landau theory. The initial
or mixed mechanical boundary condition: sð0; tÞ ¼ 0,
and boundary conditions for this model are problemuðL; tÞ ¼ 0.
specific, as we discussed in Sect. 5. Our computational
When displacements are given on boundaries, a priori
experiments presented in the next section deal with a
bounds on strains are generally unknown which compli- copper-based alloy Au Cu Zn (see Figs. 1–3). We
23
30
47
cates the mathematical analysis of the problem. Our
consider a rod of the length L ¼ 1 cm with the following
computational code can treat easily this situation, and we physical parameters k ¼ 1:9  102 cm g=ðms3 KÞ,
present a representative example in Sect. 7. Thermal
q ¼ 11:1 g=cm3 , Cv ¼ 29 g=ðms2 cm KÞ, h1 ¼ 208 K, k1 ¼
boundary conditions are chosen in one of the following
480 g=ðms2 cm KÞ, k2 ¼ 6  106 g=ðms2 cm KÞ, k3 ¼
form
4:5  108 g=ðms2 cm KÞ (e.g., [16, 33] for further details on
this materials and [28] on copper-based SMAs in general).
‘‘thermal insulation’’ boundary conditions:
Previously developed numerical procedures are usually
qð0; tÞ ¼ qðL; tÞ ¼ 0, which reduce to
based on finite element algorithms (e.g., [22, 33]), and are
ðoh=oxÞð0; tÞ ¼ ðoh=oxÞðL; tÞ ¼ 0 for the Fourier law;
not easily tailored to new and improved constitutive
‘‘controlled flux’’ boundary conditions:
relations. The approach we propose here is different from
ðoh=oxÞð0; tÞ ¼ 0, kðoh=oxÞðL; tÞ ¼ b½h  h0 ðtÞ ;
those previously reported. First, we reduce the original
or fixed temperature (‘‘uncontrolled energy flow’’)
PDE model to a system of differential-algebraic equations
boundary conditions: hð0; tÞ ¼ hðL; tÞ ¼ 0.
in a way similar to that of (30). Then, we use one of the
In the last case additional assumptions are needed. By
backward difference integration algorithms developed by
using the Leray–Schauder principle and the Lumer–Phil- us in MATLAB. Let us explain the algorithm applied in some
lips theorem, the Cauchy problem for nonlinear hyperdetail. Similar to such codes as DASSL and their further
bolic model of thermoviscoelasticity (28) can be analysed developments, e.g., DSL48S, we want to solve numerically
with a technique developed in [13].
initial value problems for differential-algebraic equations
in the general form [18]
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Computational methodology for SMA modelling based
on reductions to differential-algebraic systems
Consider system (28). The major difficulty in the numerical solution of this system is coming from terms responsible for the coupling phenomenon, in particular
from k1 hðou=oxÞðov=oxÞ and ðo=oxÞðk1 ðou=oxÞðh  h1 ÞÞ
in the first and the second equation, respectively. Therefore, in explaining our numerical procedure we concentrate on a simplified version of the model by assuming
s0 ¼ l ¼ m ¼ 0. The procedure is generalised to the case
(28) in a straightforward manner. Our basic idea is to
reduce the model to a system of differential-algebraic
equations. It is clear that the thermomechanical behaviour
of SMA materials is fairly complicated, and thermodynamic constitutive equations will be continuously re-examined by the researchers as new experimental data
becomes available. It is advantageous therefore to consider
the stress-strain relationship as a separate algebraic
equation rather than to substitute it into the coupled
system of balance equations for momentum and energy.

~f ðy_ ; y; tÞ ¼ 0; y; y_ 2 Rm :
ð31Þ
In (31) ~f is a map Rm  Rm  Rm ! Rm , and in the general
case the Jacobian o~f =oy_ is singular, which requires the
development novel procedures compared to ordinary differential equations. As a special case, stiff systems of ODEs
can also be treated with our code.
We follow [37] in describing the algorithm. For simplicity, we explain the basic steps on an example of a linear
system of DAEs in the form Mdy=dt ¼ ~f ðtÞ þ Ky, where M
and K are (typically sparse) matrices obtained from spatial
discretisations of a PDE equation or a system ( y 2 Rm is a
vector to be found). If M is close to singular, the DAE can
be solved by using a methodology for numerical solution
of stiff ODE. In particular, we can start with an implicit
Euler-like schemes Mð ynþ1  yn Þ=h ¼ f ðt þ hÞ þ Kynþ1 .
For the unforced dynamics we have f ðt; yÞ ¼ Ky. In this
case, it would be reasonable to
Pusej the following approximation to the solution yn ¼ j yn v j , where v j are eigenvectors associated with eigenvalues kj in the
generalised eigenvalue problem Mv ¼ kKv. This means

j

j

that it is possible to deduce that yn ¼ lnj y0 where in this
particular case lj ¼ kj =ðkj  hÞ. This gives a guideline on
how to use a time step: in order to ensure the correct
monotonic growth of the physical modes (growing on a
time scale s) in a qualitative sense we need to choose a
time step h smaller than s, or more precisely, h should be
chosen smaller than the smallest positive sj . For quantitative accuracy, we note that l ¼ expðh=sÞ þ Oðh2 =s2 Þ
which provide a criterion for choosing the value of h.
Amongst other useful things (e.g., efficient storage), this
procedure, which was proposed for the first time in [37]
and extended in a straightforward manner to the general
nonlinear case, ensures that inconsistent initial conditions
will be resolved by the algorithm. Our higher order
schemes can be interpreted through Romberg’s extrapolation where, for example, for the second order schemes
we use ynþ1 ¼ 2^ynþ1  ynþ1 with ynþ1 obtained with the
one-step Euler’s scheme, and ^ynþ1 obtained with two
Euler’s steps of length h=2 each. In a way similar to that
explained above it can be shown that in this case the behaviour of the resulting scheme (which is the second order
scheme as soon as h is small compared to s) can be
characterised by l ¼ expðh=sÞ þ Oðh3 =s3 Þ [37]. This idea
is implemented in the general case in code called dae2.
The total procedure is a three-level algorithm, and the
other two levels, based on fourth-order accurate scheme
dae4 and multi-step method dae40, are used to confirm
the result obtained with dae2. Note that the level dae2
needs at least 2 steps for start-up, dae4 needs at least 4,
and dae40 starts with three sub-steps. The dae40 ensures
resolving high oscillatory modes since it is constructed by
dividing each step in the forth-order code dae4 by three
sub-steps. This, however, would require three times as
large systems of linear equations compared to dae4.
As we mentioned above, the program requires a consistent initial condition y0 y0 , but if the condition is not
consistent the code automatically works towards consistency. In particular, having y0 we find the backward differences to fit the initial data by making the first step a
multiple step, and by requiring the unknown initial
backward differences (stored in yy) suit all information
across our multiple steps. After the Newton procedure
determines the initial multistep, we perform the following
steps of the algorithm [37]:

for SMA dynamics is reduced to form ~f ðt; y; y0 Þ ¼ 0 with
given vector function ~f , and the integration procedure,
starting from column-vector y0 at time t0 and finishing at
time tfin, returns the solution at all times in
tspan ¼ ½t0; t1; :::; tfin . The time step and tspan, responsible for error management, and the Jacobian of ~f are
provided by the user to compute ½f; k; m ¼ funcðt; y; y0 Þ.
As we explained above, both k and m may be given as
sparse matrices, and our three-level procedure takes care
of the convergence of the algorithm. For all computational
experiments reported in the next section the first level of
the algorithm with second-order accurate spatial differences on staggered grids (dae2) is sufficient.

7
Representative examples of computational experiments
The control of phase transitions in shape memory alloys
and the quantification of hysteresis phenomena are topics
of considerable interest [10]. By using several representative examples, in this section we demonstrate that our
computational methodology is well suited to address these
problems, being both simple and efficient.
We have applied our computational methodology to
modelling a wide range of thermally and mechanically
induced phase transitions. One of the problems important
in many industrial applications is to describe quantitatively the stress-induced phase transition since such a
transition may or may not exhibit a hysteresis behaviour,
subject to thermodynamic barriers. In our computational
examples we model these barriers by the boundary stress.
Consider a low-temperature regime (e.g., [1]) where we
keep the rod in a martensitic state by imposing the initial
thermal condition hðx; 0Þ ¼ 230, and the initial mechanical
conditions uðx; 0Þ ¼ kx, vðx; 0Þ ¼ 0. As an example, our
rod is initially in the stable Mþ state with no distributed
loading (we take k ¼ 0:106051, F ¼ G ¼ 0). When thermomechanical conditions of the rod change, a phase
transition can be induced. This can be modelled effectively
with the computational methodology we have developed.
In a series of computational experiments we load the
rod with a compressive load for some period of time ½0; t1 ,
then we apply a tensile load for another period of time
½t2 ; t3 (with t1 < t2 ), while keeping the stress at the
boundaries constant outside of these two periods of time.
we use the estimated backward differences at the initial More precisely, we impose the following mechanical
time to extrapolate to each of the future time steps;
boundary conditions
8
by using these estimates of the function and its deriv0  t < t1 ,
< A1 xðtÞ;
atives, we evaluate the residuals of the DAEs at each
s
¼
ð32Þ
A
xðtÞ;
t2  t  t3 ,
time (as well as the Jacobians at each of these times);
: 2
A3 ;
otherwise ,
we solve the simultaneous equations to find updates of
the initial backward differences that would more accu- with no thermal flux conditions across the boundaries
rately satisfy the DAEs at each of the times (if the
(oh=ox ¼ 0). We choose function xðtÞ in form sin3 ðpt=6Þ
Jacobian matrices are returned as sparse, the code will (the physical units of s are g=ðms3 cmÞ) with constants A ,
i
automatically switches on a quick sparse algorithm);
i ¼ 1; 2; 3 varying upon a specific situation. First we want to
we exit the loop if the updates to the backward differ- demonstrate that our computational methodology can deal
ences at the initial time (stored in yy) are small enough with ease with M ! M phase transformations. As an
þ

relative to the overall magnitude of the variables and
example, we choose A1 ¼ 7000, A2 ¼ 7000, A3 ¼ 0, t1 ¼ 6,
their differences.
t ¼ 12, and t ¼ 18. Figure 4 (left) shows that the phase
2

3

The developed MATLAB code is simple, robust and easy to transformations Mþ ! M are well reproduced with our
implement. It can be applied as soon as the original system code. We also observe the appearance of two upward and

23

24

Fig. 4. Modelling stress-induced phase transitions: a tensile load exceeds the yield limit;
b tensile load is less than the
yield limit

Fig. 5. a Modelling phase transitions with thermal control of thermodynamic barriers; b modelling
hysteresis with load-deformationtype diagrams (the ‘‘ferroelastic’’
range of behaviour is shown

downward ‘‘humps’’ responsible for thermomechanical
coupling effects between the two phases in the period when
the temperature pattern changes. As expected, when time
passes these regions vanish leaving only the M phase which
is in stable equilibrium. Due to the tensile load applied, a
reverse phase transformation M ! Mþ is also observed in
Fig. 4 (left). Within this low-temperature regime, the material behaviour is rather similar to the behaviour of ferroelastics. As expected, no intermediate austenite phase under
the above thermomechanical conditions was observed.
Note that as soon as the tensile loading is lower than the
yield limit, we would expect that the sample remains in the
M phase. This was observed in our computational
experiment, as demonstrated by Fig. 4 (right) (A1 ¼ 7000,
A2 ¼ 700, A3 ¼ 0). As we noted in [29] the situation will
remain qualitatively the same for different constant load
applied outside the times where the compressive or tensile
loads are applied (e.g., take (32) as above but with any
arbitrary value of A3 , say, between 0 and 100).
The ‘‘purely’’ mechanical control of phase transitions
demonstrated above may not be always efficient, and the
interest to ‘‘temperature-induced’’ phase transformations
has increased dramatically over the recent years [5]. With
the developed computational code we can model such
transitions in SMA. Consider, for example, the previous
problem where we were unable to return to the Mþ phase
by ‘‘purely’’ mechanical means due to a low tensile load,

and let us take A1 ¼ 7000, A2 ¼ 700, A3 ¼ 100. However,
now we assume distributed heating/cooling changes
according to the following rule G ¼ 375xðtÞ g=ðms3 cmÞ.
While, as we have seen, the mechanical load alone is not
sufficient here to induce the phase transition, with this
distributed thermal dynamics we can control the phase
transition process effectively. A chain of transitions
Mþ ! M ! A ! Mþ ! A is demonstrated clearly in
Fig. 5 (left).
Finally, we apply our methodology to modelling hysteresis loops. There is an increased interest in models for
hysteresis from both theoretical (e.g., [42]) and practical
(e.g., [4, 11, 12]) points of views, but to quantify hysteresis
phenomena remains a formidable task. Models with hysteresis are used for the description of the dynamics of
shape memory alloys where hysteresis phenomena can be
represented by load-deformation diagrams (e.g., [9, 24]).
Our last representative example shows that such diagrams
can be obtained computationally with our code. Consider,
for example, a normalise rod in a twin-martensite configuration defined by the following conditions

8
< ax;
0
u ¼ að0:5  xÞ;
: aðx  1Þ;

0  x  x1 ,
x1  x  x2 , v0
x2  x  1,

u1 ¼ 0.
ð33Þ

We are interested in the low-temperature range, and take 5. Bekker A, Brinson LC (1997) Temperature-induced phase
transformation in a shape memory alloy: phase diagram
h0 ¼ 220 as our thermal initial condition. We take
based kinetics approach. J. Mech. Phys. Solids 45: 949–988
a ¼ 0:11869, x1 ¼ 0:25, x2 ¼ 0:75 in (33), and assume
6. Benzaoui H et al. (1997) Experimental study and modelling of
pinned-end mechanical conditions u ¼ 0, and no-flux
a TiNi shape memory alloy wire actuator. J. Intell. Material
thermal boundary conditions oh=ox ¼ 0. Since we are
Syst. Struct. 8: 619–629
within a ‘‘ferroelastic’’ range of behaviour of the SMA
7. Bidaux JE, Yu WJ, Gotthardt R, Manson JAE (1995) Modelsample, when looking at load-deformation diagrams we
ling of the martensitic transformation in SMA composites.
J. de Physique IV C2(5): 543–548
expect a hysteresis-like behaviour (e.g., [9, 24]). This is
8. Birman V (1997) Review of mechanics of shape memory alloy
clearly demonstrated by Fig. 5 (right) where we assumed
structures. Appl. Mech. Rev. 50: 629–645
that the thermal loading is absent (G ¼ 0), and we took the
9. Bornert M, Muller I (1990) Temperature dependence of
distributed mechanical loading varying in time according
hysteresis in pseudoelasticity. In: Hoffmann K-H, Sprekels J
to the rule F ¼ 7000 sin3 ðpt=2Þ g=ðms3 cmÞ. We plotted u
(eds) Free Boundary Value Problems, Birkhauser pp 27–35
as function of F at fixed spatial grid point nh ¼ n=2  3 10. Bubner N, Sokolowski J, Sprekels J (1998) Optimal boundary
where for the case presented n ¼ 16.
control problems for shape memory alloys under state constraints for stress and temperature. Numer. Funct. Anal.
The methodology developed here can be efficiently
Optimiz. 19: 489–498
applied to high dimensional models as well, as soon as
appropriate centre manifold models are derived, e.g. [28]. 11. Bubner N, Mackin G, Rogers R (2000) Rate dependence of
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Concluding remarks
In this paper we derived a mathematical model for the
description of SMA dynamics by using the Cattaneo–
Vernotte law for heat conduction and accounting for
nonlocal effects. We proposed a procedure for the reduction of models describing coupled thermodynamics of
SMA materials to systems of differential-algebraic equations, and developed an efficient algorithm for the numerical solution of such systems. In the dimensions higher
than one, approximations to models describing the
dynamics of shape memory alloys can be systematically
derived via the application of centre manifold theory
[27, 28], and then the procedure developed here can be
also applied.
All major effects observed in SMA materials, including
pseudoelastic effect, shape memory effect, and thermal
hysteresis, can be efficiently reproduced with our algorithms. It should be possible to extend the solution
schemes developed in this paper to models in the finitestrain framework. Finally, we note that despite fantastic
opportunities SMA materials can offer, they have a disadvantage of high response time. The speed of SMA materials can be increased by using the Peltier effect which
was discussed in our previous paper [30]. The slow response time problem can also be overcome by developing
SMA-based composites, thin SMA fibres and films [7]. It is
believed that the algorithm developed in this paper can
open new possibilities for more accurate modelling of
martensitic transformations for these new materials.
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