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APPLICATION OF ALTPACK TO THE SOLUTION OF
NONLINEAR PDEs

Roderick V. Nicholas Melnik

Department of Mathematics and Computing,
University of Southern Queensland, QLD 4350, Australia
E-mail: melnik@usq.edu.au

Abstract

In this article the author applies the alternating-triangular method (ATM) to the solution of
a number of 2D initial-boundary value problems that can be modelled by non-linear parabolic
equations with a source term. Different types of non-linearities are considered and the pro-
cedure of finding approximate solutions is explained. The main features of the ALTPACK
package are outlined and the results of computational experiments are presented.

Key words: non-linear parabolic equations with source terms, alternating-triangular method.

1 Introduction.

The application of mathematical models based on linear and nonlinear elliptic and parabolic
equations is extremely wide [2, 6, 10, 15, 23, 9, 16]. It includes such areas as heat conduc-
tion, diffusion, electron and ion thermoconductivity, combustion and porous media modelling,
chemical kinetics, semiconductor device modelling, biophysics etc. Such models differ from
each other only by types of dependencies of coefficients and source terms. From the point of
view of constructive investigations it is exactly such types that define the “fingerprint” of a spe-
cific model. In some cases such “fingerprints” may be treated using quite general techniques,
while in other they require individual approaches [21].

For a start let us consider the linear equation of thermoconductivity. It is known that the
fundamental solution of the operator

0o

L(D) = — — AD 1.1
(@) = 5 - Ao, (11)

in the space-time region R"™ x R, i.e. the solution of the equation

0o
L(P) = Fr AAD = §(x,1), (1.2)
can be expressed as
H(t _x

o(x,t) = — 2 i (1.3)

(2e/7t)"



where H (t) is the Heviside function, x = (z1, ..., ;) and c is the thermoconductivity coefficient
(see, for example, [23]). Theoretically the solution (1.3) gives the distribution of temperature
from the point instant source §(x)d(¢). However since ®(x,t) > 0V ¢ > 0,x € R" one observes
that such a solution might be an adequate approximation of the heat transfer process only
under certain constraints (such as large values of x and small values of £). Since such constraints
may not conform to many applied problems in a number of situations it is reasonable either

e to use a nonlinear thermoconductivity equation, or
e to apply integro-differential transport equation

in order to describe heat processes more precisely. In the later case such an integro-differential
equation may incorporate non-locality and memory effects, and gives a parabolic equation only
in the limit of small deviations from the equilibrium state [11]. It is also possible to consider
a hyperbolic heat equation [1, 17] and/or to take into account the influence of non-thermal
physical fields [13].

In its essence all of the above options can be cast in an equation of the following type

up = Alu, f), (1.4)

where A(u, f) is a differential or integro-differential operator, and the functional f represents
source-related terms. In all applied problems the definition of such a functional f is the subject
of an approximation. For a specific choice f there may exist a stationary solution u* such that

A, f) =0, (1.5)
and in this case one may expect that
u(-,t) = u* when ¢t — oc. (1.6)

However, in the general case there are such approximations f that certain measures of the (-, t)
tends to infinity when time approaches a finite critical value. In the latter case it is reasonable
to seek such an approximate solution(s) of the equation (1.4) that will be a stationary solution
y* of another equation

y = Ay, f), (1.7)

i.e. such that u ~ y*, where A(y*, f) = 0. For example, there exist a large class of problems
(1.4) for which the equation (1.7) is the Hamilton-Jacobi-Bellman-type equation [3, 5].

The equation (1.7) may be seen as an asymptotic approximation of (1.4) with respect to
a certain small parameter € which is included into the original equation implicitly (or in some
cases explicitly) by the nonlinearities of sources and/or equation coefficients. Although the
asymptotic behaviour of (1.4) may be controlled by stationary solutions of (1.7), the efficiency
of such a control is essentially dependent on €. In other words, € may be small, but it is always
positive, and as a result, y may appear to be a very rough approximation to u for fairly large
intervals of time.

Ideally, investigations of parabolic models have to blend asymptotic and numerical tech-
niques for their solution. In many cases asymptotic approximations may give an important
qualitative perception of the solution and provide certain guidelines for the obtaining of quan-
titative picture by a numerical method. The major difficulties with asymptotic approaches lie
with an approximate nature of the functional f in the model (1.4). Considering real physical
processes in non-linear dissipative media one has to specify the law of energy loss in order to
make the model relevant to the real-world applications. In many cases such specifications may
be incorporated approximately through the boundary conditions of the problem (for example,



in the combustion theory we often have to take into account the loss of heat on the bound-
aries of the flame region). Conceptually, approximations (incorporated into the model through
nonlinearities, initial and boundary conditions) lead to a continuum set of possibilities in the
simulation of the evolution of dissipative processes. In each specific case such approximations
may give rise to discrete space-time scales [21], which can be often grasped numerically with
a required accuracy [4]. Therefore, in order to reveal the structure of dissipative processes
numerical methods will remain a major and the most natural tool in investigations of the
evolutions of such processes in non-homogeneous dissipative media.

In this paper we apply an effective numerical method to a number of nonlinear problems
that recently attracted a lot of attention of researchers [21, 5, 8]. In a vast majority of cases such
attention was devoted to the Cauchy problem for non-linear parabolic equations. Moreover,
the application of asymptotic techniques to the investigation of space-time architecture of
dissipative structures were often limited to the one dimensional case. In this paper we consider
initial-boundary value problems in the two dimensional case. Main examples concern model
problems that arise from complex mathematical models in semiconductor device modelling,
porous media, combustion theory, reaction-diffusion applications and other applications [16,
9, 14, 10, 6, 2, 15].

The remaining part of the paper is organised as follows.

e In Section 2 we introduce notation that is used throughout the paper.

e Section 3 is devoted to the formulation of the mathematical model that is being investigated
numerically.

e Section 4 describes with the main steps of the integro-interpolational approach applied for
the construction of difference schemes for the problem.

e Section 5 deals with the alternating-triangular method applied to the solution of discrete
problems that arise at each time-layer.

e Section 6 is devoted to the choice of accelerating parameters for the ATM.

e Algorithmic aspects of the alternating-triangular method are discussed in Section 7.

e In Section 8 we present results of computational experiments on the application of the
described procedure.

2 Notation

The following notations are used throughout the article.

G={r=(z1,29): 0<z; <L;, i=1,27T } denotes the spatial region of interest;

e G = G UT is the closed region, where I' denotes its boundaries;

T ={t: 0 <t<Tys} denotes the temporal interval of consideration with the final time
denoted by T';

e (), = @1 X W9, denotes a nonuniform grid that covers the region G;

o w1 ={z1; €[0,L1]: z14 =z14, 1+ hii1’ i1 =0,....,Ni, 2190=0, z1,n, = Ln};
o wy = {m2, €[0,La]: T2, = T2i,-1+ hy,,, i2=0,...; N2, 120 =0, 72N, = Lo};
® Wpr = Wy X Wy, where w, = {ty, = k7, k=0,...,L, LT =Ty};

e w; denotes the set of all inner points of the grid @;, i=1,2, and w;, = w1 X wo;

e 7; - is the set of all boundary points in z; € [0, L;] when ; = 0and z; = L;, 1 = 1,2, j =
3 — i (hence the boundary of the grid @), is defined by v = v; Uy and @&, = w, U7y);



e wj(z;) are points of the grid wy, for fixed z;, and w;(z;) denotes the set of points of the
grid wy, for fixed z;;
+

e w; (z;) - is the set of points of the grid w;(z;) plus the node z; = Lj;

® w; (z;) - the set of points of the grid w;(z;) plus the node z; = 0;
+ g + -
© My =i hog, = hogy

o iy =0.5(hy,; +hi;), hoi, =0.5(hy

1,i1 1,i1 2,in

e hig=0.5h, hin, =05h; y,i=12

+ h;,z'g);

+ +
L] $17i1i0_5 = ‘Tl,il + 0'5h1,i17 Ig,i2i0_5 == IQ,Z'Q + 0'5h2,z’2'

Let further y = y(z1,x9,t) = y(i1,42,k) be a function of discrete arguments x = (z1, x2)
and ¢ defined on a non-uniform grid @p,. Then we use the standard notation for difference
derivatives of y [19, 20, 14, 22]. For example for a function of § of one one variable defined on
w1

e the backward difference derivative is

~ Yi, — gilfl
Tr1 b
hi,
e the forward difference derivative is
_ Ui+l — Ui
y$1 - h I
1,41+1

e and the second (“central”) difference derivative is

1

gflil =
hi
1

Y1 —Yin  Yir — ?Jnl}
hi1+1 hil

By H we denote the space of grid functions that are defined on w; with the scalar product
and the norm defined as follows

(u,v) = Zu(m)v(rz:)hlhg, lul| = \/(u,u), YV u(x),v(r) € H.

+

i

(U,’U)wﬂ-(xj): Z U(I)’U(.’E)h;, (uav)dii(:ﬂj) = Z u(x)v(:v)hz,

i

In an analogous way we define the scalar products on w;" (z;), @i(z;) and w;” x @;

wt(z)) Siay)

and (u,v); = Z u(z)v(z)h; by, i=1,2, j=3—1.
Wi x@;

Other notation used in this paper are standard in theory of difference schemes [22, 19, 14, 20].

3 Mathematical model

In the space-time region Q7 = G x T we consider a general type of nonlinear partial differential
equation

2
ou

0 ou _ ‘ oul g 0

Wty =3 o Gt | - a b))+ £k ), (3.1




where x = (z1,23), and a®, ¢°, f°, k;, i = 1,2 are given functions of x,¢ and u. Equation (3.1)
is supplemented by the initial

u(xy,29,0) = ug(x1,22) (3.2)
and boundary conditions
0
M o= = V(g towu— g (g tu). ai= 0, (3.3)
ox;
0
*)‘1(2) 8u = 552)(.7:]-,@ u)u — 952) (wj,t,u), =L, 1=1,2, j =3 —i. (3.4)

In (3.3) and (3.4) values of )\2(1) and Al@) are equal 1 if on the corresponding boundaries of the
spatial region G we are given the Neumann or the 3rd kind boundary conditions. They equal
zero for the Dirichlet boundary conditions.

Mathematical model (3.1)—(3.4) describes a wide range of phenomena from physics, chem-
istry, biology and economics. For example, many reaction-diffusion problems, models for heat
localisation and flame propagation may be cast in the form (3.1)—(3.4). Solutions of such
non-linear evolutionary problems even in the simplest one-dimensional case may form finite
time singularities, exhibit blow-up or extinction behaviour. Investigation of such a behaviour
in dissipative media is the first step in the simulation of evolution of non-equilibrium open
thermodynamical systems [21].

In such a general formulation as (3.1) (3.4) theoretical issues of existence and uniqueness
of the solution lie outside of the scope of this paper. The reader has to consult [21, 5, 8] and
references therein in order to get more details on existence/nonexistence of arising problems.
For the purposes of this paper we limit ourselves to the situation when the coefficients in
(3.1)—(3.4) satisfy the following conditions

f-zil(xj,t,u) >0, H?(:Uj,t, u) >0, 0<c <ki(xt,u) < q"xt,u)>0. (3.5)

The condition (3.5) includes the possibility of fast changing coefficients. Problems with such
coefficients arise naturally in many practical situations [10, 6, 9, 16]. Such problems, rarely
treatable analytically, cause serious mathematical difficulties and require the application of
effective numerical methods. In what follows we describe mathematics of the software package
ALTPACK, designed for the solution of a general class of problems (3.1)—(3.4), and present
the results of computational experiments.

4 Discrete Conservation Laws and Integro-Interpo-
lational Approach

We cover the region Q7 with a non-uniform grid &y, and consider an elementary space-time
cell, Ay, defined as Ay = Ag x Ay, where Ay = {t, <t <t + 7} and

Ay ={(z1,22) : Z14,-05 <21 < Z14,405, 2,005 < L2 < 24,405 }-
Let F()(x,t,u) be the flux in the direction of z;, i.e.
ou
ox;

The construction of difference schemes for the solution of problem (3.1)—(3.4) is conducted
by the integro-interpolational method [19, 20]. Below we explain the main ideas of such a
construction.

f(i)(x, t,u) = ki(x,t,u) (4.1)



Let us integrate differential equation (3.1) over the cell Ag;. We obtain the following balance
equation

tp+7 T2,i2+0.5
/t {/ [fi(lli@ﬁ(m) - '7'—1‘(1110.5(352)] dzodt+
k T

2,i2—0.5

r1,i1+0.5
/ - [fi(jioj(xl) — fi(310_5(x1)] dxldt} — /A ¢ (x,t, u)udxdt =
T1,11—U. st

ou

/ a® (x, t,u)— dxdt — / £O(x, t, u)dxdt, (4.2)
+ Ast 8t + Ast
where dx = dri1dry and

fi(llj):[]j(xQ) = FD (214,405, 22), fz‘(fj)zo.t;(ﬂﬂl) = FO (a1, 24, 40.5)-

First we divide identity (4.1) by k;(x,t,u),i = 1,2 and integrate the result over the intervals
[T1,01s T1,iy 4, 1) and [B24,, 2, , ] respectively. We get

vriv+1 FO)(x, 8, u)

4.
T, L) T (4:3)

w(21 441,22, t) —u(z1,, 22, 1) = /
T

1ig

T2,i9+1 f(Q) X,t, u
w(21, T2,5541,1) — u(T1, 22,4y, 1) = / #d:ﬂg. (4.4)
X2,y 2(X7 t7 U)
Then we use the following interpolation formulas
1
FO (x,t,u) ~ Fi(l_)|_0.5(.’1/’2,t, u), where z1 € [21,,,%14,+1] (4.5)
and
2
FO(x,t,u) ~ fi(Qio.S(ml,t, u), where zo € [22,, T2.iy+1]- (4.6)

Substituting (4.5) and (4.6) into (4.3), (4.4) respectively, we come to the following approximate
equalities

1 T1,iq+1 d.’lﬁl
w(14,41, %2, t) —u(z1,,, 2, 1) = fi(lJ)rOﬁ(mQ,t, u) /IM1 m, (4.7)
T2i9+1 de
T1,T9, t) —u(xry,x9,4,,t z}"-@) x,t / —_ 4.8
7L(T17T2,22+17 ) U(TlaTQ,zza ) 22+o,5(7"1a ) v, ko (%, 1, 1) (4.8)

The next step of the procedure is to express the values of fi(llioﬁ(:vg, t,u) and .7-";210_5(:101, t,u)

through the solution of the problem and known functions. It can be easily done from (4.7),
(4.8). Indeed, dividing (4.7) and by hiil and then by h;,; we have

1 o+l ]
st = | L [ T
z1—|—0.5(T2 “) o h1+,21 Z1,81 kl(x,t,u)_ ( )
1) T "
FO o) s _/ _dm 4.10
in—0.5 (2.8 4) & Uz, iy by Jarin—1 k(%8 u) -

Analogous expressions can be obtained for ]-"i(:ioﬁ from (4.8).

The integro-difference scheme for the solution of the problem (3.1) (3.4) follows after sub-

stitution (4.9), (4.10) (and analogous expressions for i(fioﬁ) into (4.2). The application of



interpolational formulas for the remaining functions in the integrals in (4.2) leads to a fully
discrete approximation of the model (3.1) (3.4). Such discrete approximations tend to preserve
on the grid conservative properties of the process expressed by (4.2), and are usually referred to
as conservative difference schemes [19, 22]. For example, in the linear case of elliptic equations

we get [20]
2

Z(’Clyi‘z)i‘l —qy = 7f1 T € wp, (411)
=1

i.e. for each inner node (i1,42) we have the following equation

ICI y$1 - Klyil K;yilig - ICQy:fz
+
hi i, ha i,

—qy =—/, (4.12)

where y = y(i1,42) and the coefficients and the RHS in (4.12) are defined as follows

. 1 o 1
0= qlini) = ;—— [ d'Gdx. [ = i) = [ Sdx (413)
hii hoi, JAs hii hoi, JA,
. . —1
1 T2,i2+0.5 1 T1,01 dxl
K1 =Kq(i1,i2) = / —/ dx 4.14
1 1(i1,12) hoiy Jag,is—0.5 lhl,il Ja1ii—1 kl(x)] 2 ( )

(with an analogous formula for Ko), K = K] (i1,42) = Ki(i1 + 1,42), K3 = K (i1,i2) =
’CQ(il,iQ + 1).

When the coefficients in (3.1)—(3.4) are smooth functions, then instead of (4.13), (4.14)
we may use simplified expressions for the computation of coefficients and the RHS of (4.11)
at each inner node (iy,is). For example, ¢ = ¢°(z14,,724,), f = fUz14y,724,), K1 =
k(x4 -05:%2,4,), Ko =ko(z14,,224,-05)-

Let us consider the approximation of boundary conditions of problem (3.1) (3.4) when
x; = L;, 1 =1,2. We apply a 3-step procedure that consists of

e integrating the original differential equation over the cells

1 _
AW = {(zy,29) 1 Ly — 0.5hy ny <21 < L1, T24,-05 < T2 < iy 405

AP = {(z1,22): Ly — 0.5hy n, < @2 < Lo, 214,-05 < 21 < Z14,405 }

S

e using approximate formulas (4.9), (4.10) (and analogous expressions for fi(jioﬁ), and

e computing values of f](\}l)(.fl;Q), ]-"](\?2) (1), from boundary condition (3.4) for z; = L; =
win, i=1,2.

As a result of such a procedure we get

1 (92(2) — Py - ’Ciy:m-) + (’iji’f)

7 —qy = 7f1 T e (‘A)](L’L)a 1= ]-a27 7 =3 72.’ (415)
i

Z;
where for the grid prototypes of functions /12(-2) and 92(2) in (3.4) we used the same notation. In

a similar way we construct the approximation of the boundary condition (3.3) for z; = 0:
1 1 1 A
{ (K:ryxz - ﬁz( )y +gl( )) + (K:jyj;]-)ij —qyu=—f x€ w]'(U). (4.16)

g

(1)

i

where, as above, k; ’ and gl(l) are discrete prototypes of functions Iﬁ?z(-l) and 92(1) from (3.3).



5 Alternating-Triangular Method with Ordered
Chebyshev Set of Iterative Parameters

The discrete scheme constructed in the previous section can be written in the following generic
form

2
Ay = ZAiy = —p, T E Wy, (5.1)
i=1

where o = f + @1 + w9, T € Wy, and for i = 1,2

1
Bt~ () + da)y @i=0, 240 4=,
Ay =< (Kiya,)z, — 3y, z; #0, Ly, wi=1 0, z; # 0, Lj,
2 - 2 2 L. e
— 2 Kiyz; — <hlf<§ '+ %Q> Y, wi=Li, x5 € wj, n Jio T Li, zj € &j.

A special case of our scheme is a rectangular uniform grid in (z1,z9) when h, = hl = h,.
In such a case the difference scheme (5.1) with coefficients computed by the formulas (4.13),
(4.14) will approximate the problem with error O(|h|?), where |h|? = h? + h3 [20].

The scheme (5.1) can be applied for the solution of linear elliptic equations. In the general
case of (3.1)—(3.4) on each time layer we can represent the difference scheme constructed by
the described methodology as

Ay = o, (5.2)

with an operator A : H — H acting in the Hilbert space H. More precisely, for the general
non-stationary case we have to solve (5.2) on each time layer with an operator A which is a
modified version of the operator A used in (5.1). In its essence we pass from nonstationary
solution(s) of (3.1) (3.4) to a sequence of stationary solutions for a family of problems that
can be formally expressed in the form (1.7). The form of operator A and the function f in
(1.7) are now well defined for each element of such a sequence of stationary solutions.
For the solution of problem (5.2) we apply an implicit two-layer scheme of the following
general form
B(Yk+1 —yk)/The1 + Ay =, k=0,1,2,..., Vyo € H. (5.3)

Majority of known iterative procedures (such as the Zeidel method or upper-relaxation algo-
rithm) are just partial cases of the scheme (5.3). They immediately follow from (5.3) if an
appropriate choice of sequence {7441} is made and operator B is constructed. In order to
make the method effective one has to choose the set of {751} in some optimal way whereas
B has to be constructed as a product of easily invertible operators. In this paper we use the
alternating-triangular method with the optimal Chebyshev choice of parameters [7, 20]. We
choose the operator B in the form

B = (D4 wyA1)D YD + wyAy), wy >0, (5.4)

where

Dy = d(X)y, d(X) >0, x € Wy, A=A+ AQ, AT = A,. (55)

We assume that inequalities

A
6D < A, A\D "4, < ZA, §>0, A>0 (5.6)



are satisfied with certain constants § and A. Then we define parameters 7411 and wy in the
following way

wo=2VoA, 1= — 2 (5.7)
L+ pooy,
where
2 ) . ) 1—1q " i 0
T0 = *77_ a1 = Y2 = y P = 3 = N=7:
Y ! 2(1+ 1 2 4\/n 1+ Y2 A
and oy € ¥, k=1,...,n9. The set
o= {cos 7, 1< < no} (5.8)
ng

is a specially ordered set of the roots of Chebyshev polynomial degree ng. For more details on
the ordering procedure the reader may consult [19, 20].

Remark 5.1 In order to keep a trade-off between the accuracy of the approximate solution
of (8.1) (3.4) and the computational complexity of the procedure, we use an estimate of the
number of ATM iterations for the given accuracy. If the error of the ATM has to be decreased
by the factor of € it is sufficient to perform ny iterations, where

In(2/€)
> .
2v2.4/m
In the next section we define the operators A;, i = 1,2 in the case of linear elliptic problems
and show how the choice of § and A can be made in the general case.

6 The Choice of Accelerating Parameters ¢ and A

In order to compute the iterative parameter wy in (5.7) we follow the procedure described in
[19, 20] and proved to be effective in a number of applications (see, for example, [10, 6]).

Using the first Green’s formula [19] for the special case of (5.1) where /\2(1) = )\52) =1, we
have

Mw

(Ay,y) = ( iV, 1)i + ( 151)92,1)@-(0) + (HEQ)yQ,l)a)j(r,,-)) +(qy* 1), j=3—i. (6.1)

i=1

We define the operator A in (5.2) as the sum of operators A; and Ay, where
A =AM 449 =12

and

; K+ /. K i
APy =3~ + | h—f—h—?+>+%4y= i # 0, Li,
K; 2 = »



It can be verified that A7 = Ay and A = A; + Ay. Therefore

) 2
(A1D " Agy,y) = (D' Asy, Asy) = (D' (Aay)?, ( 1[2’4 ] )

Assuming that the function d(x) (see (5.5)) has the following form

d(X) = dl(x) + dQ(X), X € L?)h,

where .
1 IC h; OQ; .
<2ICZ-+ + hiey kY e+ q) 9, @i =0,
Wi |k, KF
dZ(X): <ICZ++ZT h.i h+ + 2(]) +7 z; # 0, Ly,
2 .

ﬁ§)+ l—i- Qh(?, z; = Li, z; € wj,

and Q; = Q;(z;), ©; = O;(x;) are certain grid functions that are positive on @y, (precise

definitions are given below). Then applying e- inequality [19, 14] it is straightforward to get

2 (4)
K; vy
AD'A < <—’ 2 1) .1 6.2
(A zy,y)_; o varl) + Qey (6.2)
where . .
K R
h% Iﬁ?z(l) h‘.Z‘“ + qu y Li = 07
i . Kt .
V§Z): - %7 hi +%q 7"2750’[/27
= ‘K?) + Ki + q\ z; = L;, Tj € wj.
Hence )
(Dy.y) = (dy*, 1) = Y [(Oay?.1) + (0ut)y? 1)] (6.3)
=1
with

KF £
- 2 .rI; -
(2) — hzhj—’ 2 (2]
0, i = Ly, Tj € wj.

We need the following lemma.

Lemma 6.1 [20] Let z(x) be the solution of the problem Az = —p, z; € @; and ¥ =
1/ max,ep,(2;) 2(x). Then

(1)

1 -
V(py ey < (Kitds Dot (ay) + 3000 o it 9 O,05) + w7y (Lis ). Vay € @y,

Let
(V=W = max yP@), (¥ =c(x;)= max i (x), (6.4)

T €W (T5) €W (x;)

where for fixed values of z; € @; the grid functions yy) (z) and yél)(:r) are the solutions of
three-point boundary problems

Aiygi) = —uy) and Aiyéi) = —uéi)

10



respectively.
Since the grid functions ©; and ©; do not depend on z;, we get the following inequalities

i 1
(Qi@ﬂ/é )92, 1)< (C;Q)Qi@ilciyi‘ia 1); + E(Ci@)Qi@iqua 1) +

(P20 V2, 1), 0) + (P20 Y2 )0, (1) (6.5)
(o) = (i) #3 (a0 +
i &;(0) v ; (i)
(0uf”y2.1) < (oK), +% (¢Veigy? 1) +

(Vo 1) o+ ((PomDynn) (6.7)

If we choose ©; in the form

Oi(wj) = [¢P (@) ulay) + ¢V e)] (6.8)
and take into account (6.1), then substituting (6.5) and (6.7) into (6.3) we confirm that
(Dy,y) < (Ay,y),
and hence in inequalities (5.6) we can set
d=1. (6.9)

Now we shall find the expression for A. Substituting (6.6) into (6.2) and taking into account
(6.8) we get the following estimate

. 2, (@) My 1 (¢ o SN
(AlDi AQyuy) <M ((;2— + (G + G Kz, 1) + B (;2 (G +¢ ay ,1>
=1 ? i 1
(2) (2)
+ (%(c( 10 + ¢k, 1) 1 (CQ—(C( 10 + (kP2 1) ] . (6.10)
! wi(o) ¢ LZ)]‘(LZ')

Now we choose the optimal €2; as the solution of the following minimisation problem

¢? 2 1
( i +1> P9, + ¢!V) = min,

ie.
1
Q(m;) = /¢ ()). (6.11)
Hence from (6.10) we have

2

(D Aoy < 3 [(67 + VG 1) 5 (66 D 1) +

( D ey, 1>Q, +(CZ‘Q’(CZ‘2)+\/<§T))H52)92’1>

5 (0

@;(Li)

11



This estimate together with (6.1) confirm that in inequalities (5.6) we may set

A = 4 max { max {Ci@)(z‘j) + \/CZ-(I)(.'I:J-)F} . (6.12)

1=1,2 | z;EW;

The above estimates obtained for the mixed boundary conditions of the 3rd kind. Only
slight modifications are necessary in order to get analogous estimates for Dirichlet or Neumann
boundary value problems.

7 Algorithmic Aspects of the Method

The algorithmic procedure for the alternating-triangular method can be derived from (5.3)
with the definition of operators B and A given in Sections 5 and 6. We have
o Yrr1(i1,72) = ykin, i2) — Thr1vk(in, i2), i1 = 0,..., N1; 2 =0, ..., Ny;
o vi(i1,42) = Bilir,i2)vk (i + 1,42) + Ba(ir,i2)vk (i1, 92 + 1) + s(in, 12)d(i1, i2)uk (i1, 12),
il = N1 — 1, ...,0, i2 = N2 — 1, ...,0;
° Uk(’il,'ig) = al(il,ig)uk(il — 1,’i2) + ag(il,’ig)uk(’il,ig — 1) + S(il,ig)Tk(il,ig),
il = 1, ...,Nl, i2 = 1, ...,NQ;
[ ] Tk(il,iQ) = [T,(Cl)(il,ig) + T,(CQ)(il,ig)] — @(il,ig), il = 0, ...,Nl, ig = 0, ...,NQ,
(1) (4)

where «; = wyspy’, B = wosv,’, i =1,2,

(@) _ . () @), (+1) . (1), (~13) 1

Ty =P1 Y — V1 7Yy — P2 Yy S = 1 5 )
d+wo(pt” + i) /2
and
K 1
h%L <h;‘ +K“z(' )> +35¢, i =0,
: e ; 0 z; =0
@ _ ) 1 (K k)1 ‘ ‘ @_) " i
; 2
h% (}’f_.l""”g )> +30, i = Li, 7j € @,
Therefore on each time layer the procedure goes as follows
Algorithm 7.1.
e compute the residual
e = Ayr — @i (7.1)

e find the auxiliary function w; from the solution of the system of equations

(D + woAy)ug = rg; (7.2)
e find the auxiliary function v; from the system of equations

(D + woAz)vy; (7.3)
e compute a new approximation

Yk+1 = Yk — Th+1Vk; (7.4)

12



o if maxg, |yky1 — yk| > €, then set y, = yp41 and repeat the procedure.

We terminate the algorithm if either in all nodes of the grid @, the inequality

[Yk+1 — Y| <€

holds, or nyg iterations (see Remark 5.1) have been performed. As an initial approximation we
may choose any function yy from the space H.

If the solution is found we may compute fluxes from (4.1) using the following difference
derivatives of du/dx;

e for inner nodes:

Ou by =y by + b (D —y)/E
8ZEZ' - th ’

e for the left boundary node:

i
e for the right boundary node:

ou _ 3u-— 4u(71) 4 (=20
ox; - 2h; .

Then the flux through the boundary I' is defined as follows [10]

7i|x,—:0 = Zf(i)hja 72";,;1-:]11- = *Zf(i)hj- (7-5)
wj

wj

The structure of the software package is given on Figure 1. It consists of the MAIN
program, the control program ALTPACK and five programs that are called from ALTPACK
in the sequence from left to right as shown on Figure 1. Details on these programs are given
in the Appendix.

8 Numerical Experiments.

The method described in the previous sections was applied to the solution of a number of
problems that present interest from both theoretical and practical points of views.

e Example 1. We start from a linear problem in which coefficients of the equation are
fast-changing functions. Such problems are typical in modelling of semiconductor devices,
chemical kinetics, problems of porous media and in many other applications. Consider problem
(3.1) (3.4) in the spatial unit-square region with the Dirichlet boundary conditions ()\l(i) =0,
s =1,i=1,2),

ggl) = sin(4xs), 952) = sin(4zy 4 4) + 2y,

ggl) = sin(4x1), gf) = sin(4z; + 4) + %2,
and the initial condition given in the form

w(x1,22,0) = sind(x1 + z9).

13



AL TPACK
,,V
ALT1 ALT2 ALTS3 ALT4 ALTS

ALT?21 ALT22

’ ALT41‘ ’ ALT42‘ ’ ALT43‘ ’ ALT44‘ ’ ALT45

v
ALT221‘ ’ALTZZZ‘ ’ALT223‘ ’ALT224‘

y y
ALT2211, ALT2212

Figure 1:

Let coefficients of the equation and its right-hand side be defined as follows
ki =1+coi(1+29), kg =1+ cao(l+1z1), ¢°=0,
where ¢ is a constant defined below, and

fU = 16sin4(z; + z2) [cx1 (1 + z2) + cxo(1 + x1) + 2] — decosd(zy + z2) [x1 + 22 + 2] —
ct? [zo(1 + x9) + 21 (1 + 21)] + 2tz 20

From the choice of the coefficients k;(z) follows that
¢ = mink;(x) =1 and ¢’ = maxk;(x) =1+ 2c.

We investigated the dependency of the number of ATM iterations on the ratio C = ¢’ /c'.
In this example we used a uniform grid with N; = Ny = 80. The results are given in the table

14



below.

C | A (DB) [ no(e =1.010"%) [ ng(e =1.010"7) |

20 || 138.922 15 21
2t || 197.437 17 23
22 || 309.474 19 25
23 || 557.979 21 29
24 || 1017.03 25 34
2° || 1836.22 29 39
26 || 3191.87 33 45
27 || 5131.17 37 51
28 || 7358.03 40 56

It is clear that the number of iterations for the ATM, ng, weakly dependent on the ratio
C = "/ for the values of € within the range of practical applications. We computed the
solution for C = 32. It can be verified that the function

u(zy, T9,t) = sind(z; + x9) + t2z 13 (8.1)

provides the analytical solution to the above problem. Our results do not deviate from the
exact solution (8.1) for more than ~ 10~%. On Figure 2 we present the solution for ¢ = 0.01,
t = 1.2 and t = 5. We see that the “upper tongue” of the solution grows steadily that indicates
an increasing contribution of the second term from (8.1). Finally this term becomes dominant
that is confirmed by the lower left plot. The typical structure of the solution error is shown
on the lower right plot of Figure 2.

The situation when coefficients of the differential equation change locally very rapidly is
typical in many applications such as semiconductor device modelling and chemical kinetics [15].
Although spectra boundaries may not change drastically, large values of the ratio C = ¢’ /¢
cause serious mathematical difficulties for the solution of such problems. The proposed method
allows us to overcome some such difficulties due to a weak dependency of its quality on the
increase of such a ratio.

e Example 2. In this example we consider a power-type of coefficient nonlinearities in (3.1)
ou 29 ou
ou N~ 9 () 2% 8.2
ot ;axi ( Z(“)ax)’ (8.2)

with &y (u) = ko(u) = u”. Equation (8.2) is a two-dimensional analogue of self-similar S—regime
considered in [21]. We choose the initial condition in the “peaking” form

9 . 2/o
u(z1, 22,0) = 0.5, '/° <1 -y %) , (8.3)

i=1 - +

where

2
(2)4 = max(z,0), = =/2(0.5)7 22,
g

For z; = 0 and z9 = 0 the boundary conditions were defined from the following majorant

2/o
) | (8.4)

+

2
U(.’I}l,.’l’,‘Q’t) = 0.5(Tf _ t)fl/a (1 o Z fz:z
i=1 =

15



=1.2

Solution at t

=0.01

Solution at t

Structure of the solution error

=5

Solution at t

Figure 2
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Namely, the computation was conducted for

2/o
w(wr,0,4) = 0.5(Tf — 1)" (1 - 51;“) , (8.5)
= /4
1 2/o
U(O, .’I,‘Q,t) = E(Tf — t)n <1 - €2§2> (86)
= /4

with the constants Ty =1, E=1,§ =& = 1/4/2. On other two sides of the region boundary
zero-flux conditions were assumed.

We note (see details in [21]) that the majorant function (8.4) for boundary conditions
(8.5) and (8.6) defines the boundary temperature on the axes z; and z9 as zero whenever z; >
E/&1, 9 > E/&. The temperature increases with peaking when 0 < 7 < E/&, 0 < 29 < E/&s.

First we consider the case when n < —1/0 (HS-regime according to the classification given
in [21]). In our experiment we have chosen n = —1 and o = 2. From the initial moment of
time to a certain finite time qualitative picture of the process remains the same. We observe
a two-dimensional standing thermal wave shown on the left upper plot of Figure 3. The
thermal energy of such a wave is in a finite region of heat localisation defined by a triangle
with vertices (0,0), (v/2,0), and (0,v/2). In other parts of the region temperature remains zero
during a finite period of time. When such time elapses, the profile of the standing wave starts
to change gradually, indicating the movement of the thermal wave. The interface between the
region of heat “localisation” and the region with zero-temperature distorts (see upper right
plot), and we finally observe the solution blow-up in finite time when ¢ — T, . On lower plots
of Figure 3 the solution and its contour lines in (z;z2) plane are presented for the moment
t = 0.99.

In order to obtain this solution on the mesh 41 x 41 it was necessary to conduct 62 ATM
iteration. The computation required 10 non-linear iterations and A was equal 11497.5.

For the case n > —1/0 (LS-regime according to the classification given in [21]) the qual-
itative behaviour of the solution remains similar to the situation described above. However,
the change of the temperature profile and deterioration of the “localisation” region begins
essentially later compared to the case n < —1/0. The results are presented on Figure 4. For
n = —0.25 and o = 2 it was necessary to perform 36 ATM iterations and the same number of
nonlinear iterations in order to obtain the solution on the mesh 41 x 41. In this case A was
equal 1280.65.

e Example 3. In this example we investigate the behavior of “thermal crystals” produced by
thermal energy localised in certain space regions [21]. In the region Q7 we consider equation
(8.2) with the initial condition (8.3). As above, the initial temperature distribution is localised
in a region

ap|z1| + aglzs| < E, where of + a3 = 1. (8.7)
However now we assume zero-flux conditions on the boundary of the region G, i.e. in (3.3),
(3.4) we set
AV =1 k=0, ¥ =0,i=12 (8.8)

(2 13
Figure 5 demonstrates some results of our investigations. Initially thermal energy is lo-
calised in the square region [—v/2,v/2] x [—v/2, V2] (upper left plot). When time progresses
the temperature profile becomes more and more convex (upper right plot). When the thermal
wave starts moving, the region of heat localisation is also transformed acquiring oval outlines
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Solution at t=0.99 Solution at t=0.999999
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Figure 4:

(see lower right plot). The time of existence of such thermal crystals may be estimated from

below [21]
2

o=
tiope > ———————————.
¢ = 90 +2)(0.5)7

For 0 = 2 and E = 1 the estimate (8.9) gives t;,. > 1. When ¢ = 1 we needed 9 ATM iterations.
In this case A equal 3.39866.

(8.9)

e Example 4. In the concluding example we consider the equation

% = Au™ + uP. (8.10)

First we consider problem (8.10) with a positive source where m = 2, p = 2. The problem is
supplemented by the initial condition

u(zy,x2,0) = (1 — 1)2 4 (20 — 1)% (8.11)

Boundary conditions for (8.10) coincide with the boundary conditions of Example 2.

Figure 6 presents the results on the evolution of the thermal-wave solution which exhibits
the blow-up behaviour when ¢ — T';". We note that the computational complexity is essentially
increases when ¢ — T, . For example, to compute the solution on the mesh 41 x 41 for ¢ = 0.01
we needed only 14 ATM iterations (A = 27.9721). When ¢ = 0.97 the number of ATM
iterations increases to 70 (A = 18856.5) and the process requires 25 nonlinear iterations.

We also considered the problem (8.10) with absorption where m = 2, p = 0.5.The initial
condition was defined by (8.11) and no-flux boundary conditions were assumed.

Figure 7 demonstrates the solution quenching in finite time. The theoretical investigation
of such a solution and the conditions on the existence of its non-trivial continuation after the
onset of extinction are given in [5].
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9 Conclusion

In this paper we described an effective procedure for the solution of nonlinear (and linear)
parabolic and elliptic equations in the two-dimensional case. We showed the effectiveness of
the method for the problems with fast-changing coefficients as well as for the problems with
different types of nonlinearities. Blow-up and quenching phenomena were investigated using
the software package ALTPACK that implements the alternating-triangular method.

In the program ALTPACK we applied the procedure of ordering for Chebyshev iterative
parameters. This allowed us to minimise the influence of round-off errors and to eliminate large
intermediate values (that are dependent on the number of iterations n(e)) in the computational
procedure. For a number of non-linear problems ALTPACK shows better results than the
classical implicit methods of alternating directions [12, 18]. It is also known that for model
problems [19, 20] both methods, ATM and ADI, require the same number of iterations but on
average the ATM requires less arithmetic operations. Finally the ATM is easily implemented
for parallel and vector computation.
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Appendix

Subroutines | Calling Source | Functions/Description

ALTPACK MAIN Solution of time-dependent (or stationary)
problems for nonlinear (or linear) PDEs

ALT1 ALTPACK Preparation of initial information
for the region discretisation

ALT2 ALTPACK Preparation of initial information for the ATM;
call ALT21, ALT22

ALT3 ALTPACK Construction of the optimal ordered set of
Chebyshev iterative parameters

ALT4 ALTPACK Solution of the discrete problem by the ATM;
call ALT41, ALT42, ALT43, ALT44, ALT45

ALT5 ALTPACK Print the results for graphics post-processing

ALT21 ALT2 Computation of grid functions for the discrete problem

ALT22 ALT2 Computation of a priori information for the ATM
(call ALT221, ALT222, ALT223, ALT224

ALT41 ALT4 Formation of the discrete problem (construction of
the grid functions in the left hand side of the system)

ALT42 ALT4 Construction of the right hand side of the system
of grid equations

ALT43 ALT4 Solution of the linear system of discretised equations

ALT44 ALT4 Verification of the convergence of nonlinear iterations

ALT45 ALT4 Verification of stopping criteria

ALT221 ALT22 Preparation of the information for the sweeping
algorithm in the z;-direction

ALT222 ALT22 Preparation of the information for the sweeping
algorithm in the xo-direction

ALT223 ALT22 Computation of operator bounds required
as a priori information for the problem

ALT224 ALT22 Computation of grid functions required for the
definition of the system of discretised equations
(such functions are used in ALT41)

ALT2211 ALT221, Solution of discretised equations by the

ALT222 left sweeping algorithm
ALT2212 ALT221, Solution of the discretised equations by the
ALT222 right sweeping algorithm
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