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Abstract:

The author applies an effective numerical method for the solution of 2-D nonlinear parabolic
and elliptic equations, which describe a wide range of phenomena from physics, chemistry,
biology and economics. For instance, reaction-diffusion problems, models for heat
localization, flame propagation and semiconductor devices. The effectiveness of the method
for the problems with fast-changing coefficients as well as different types of nonlinearities are
demonstrated. Blow-up and quenching phenomena are studied using the software package
ALTPACK that makes use of the alternating-triangular method with ordered Chebyshev set
of iterative parameters. The results of computational experiments on the blow-up and
quenching phenomena are presented.
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APPLICATION OF ALTPACK TO THE SOLUTION OFNONLINEAR PDEsRoderick V. Nicholas MelnikDepartment of Mathematics and Computing,University of Southern Queensland, QLD 4350, AustraliaE-mail: melnik@usq.edu.auAbstractIn this article the author applies the alternating-triangular method (ATM) to the solution ofa number of 2D initial-boundary value problems that can be modelled by non-linear parabolicequations with a source term. Di�erent types of non-linearities are considered and the pro-cedure of �nding approximate solutions is explained. The main features of the ALTPACKpackage are outlined and the results of computational experiments are presented.Key words: non-linear parabolic equations with source terms, alternating-triangular method.1 Introduction.The application of mathematical models based on linear and nonlinear elliptic and parabolicequations is extremely wide [2, 6, 10, 15, 23, 9, 16]. It includes such areas as heat conduc-tion, di�usion, electron and ion thermoconductivity, combustion and porous media modelling,chemical kinetics, semiconductor device modelling, biophysics etc. Such models di�er fromeach other only by types of dependencies of coe�cients and source terms. From the point ofview of constructive investigations it is exactly such types that de�ne the \�ngerprint" of a spe-ci�c model. In some cases such \�ngerprints" may be treated using quite general techniques,while in other they require individual approaches [21].For a start let us consider the linear equation of thermoconductivity. It is known that thefundamental solution of the operatorL(�) = @�@t � c2��; (1.1)in the space-time region Rn �R+, i.e. the solution of the equationL(�) � @�@t � c2�� = �(x; t); (1.2)can be expressed as �(x; t) = H(t)(2cp�t)n e� jxj24c2t ; (1.3)



where H(t) is the Heviside function, x = (x1; :::; xn) and c is the thermoconductivity coe�cient(see, for example, [23]). Theoretically the solution (1.3) gives the distribution of temperaturefrom the point instant source �(x)�(t): However since �(x; t) > 0 8 t > 0;x 2 Rn one observesthat such a solution might be an adequate approximation of the heat transfer process onlyunder certain constraints (such as large values of x and small values of t). Since such constraintsmay not conform to many applied problems in a number of situations it is reasonable either� to use a nonlinear thermoconductivity equation, or� to apply integro-di�erential transport equationin order to describe heat processes more precisely. In the later case such an integro-di�erentialequation may incorporate non-locality and memory e�ects, and gives a parabolic equation onlyin the limit of small deviations from the equilibrium state [11]. It is also possible to considera hyperbolic heat equation [1, 17] and/or to take into account the in
uence of non-thermalphysical �elds [13].In its essence all of the above options can be cast in an equation of the following typeut = A(u; f); (1.4)where A(u; f) is a di�erential or integro-di�erential operator, and the functional f representssource-related terms. In all applied problems the de�nition of such a functional f is the subjectof an approximation. For a speci�c choice f there may exist a stationary solution u� such thatA(u�; f) = 0; (1.5)and in this case one may expect thatu(�; t)! u� when t!1: (1.6)However, in the general case there are such approximations f that certain measures of the u(�; t)tends to in�nity when time approaches a �nite critical value. In the latter case it is reasonableto seek such an approximate solution(s) of the equation (1.4) that will be a stationary solutiony� of another equation yt = ~A(y; ~f); (1.7)i.e. such that u � y�, where ~A(y�; ~f) = 0: For example, there exist a large class of problems(1.4) for which the equation (1.7) is the Hamilton-Jacobi-Bellman-type equation [3, 5].The equation (1.7) may be seen as an asymptotic approximation of (1.4) with respect toa certain small parameter � which is included into the original equation implicitly (or in somecases explicitly) by the nonlinearities of sources and/or equation coe�cients. Although theasymptotic behaviour of (1.4) may be controlled by stationary solutions of (1.7), the e�ciencyof such a control is essentially dependent on �: In other words, � may be small, but it is alwayspositive, and as a result, y may appear to be a very rough approximation to u for fairly largeintervals of time.Ideally, investigations of parabolic models have to blend asymptotic and numerical tech-niques for their solution. In many cases asymptotic approximations may give an importantqualitative perception of the solution and provide certain guidelines for the obtaining of quan-titative picture by a numerical method. The major di�culties with asymptotic approaches liewith an approximate nature of the functional f in the model (1.4). Considering real physicalprocesses in non-linear dissipative media one has to specify the law of energy loss in order tomake the model relevant to the real-world applications. In many cases such speci�cations maybe incorporated approximately through the boundary conditions of the problem (for example,2



in the combustion theory we often have to take into account the loss of heat on the bound-aries of the 
ame region). Conceptually, approximations (incorporated into the model throughnonlinearities, initial and boundary conditions) lead to a continuum set of possibilities in thesimulation of the evolution of dissipative processes. In each speci�c case such approximationsmay give rise to discrete space-time scales [21], which can be often grasped numerically witha required accuracy [4]. Therefore, in order to reveal the structure of dissipative processesnumerical methods will remain a major and the most natural tool in investigations of theevolutions of such processes in non-homogeneous dissipative media.In this paper we apply an e�ective numerical method to a number of nonlinear problemsthat recently attracted a lot of attention of researchers [21, 5, 8]. In a vast majority of cases suchattention was devoted to the Cauchy problem for non-linear parabolic equations. Moreover,the application of asymptotic techniques to the investigation of space-time architecture ofdissipative structures were often limited to the one dimensional case. In this paper we considerinitial-boundary value problems in the two dimensional case. Main examples concern modelproblems that arise from complex mathematical models in semiconductor device modelling,porous media, combustion theory, reaction-di�usion applications and other applications [16,9, 14, 10, 6, 2, 15].The remaining part of the paper is organised as follows.� In Section 2 we introduce notation that is used throughout the paper.� Section 3 is devoted to the formulation of the mathematical model that is being investigatednumerically.� Section 4 describes with the main steps of the integro-interpolational approach applied forthe construction of di�erence schemes for the problem.� Section 5 deals with the alternating-triangular method applied to the solution of discreteproblems that arise at each time-layer.� Section 6 is devoted to the choice of accelerating parameters for the ATM.� Algorithmic aspects of the alternating-triangular method are discussed in Section 7.� In Section 8 we present results of computational experiments on the application of thedescribed procedure.2 NotationThe following notations are used throughout the article.� G = fx = (x1; x2) : 0 � xi � Li; i = 1; 2 T g denotes the spatial region of interest;� �G = G [ � is the closed region, where � denotes its boundaries;� �T = ft : 0 � t � Tfg denotes the temporal interval of consideration with the �nal timedenoted by Tf ;� !̂h = !̂1 � !̂2; denotes a nonuniform grid that covers the region �G;� !̂1 = fx1;i1 2 [0; L1] : x1;i1 = x1;i1�1 + h�1;i1 ; i1 = 0; :::; N1; x1;0 = 0; x1;N1 = L1g;� !̂2 = fx2;i2 2 [0; L2] : x2;i2 = x2;i2�1 + h�2;i2 ; i2 = 0; :::; N2; x2;0 = 0; x2;N2 = L2g;� !̂h� = �!� � !̂h; where �!� = ftk = k�; k = 0; :::; L; L� = Tfg;� !i denotes the set of all inner points of the grid !̂i, i=1,2, and !h = !1 � !2;� 
i - is the set of all boundary points in xj 2 [0; Lj ] when xi = 0 and xi = Li; i = 1; 2; j =3� i (hence the boundary of the grid !̂h is de�ned by 
 = 
1 [ 
2 and !̂h = !h [ 
);3



� !i(xj) are points of the grid !h for �xed xj ; and !̂i(xj) denotes the set of points of thegrid !̂h for �xed xj ;� !+i (xj) - is the set of points of the grid !i(xj) plus the node xi = Li;� !�i (xj) - the set of points of the grid !i(xj) plus the node xi = 0;� h+1;i1 = h�1;i1+1; h+2;i2 = h�2;i2+1;� �h1;i1 = 0:5(h�1;i1 + h+1;i1); �h2;i2 = 0:5(h�2;i2 + h+2;i2);� �hi;0 = 0:5h+i;0; �hi;Ni = 0:5h�i;Ni ; i = 1; 2;� x1;i1�0:5 = x1;i1 � 0:5h�1;i1 ; x2;i2�0:5 = x2;i2 � 0:5h�2;i2 :Let further y = y(x1; x2; t) � y(i1; i2; k) be a function of discrete arguments x = (x1; x2)and t de�ned on a non-uniform grid !̂h� : Then we use the standard notation for di�erencederivatives of y [19, 20, 14, 22]. For example for a function of ~y of one one variable de�ned on!̂1 � the backward di�erence derivative is~y�x1 = ~yi1 � ~yi1�1h1;i1 ;� the forward di�erence derivative is ~yx1 = ~yi1+1 � ~yi1h1;i1+1 ;� and the second (\central") di�erence derivative is~y�x1x̂1 = 1�hi1 � ~yi1+1 � ~yi1hi1+1 � ~yi1 � ~yi1�1hi1 � :By H we denote the space of grid functions that are de�ned on !̂h with the scalar productand the norm de�ned as follows(u; v) = X̂! u(x)v(x)�h1�h2; kuk = q(u; u); 8 u(x); v(x) 2 H:In an analogous way we de�ne the scalar products on !+i (xj); !̂i(xj) and !+i � !̂j(u; v)!+i (xj) = X!+(xj) u(x)v(x)h�i ; (u; v)!̂i(xj) = X!̂i(xj) u(x)v(x)�hi;and (u; v)i = X!+i �!̂j u(x)v(x)�h�i �hj ; i = 1; 2; j = 3� i:Other notation used in this paper are standard in theory of di�erence schemes [22, 19, 14, 20].3 Mathematical modelIn the space-time region �QT = �G� �T we consider a general type of nonlinear partial di�erentialequation a0(x; t; u)@u@t = 2Xi=1 @@xi �ki(x; t; u) @u@xi �� q0(x; t; u))u + f0(x; t; u); (3.1)4



where x = (x1; x2); and a0; q0; f0; ki; i = 1; 2 are given functions of x; t and u: Equation (3.1)is supplemented by the initial u(x1; x2; 0) = u0(x1; x2) (3.2)and boundary conditions�(1)i @u@xi = �(1)i (xj ; t; u)u� g(1)i (xj ; t; u); xi = 0; (3.3)��(2)i @u@xi = �(2)i (xj ; t; u)u� g(2)i (xj ; t; u); xi = Li; i = 1; 2; j = 3� i: (3.4)In (3.3) and (3.4) values of �(1)i and �(2)i are equal 1 if on the corresponding boundaries of thespatial region G we are given the Neumann or the 3rd kind boundary conditions. They equalzero for the Dirichlet boundary conditions.Mathematical model (3.1){(3.4) describes a wide range of phenomena from physics, chem-istry, biology and economics. For example, many reaction-di�usion problems, models for heatlocalisation and 
ame propagation may be cast in the form (3.1){(3.4). Solutions of suchnon-linear evolutionary problems even in the simplest one-dimensional case may form �nitetime singularities, exhibit blow-up or extinction behaviour. Investigation of such a behaviourin dissipative media is the �rst step in the simulation of evolution of non-equilibrium openthermodynamical systems [21].In such a general formulation as (3.1){(3.4) theoretical issues of existence and uniquenessof the solution lie outside of the scope of this paper. The reader has to consult [21, 5, 8] andreferences therein in order to get more details on existence/nonexistence of arising problems.For the purposes of this paper we limit ourselves to the situation when the coe�cients in(3.1){(3.4) satisfy the following conditions�1i (xj ; t; u) � 0; �2i (xj ; t; u) � 0; 0 < c0 � ki(x; t; u) � c00; q0(x; t; u) � 0: (3.5)The condition (3.5) includes the possibility of fast changing coe�cients. Problems with suchcoe�cients arise naturally in many practical situations [10, 6, 9, 16]. Such problems, rarelytreatable analytically, cause serious mathematical di�culties and require the application ofe�ective numerical methods. In what follows we describe mathematics of the software packageALTPACK, designed for the solution of a general class of problems (3.1){(3.4), and presentthe results of computational experiments.4 Discrete Conservation Laws and Integro-Interpo-lational ApproachWe cover the region �QT with a non-uniform grid !̂h� and consider an elementary space-timecell, �st; de�ned as �st = �s ��t; where �t = ftk � t � tk + �g and�s = f(x1; x2) : x1;i1�0:5 � x1 � x1;i1+0:5; x2;i2�0:5 � x2 � x2;i2+0:5 g:Let F (i)(x; t; u) be the 
ux in the direction of xi, i.e.F (i)(x; t; u) = ki(x; t; u) @u@xi : (4.1)The construction of di�erence schemes for the solution of problem (3.1){(3.4) is conductedby the integro-interpolational method [19, 20]. Below we explain the main ideas of such aconstruction. 5



Let us integrate di�erential equation (3.1) over the cell �st:We obtain the following balanceequation Z tk+�tk �Z x2;i2+0:5x2;i2�0:5 hF (1)i1+0:5(x2)�F (1)i1�0:5(x2)i dx2dt+Z x1;i1+0:5x1;i1�0:5 hF (2)i2+0:5(x1)�F (2)i2�0:5(x1)i dx1dt�� Z�st q0(x; t; u)udxdt =Z�st a0(x; t; u)@u@t dxdt� Z�st f0(x; t; u)dxdt; (4.2)where dx � dx1dx2 andF (1)i1�0:5(x2) = F (1)(x1;i1�0:5; x2); F (2)i2�0:5(x1) = F (2)(x1; xi2�0:5):First we divide identity (4.1) by ki(x; t; u); i = 1; 2 and integrate the result over the intervals[x1;i1 ; x1;i1;i1+1 ] and [x2;i2 ; x2;i2;i2+1 ] respectively. We getu(x1;i1+1; x2; t)� u(x1;i1 ; x2; t) = Z x1;i1+1x1;i1 F (1)(x; t; u)k1(x; t; u) dx1; (4.3)u(x1; x2;i2+1; t)� u(x1; x2;i2 ; t) = Z x2;i2+1x2;i2 F (2)(x; t; u)k2(x; t; u) dx2: (4.4)Then we use the following interpolation formulasF (1)(x; t; u) � F (1)i1+0:5(x2; t; u); where x1 2 [x1;i1 ; x1;i1+1] (4.5)and F (2)(x; t; u) � F (2)i2+0:5(x1; t; u); where x2 2 [x2;i2 ; x2;i2+1]: (4.6)Substituting (4.5) and (4.6) into (4.3), (4.4) respectively, we come to the following approximateequalities u(x1;i1+1; x2; t)� u(x1;i1 ; x2; t) � F (1)i1+0:5(x2; t; u) Z x1;i1+1x1;i1 dx1k1(x; t; u) ; (4.7)u(x1; x2;i2+1; t)� u(x1; x2;i2 ; t) � F (2)i2+0:5(x1; t; u) Z x2;i2+1x2;i2 dx2k2(x; t; u) : (4.8)The next step of the procedure is to express the values of F (1)i1�0:5(x2; t; u) and F (2)i2�0:5(x1; t; u)through the solution of the problem and known functions. It can be easily done from (4.7),(4.8). Indeed, dividing (4.7) and by h+1;i1 and then by h�1;i1 we haveF (1)i1+0:5(x2; t; u) � ux1;i1" 1h+1;i1 Z x1;i1+1x1;i1 dx1k1(x; t; u)#�1; (4.9)F (1)i1�0:5(x2; t; u) � u�x1;i1" 1h�1;i1 Z x1;i1x1;i1�1 dx1k1(x; t; u)#�1 (4.10)Analogous expressions can be obtained for F (2)i2�0:5 from (4.8).The integro-di�erence scheme for the solution of the problem (3.1){(3.4) follows after sub-stitution (4.9), (4.10) (and analogous expressions for F (2)i2�0:5) into (4.2). The application of6



interpolational formulas for the remaining functions in the integrals in (4.2) leads to a fullydiscrete approximation of the model (3.1){(3.4). Such discrete approximations tend to preserveon the grid conservative properties of the process expressed by (4.2), and are usually referred toas conservative di�erence schemes [19, 22]. For example, in the linear case of elliptic equationswe get [20] 2Xi=1(Kiy�xi)x̂i � qy = �f; x 2 !h; (4.11)i.e. for each inner node (i1; i2) we have the following equationK+1 yx1 �K1y�x1�h1;i1 + K+2 yx2 �K2y�x2�h2;i2 � qy = �f; (4.12)where y � y(i1; i2) and the coe�cients and the RHS in (4.12) are de�ned as followsq � q(i1; i2) = 1�h1;i1�h2;i2 Z�s q0(x)dx; f � f(i1; i2) = 1�h1;i1�h2;i2 Z�s f0(x)dx; (4.13)K1 � K1(i1; i2) = 1�h2;i2 Z x2;i2+0:5x2;i2�0:5 " 1h�1;i1 Z x1;i1x1;i1�1 dx1k1(x)#�1dx2 (4.14)(with an analogous formula for K2), K+1 � K+1 (i1; i2) = K1(i1 + 1; i2); K+2 � K+2 (i1; i2) =K2(i1; i2 + 1):When the coe�cients in (3.1){(3.4) are smooth functions, then instead of (4.13), (4.14)we may use simpli�ed expressions for the computation of coe�cients and the RHS of (4.11)at each inner node (i1; i2): For example, q = q0(x1;i1 ; x2;i2); f = f0(x1;i1 ; x2;i2); K1 =k1(x1;i1�0:5; x2;i2); K2 = k2(x1;i1 ; x2;i2�0:5):Let us consider the approximation of boundary conditions of problem (3.1){(3.4) whenxi = Li; i = 1; 2: We apply a 3-step procedure that consists of� integrating the original di�erential equation over the cells�(1)s = f(x1; x2) : L1 � 0:5h�1;N1 � x1 � L1; x2;i2�0:5 � x2 � x2;i2+0:5g;�(2)s = f(x1; x2) : L2 � 0:5h�2;N2 � x2 � L2; x1;i1�0:5 � x1 � x1;i1+0:5 g;� using approximate formulas (4.9), (4.10) (and analogous expressions for F (2)i2�0:5), and� computing values of F (1)N1 (x2); F (2)N2 (x1); from boundary condition (3.4) for xi = Li =xi;Ni ; i = 1; 2:As a result of such a procedure we get1�hi �g(2)i � �(2)i y �Kiy�xi�+ �Kjy�xj�x̂j � qy = �f; x 2 !̂j(Li); i = 1; 2; j = 3� i; (4.15)where for the grid prototypes of functions �(2)i and g(2)i in (3.4) we used the same notation. Ina similar way we construct the approximation of the boundary condition (3.3) for xi = 0:1�hi �K+i yxi � �(1)i y + g(1)i �+ �Kjy�xj�x̂j � qy = �f; x 2 !̂j(0): (4.16)where, as above, �(1)i and g(1)i are discrete prototypes of functions �(1)i and g(1)i from (3.3).7



5 Alternating-Triangular Method with OrderedChebyshev Set of Iterative ParametersThe discrete scheme constructed in the previous section can be written in the following genericform �y � 2Xi=1�iy = �'; x 2 !̂h; (5.1)where ' = f + '1 + '2; x 2 !̂h; and for i = 1; 2�iy = 8>>>><>>>>: 2h+i K+i yxi � � 2h+i �(1)i + 12q� y; xi = 0;(Kiy�xi)x̂i � 12qy; xi 6= 0; Li;� 2h�i Kiy�xi � � 2h�i �(2)i + 12q� y; xi = Li; xj 2 !̂j; 'i = 8>>><>>>: 2h+i g(1)i ; xi = 0;0; xi 6= 0; Li;2h�i g(2)i ; xi = Li; xj 2 !̂j:A special case of our scheme is a rectangular uniform grid in (x1; x2) when h�� = h+� = h�:In such a case the di�erence scheme (5.1) with coe�cients computed by the formulas (4.13),(4.14) will approximate the problem with error O(jhj2); where jhj2 = h21 + h22 [20].The scheme (5.1) can be applied for the solution of linear elliptic equations. In the generalcase of (3.1){(3.4) on each time layer we can represent the di�erence scheme constructed bythe described methodology as Ay = '; (5.2)with an operator A : H ! H acting in the Hilbert space H: More precisely, for the generalnon-stationary case we have to solve (5.2) on each time layer with an operator A which is amodi�ed version of the operator � used in (5.1). In its essence we pass from nonstationarysolution(s) of (3.1){(3.4) to a sequence of stationary solutions for a family of problems thatcan be formally expressed in the form (1.7). The form of operator ~A and the function ~f in(1.7) are now well de�ned for each element of such a sequence of stationary solutions.For the solution of problem (5.2) we apply an implicit two-layer scheme of the followinggeneral form B(yk+1 � yk)=�k+1 +Ayk = '; k = 0; 1; 2; :::; 8y0 2 H: (5.3)Majority of known iterative procedures (such as the Zeidel method or upper-relaxation algo-rithm) are just partial cases of the scheme (5.3). They immediately follow from (5.3) if anappropriate choice of sequence f�k+1g is made and operator B is constructed. In order tomake the method e�ective one has to choose the set of f�k+1g in some optimal way whereasB has to be constructed as a product of easily invertible operators. In this paper we use thealternating-triangular method with the optimal Chebyshev choice of parameters [7, 20]. Wechoose the operator B in the formB = (D + !0A1)D�1(D + !0A2); !0 > 0; (5.4)where Dy = d(x)y; d(x) > 0; x 2 !̂h; A = A1 +A2; A�1 = A2: (5.5)We assume that inequalities�D � A; A1D�1A2 � �4 A; � > 0; � > 0 (5.6)8



are satis�ed with certain constants � and �. Then we de�ne parameters �k+1 and !0 in thefollowing way !0 = 2p��; �k = �01 + �0��k ; (5.7)where �0 = 2
�1 + 
�2 ; 
�1 = �2(1 +p� ; 
�2 = �4p� ; � = 1�  1 +  ;  = 
�1
�2 ; � = �� ;and �k 2 ��n0 ; k = 1; :::; n0: The set��n0 = �cos 2i� 12n0 �; 1 � i � n0� (5.8)is a specially ordered set of the roots of Chebyshev polynomial degree n0: For more details onthe ordering procedure the reader may consult [19, 20].Remark 5.1 In order to keep a trade-o� between the accuracy of the approximate solutionof (3.1){(3.4) and the computational complexity of the procedure, we use an estimate of thenumber of ATM iterations for the given accuracy. If the error of the ATM has to be decreasedby the factor of " it is su�cient to perform n0 iterations, wheren0 � ln(2=�)2p2 4p� :In the next section we de�ne the operators Ai; i = 1; 2 in the case of linear elliptic problemsand show how the choice of � and � can be made in the general case.6 The Choice of Accelerating Parameters � and �In order to compute the iterative parameter !0 in (5.7) we follow the procedure described in[19, 20] and proved to be e�ective in a number of applications (see, for example, [10, 6]).Using the �rst Green's formula [19] for the special case of (5.1) where �(1)i = �(2)i = 1; wehave(Ay; y) = 2Xi=1 �(Kiy2�xi ; 1)i + (�(1)i y2; 1)!̂j (0) + (�(2)i y2; 1)!̂j(Li)�+ (qy2; 1); j = 3� i: (6.1)We de�ne the operator A in (5.2) as the sum of operators A1 and A2; whereAi = A(1)i +A(2)i ; i = 1; 2;and A(i)1 y = 8>>>>>><>>>>>>: 12 � 2h+i �K+ih+i + �(1)i �+ 12q� y; xi = 0;Ki�hi y�xi + 12 � 1�hi �K+ih+i � Kih�i �+ 12q� y; xi 6= 0; Li;2h�i Kiy�xi + 12 � 2h�i ��(2)i � Kih�i �+ 12q� y; xi = Li; xj 2 !̂jA(i)2 y = 8>>>>>><>>>>>>: � 2h+i Kiyxi + 12 � 2h+i ��(1)i � K+ih+i �+ 12q� y; xi = 0;�K+i�hi yxi + 12 � 1�hi �Kih�i � K+ih+i �+ 12q� y; xi 6= 0; Li;12 � 2h�i � Kih�i + �(2)i �+ 12q� y; xi = Li; xj 2 !̂j:9



It can be veri�ed that A�1 = A2 and A = A1 +A2: Therefore(A1D�1A2y; y) = (D�1A2y;A2y) = (D�1(A2y)2; 1) = 0@D�1 " 2Xi=1A(i)2 y#2 ; 11A :Assuming that the function d(x) (see (5.5)) has the following formd(x) = d1(x) + d2(x); x 2 !̂h;where di(x) = 8>>>>>><>>>>>>:
�2K+i + h+i 
i �����(1)i � K+ih+i + h+i4 q����� �i(h+i )2 ; xi = 0;�K+i + h+i 
i2 ����Kih�i � K+ih+i + �hi2 q����� �i�hi�h+i ; xi 6= 0; Li;�����(2)i + Kih�i + h�i4 q���� 
i�ih�i ; xi = Li; xj 2 !̂j;and 
i = 
i(xj); �i = �i(xj) are certain grid functions that are positive on !̂h (precisede�nitions are given below). Then applying �- inequality [19, 14] it is straightforward to get(A1D�1A2y; y) � 2Xi=1 "�Ki�i y2�xi ; 1�i +  �(i)2
i�i y2; 1!# ; (6.2)where �(i)2 = 8>>>>><>>>>>: 1h+i �����(1)i � K+ih+i + h+i4 q���� ; xi = 0;12�hi ����Kih�i � K+ih+i + �hi2 q���� ; xi 6= 0; Li;1h�i j�(2)i + Kih�i + h�i4 qj; xi = Li; xj 2 !̂j:Hence (Dy; y) = (dy2; 1) = 2Xi=1 h��i�(i)1 y2; 1�+ �
i�i�(i)2 y2; 1�i (6.3)with �(i)1 = 8<: K+i�hih+i ; xi 6= Li;0; xi = Li; xj 2 !̂j :We need the following lemma.Lemma 6.1 [20] Let z(x) be the solution of the problem �iz = ��; xi 2 !̂i and 	 =1=maxx2!̂i(xj) z(x): Then	(�y; y)!̂i(xj) � (Kiy2�xi ; 1)!+i (xj) + 12(qy; y)!̂i(xj)�(1)i y2(0; xj) + �(2)i y2(Li; xj); 8xj 2 !̂j:Let �(1)i � �(1)i (xj) = maxxi2!̂i(xj) y(i)1 (x); �(2)i � �2)i (xj) = maxxi2!̂i(xj) y(i)2 (x); (6.4)where for �xed values of xj 2 !̂j the grid functions y(i)1 (x) and y(i)2 (x) are the solutions ofthree-point boundary problems�iy(i)1 = ��(i)1 and �iy(i)2 = ��(i)210



respectively.Since the grid functions 
i and �i do not depend on xi; we get the following inequalities(
i�i�(i)2 y2; 1) � (�(2)i 
i�iKiy�xi ; 1)i + 12(�(2)i 
i�iqy2; 1) +(�(2)i 
i�i�(1)i y2; 1)!̂j(0) + (�(2)i 
i�i�(2)i y2; 1)!̂j (Li) (6.5) �(i)2
i�i y2; 1! �  �(2)i Ki
i�i y2�xi ; 1!i + 12  �2)i
i q�i y2; 1!+ �2)i �(1)i
i�i y2; 1!!̂j(0) +  �(2)i �(2)i
i�i y2; 1!!̂j(Li) ; (6.6)��i�(i)1 y2; 1� � ��(1)i �iKiy2�xi�i + 12 ��(1)i �iqy2; 1�+��(1)i �i�(1)i y2; 1�!̂j(0) + ��(2)i �i�(1)i y2; 1�!̂j(Li) : (6.7)If we choose �i in the form�i(xj) = h�(2)i (xj)
i(xj) + �(1)i (xj)i�1 ; (6.8)and take into account (6.1), then substituting (6.5) and (6.7) into (6.3) we con�rm that(Dy; y) � (Ay; y);and hence in inequalities (5.6) we can set � = 1: (6.9)Now we shall �nd the expression for �: Substituting (6.6) into (6.2) and taking into account(6.8) we get the following estimate�A1D�1A2y; y� � 2Xi=1 " (�(2)i
i + 1)(�(2)i 
i + �(1)i )Kiy2�xi; 1!i + 12  �(2)i
i (�(2)i 
i + �(1)i )qy2; 1!+ �(2)i
i (�(2)i 
i + �(1)i )�(1)i y2; 1!!̂j(0) +  �(2)i
i (�(2)i 
i + �(1)i )�(2)i y2; 1!!̂j(Li)35 : (6.10)Now we choose the optimal 
i as the solution of the following minimisation problem �(2)i
i + 1! (�(2)i 
i + �(1)i )! min;i.e. 
i(xj) = q�(1)i (xj): (6.11)Hence from (6.10) we have(A1D�1A2y; y) � 2Xi=1 ��(�(2)i +q�(1)i )2Kiy2�xi ; 1�i + 12 ��(2)i (�(2)i +q�(1)i )qy2; 1�+��(2)i (�(2)i +q�(1)i )�(1)i y2; 1�!̂j(0) + ��(2)i (�(2)i +q�(1)i )�(2)i y2; 1�!̂j(Li)# :11



This estimate together with (6.1) con�rm that in inequalities (5.6) we may set� = 4maxi=1;2(maxxj2!̂j ��(2)i (xj) +q�(1)i (xj)�2) : (6.12)The above estimates obtained for the mixed boundary conditions of the 3rd kind. Onlyslight modi�cations are necessary in order to get analogous estimates for Dirichlet or Neumannboundary value problems.7 Algorithmic Aspects of the MethodThe algorithmic procedure for the alternating-triangular method can be derived from (5.3)with the de�nition of operators B and A given in Sections 5 and 6. We have� yk+1(i1; i2) = yk(i1; i2)� �k+1vk(i1; i2); i1 = 0; :::; N1; i2 = 0; :::; N2;� vk(i1; i2) = �1(i1; i2)vk(i1 + 1; i2) + �2(i1; i2)vk(i1; i2 + 1) + s(i1; i2)d(i1; i2)uk(i1; i2);i1 = N1 � 1; :::; 0; i2 = N2 � 1; :::; 0;� uk(i1; i2) = �1(i1; i2)uk(i1 � 1; i2) + �2(i1; i2)uk(i1; i2 � 1) + s(i1; i2)rk(i1; i2);i1 = 1; :::; N1; i2 = 1; :::; N2;� rk(i1; i2) = [r(1)k (i1; i2) + r(2)k (i1; i2)]� '(i1; i2); i1 = 0; :::; N1; i2 = 0; :::; N2;where �i = !0sp(i)2 ; �i = !0s�(i)1 ; i = 1; 2;r(i)k = p(i)1 yk � �(i)1 y(+1i)k � p(i)2 y(�1i)k ; s = 1d+ !0(p(1)1 + p(2)1 )=2 ;andp(i)1 = 8>>>>>><>>>>>>: 2h+i �K+ih+i + �(1)i �+ 12q; xi = 0;1�hi �K+ih+i + Kih�i �+ 12q; xi 6= 0; Li;2h�i � Kih�i + �(2)i �+ 12q; xi = Li; xj 2 !̂j; p(i)2 = ( 0; xi = 0;Ki�hih�i xi = Li; xj 2 !̂j:Therefore on each time layer the procedure goes as followsAlgorithm 7.1.� compute the residual rk = Ayk � '; (7.1)� �nd the auxiliary function uk from the solution of the system of equations(D + !0A1)uk = rk; (7.2)� �nd the auxiliary function vk from the system of equations(D + !0A2)vk; (7.3)� compute a new approximation yk+1 = yk � �k+1vk; (7.4)12



� if max!̂h jyk+1 � ykj > "; then set yk = yk+1 and repeat the procedure.We terminate the algorithm if either in all nodes of the grid !̂h the inequalityjyk+1 � ykj � �holds, or n0 iterations (see Remark 5.1) have been performed. As an initial approximation wemay choose any function y0 from the space H:If the solution is found we may compute 
uxes from (4.1) using the following di�erencederivatives of @u=@xi� for inner nodes: @u@xi � h+i (y � y(�1i))=h�i + h�i (y(+1i) � y)=h+i2�hi ;� for the left boundary node: @u@xi � 4u(+1i) � 3u� u(+2i)2h+i ;� for the right boundary node: @u@xi � 3u� 4u(�1i) + u(�2i)2h�i :Then the 
ux through the boundary � is de�ned as follows [10]Fijxi=0 = X̂!j F (i)�hj; Fijxi=Li = �X̂!j F (i)�hj: (7.5)The structure of the software package is given on Figure 1. It consists of the MAINprogram, the control program ALTPACK and �ve programs that are called from ALTPACKin the sequence from left to right as shown on Figure 1. Details on these programs are givenin the Appendix.8 Numerical Experiments.The method described in the previous sections was applied to the solution of a number ofproblems that present interest from both theoretical and practical points of views.� Example 1. We start from a linear problem in which coe�cients of the equation arefast-changing functions. Such problems are typical in modelling of semiconductor devices,chemical kinetics, problems of porous media and in many other applications. Consider problem(3.1){(3.4) in the spatial unit-square region with the Dirichlet boundary conditions (�(i)i = 0;�(i)i = 1; i = 1; 2), g(1)1 = sin(4x2); g(2)1 = sin(4x2 + 4) + t2x2;g(1)2 = sin(4x1); g(2)2 = sin(4x1 + 4) + t2x1:and the initial condition given in the formu(x1; x2; 0) = sin 4(x1 + x2):13



MAIN

ALTPACK

ALT1 ALT2 ALT3 ALT4 ALT5

ALT21 ALT22

ALT41 ALT42 ALT43 ALT44 ALT45

ALT221 ALT222 ALT223 ALT224

ALT2211, ALT2212 Figure 1:Let coe�cients of the equation and its right-hand side be de�ned as followsk1 = 1 + cx1(1 + x2); k2 = 1 + cx2(1 + x1); q0 = 0;where c is a constant de�ned below, andf0 = 16 sin 4(x1 + x2) [cx1(1 + x2) + cx2(1 + x1) + 2]� 4c cos 4(x1 + x2) [x1 + x2 + 2]�ct2 [x2(1 + x2) + x1(1 + x1)] + 2tx1x2:From the choice of the coe�cients ki(x) follows thatc0 = minx ki(x) = 1 and c00 = maxx ki(x) = 1 + 2c:We investigated the dependency of the number of ATM iterations on the ratio C = c00=c0:In this example we used a uniform grid with N1 = N2 = 80. The results are given in the table

14



below.C � (DB) n0(� = 1:010�5) n0(� = 1:010�7)20 138.922 15 2121 197.437 17 2322 309.474 19 2523 557.979 21 2924 1017.03 25 3425 1836.22 29 3926 3191.87 33 4527 5131.17 37 5128 7358.03 40 56It is clear that the number of iterations for the ATM, n0, weakly dependent on the ratioC = c00=c0 for the values of � within the range of practical applications. We computed thesolution for C = 32: It can be veri�ed that the functionu(x1; x2; t) = sin4(x1 + x2) + t2x1x2 (8.1)provides the analytical solution to the above problem. Our results do not deviate from theexact solution (8.1) for more than � 10�4. On Figure 2 we present the solution for t = 0:01;t = 1:2 and t = 5:We see that the \upper tongue" of the solution grows steadily that indicatesan increasing contribution of the second term from (8.1). Finally this term becomes dominantthat is con�rmed by the lower left plot. The typical structure of the solution error is shownon the lower right plot of Figure 2.The situation when coe�cients of the di�erential equation change locally very rapidly istypical in many applications such as semiconductor device modelling and chemical kinetics [15].Although spectra boundaries may not change drastically, large values of the ratio C = c00=c0cause serious mathematical di�culties for the solution of such problems. The proposed methodallows us to overcome some such di�culties due to a weak dependency of its quality on theincrease of such a ratio.� Example 2. In this example we consider a power-type of coe�cient nonlinearities in (3.1)@u@t = 2Xi=1 @@xi �ki(u) @u@xi� ; (8.2)with k1(u) = k2(u) = u�: Equation (8.2) is a two-dimensional analogue of self-similar S�regimeconsidered in [21]. We choose the initial condition in the \peaking" formu(x1; x2; 0) = 0:5T�1=�f  1� 2Xi=1 �ixi� !2=�+ ; (8.3)where (z)+ = max(z; 0); � = r2(0:5)� � + 2� :For x1 = 0 and x2 = 0 the boundary conditions were de�ned from the following majorantu(x1; x2; t) = 0:5(Tf � t)�1=�  1� 2Xi=1 �ixi� !2=�+ : (8.4)15
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Namely, the computation was conducted foru(x1; 0; t) = 0:5(Tf � t)n �1� �1x1� �2=�+ ; (8.5)u(0; x2; t) = 12(Tf � t)n �1� �2x2� �2=�+ (8.6)with the constants Tf = 1; � = 1; �1 = �2 = 1=p2: On other two sides of the region boundaryzero-
ux conditions were assumed.We note (see details in [21]) that the majorant function (8.4) for boundary conditions(8.5) and (8.6) de�nes the boundary temperature on the axes x1 and x2 as zero whenever x1 ��=�1; x2 � �=�2: The temperature increases with peaking when 0 � x1 � �=�1; 0 � x2 � �=�2:First we consider the case when n < �1=� (HS-regime according to the classi�cation givenin [21]). In our experiment we have chosen n = �1 and � = 2: From the initial moment oftime to a certain �nite time qualitative picture of the process remains the same. We observea two-dimensional standing thermal wave shown on the left upper plot of Figure 3. Thethermal energy of such a wave is in a �nite region of heat localisation de�ned by a trianglewith vertices (0; 0); (p2; 0); and (0;p2): In other parts of the region temperature remains zeroduring a �nite period of time. When such time elapses, the pro�le of the standing wave startsto change gradually, indicating the movement of the thermal wave. The interface between theregion of heat \localisation" and the region with zero-temperature distorts (see upper rightplot), and we �nally observe the solution blow-up in �nite time when t! T�f . On lower plotsof Figure 3 the solution and its contour lines in (x1x2) plane are presented for the momentt = 0:99:In order to obtain this solution on the mesh 41 � 41 it was necessary to conduct 62 ATMiteration. The computation required 10 non-linear iterations and � was equal 11497:5:For the case n > �1=� (LS-regime according to the classi�cation given in [21]) the qual-itative behaviour of the solution remains similar to the situation described above. However,the change of the temperature pro�le and deterioration of the \localisation" region beginsessentially later compared to the case n < �1=�. The results are presented on Figure 4. Forn = �0:25 and � = 2 it was necessary to perform 36 ATM iterations and the same number ofnonlinear iterations in order to obtain the solution on the mesh 41 � 41: In this case � wasequal 1280.65.� Example 3. In this example we investigate the behavior of \thermal crystals" produced bythermal energy localised in certain space regions [21]. In the region QT we consider equation(8.2) with the initial condition (8.3). As above, the initial temperature distribution is localisedin a region �1jx1j+ �2jx2j � �; where �21 + �22 = 1: (8.7)However now we assume zero-
ux conditions on the boundary of the region G; i.e. in (3.3),(3.4) we set �(i)i = 1; �(i)i = 0; g(i)i = 0; i = 1; 2: (8.8)Figure 5 demonstrates some results of our investigations. Initially thermal energy is lo-calised in the square region [�p2;p2] � [�p2;p2] (upper left plot). When time progressesthe temperature pro�le becomes more and more convex (upper right plot). When the thermalwave starts moving, the region of heat localisation is also transformed acquiring oval outlines17
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Figure 4:(see lower right plot). The time of existence of such thermal crystals may be estimated frombelow [21] tloc � ��22(� + 2)(0:5)� : (8.9)For � = 2 and � = 1 the estimate (8.9) gives tloc � 1:When t = 1 we needed 9 ATM iterations.In this case � equal 3:39866:� Example 4. In the concluding example we consider the equation@u@t = �um � up: (8.10)First we consider problem (8.10) with a positive source where m = 2; p = 2: The problem issupplemented by the initial conditionu(x1; x2; 0) = (x1 � 1)2 + (x2 � 1)2: (8.11)Boundary conditions for (8.10) coincide with the boundary conditions of Example 2.Figure 6 presents the results on the evolution of the thermal-wave solution which exhibitsthe blow-up behaviour when t! T�f :We note that the computational complexity is essentiallyincreases when t! T�f : For example, to compute the solution on the mesh 41�41 for t = 0:01we needed only 14 ATM iterations (� = 27:9721). When t = 0:97 the number of ATMiterations increases to 70 (� = 18856:5) and the process requires 25 nonlinear iterations.We also considered the problem (8.10) with absorption where m = 2; p = 0:5.The initialcondition was de�ned by (8.11) and no-
ux boundary conditions were assumed.Figure 7 demonstrates the solution quenching in �nite time. The theoretical investigationof such a solution and the conditions on the existence of its non-trivial continuation after theonset of extinction are given in [5]. 19
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9 ConclusionIn this paper we described an e�ective procedure for the solution of nonlinear (and linear)parabolic and elliptic equations in the two-dimensional case. We showed the e�ectiveness ofthe method for the problems with fast-changing coe�cients as well as for the problems withdi�erent types of nonlinearities. Blow-up and quenching phenomena were investigated usingthe software package ALTPACK that implements the alternating-triangular method.In the program ALTPACK we applied the procedure of ordering for Chebyshev iterativeparameters. This allowed us to minimise the in
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Appendix
Subroutines Calling Source Functions/DescriptionALTPACK MAIN Solution of time-dependent (or stationary)problems for nonlinear (or linear) PDEsALT1 ALTPACK Preparation of initial informationfor the region discretisationALT2 ALTPACK Preparation of initial information for the ATM;call ALT21, ALT22ALT3 ALTPACK Construction of the optimal ordered set ofChebyshev iterative parametersALT4 ALTPACK Solution of the discrete problem by the ATM;call ALT41, ALT42, ALT43, ALT44, ALT45ALT5 ALTPACK Print the results for graphics post-processingALT21 ALT2 Computation of grid functions for the discrete problemALT22 ALT2 Computation of a priori information for the ATM(call ALT221, ALT222, ALT223, ALT224ALT41 ALT4 Formation of the discrete problem (construction ofthe grid functions in the left hand side of the system)ALT42 ALT4 Construction of the right hand side of the systemof grid equationsALT43 ALT4 Solution of the linear system of discretised equationsALT44 ALT4 Veri�cation of the convergence of nonlinear iterationsALT45 ALT4 Veri�cation of stopping criteriaALT221 ALT22 Preparation of the information for the sweepingalgorithm in the x1-directionALT222 ALT22 Preparation of the information for the sweepingalgorithm in the x2-directionALT223 ALT22 Computation of operator bounds requiredas a priori information for the problemALT224 ALT22 Computation of grid functions required for thede�nition of the system of discretised equations(such functions are used in ALT41)ALT2211 ALT221, Solution of discretised equations by theALT222 left sweeping algorithmALT2212 ALT221, Solution of the discretised equations by theALT222 right sweeping algorithm
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