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Abstract
This paper deals with the accuracy issues for a numerical scheme applied to coupled dynamic problems of elec-
troelasticity. The computational results are discussed with examples for thin finite-dimension piezoceramic solids poled

radially and circularly. © 2000 Elsevier Science Inc. All rights reserved.
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1. Introduction

In many applications, advanced structure design with integrated self-monitoring and control
capabilities has become increasingly important. Due to the coupling phenomenon between electric
and elastic fields, piezoelectric materials are widely used in such design as sensors, actuators, and
transducers [5,17]. As a rapidly developing area of such utilisation we mention the integral in-
corporation of mechanical actuation and sensing microstructures into electronic chips [1,4].
Micro-electr-omechanical structures and piezoelectric semiconductors have features that may not
be attained by purely electronic means. These new horizons of piezoelectric applications together
with their traditional areas of application have stimulated a greater interest in rigorous mathe-
matical approaches for the investigation of coupling phenomenon in piezoelectric materials.

This paper contributes to the subject of mathematical modelling of piezoelectric structures and
deals with dynamic rather than steady-state problems for which coupling between electric and
elastic fields may be substantial. We investigate a numerical procedure for the solution of such
problems applied to thin finite-dimensional structures. In particular, we present computational
results for thin hollow piezoceramic structures. These structures have become an important ele-
ment of design in many technical devices and have potential for future applications [7,10]. They
may also be used as a basis for further investigation of the piezoelectric effect in bones [§].
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The trend towards miniaturisation of piezoelectric sensors and actuators leads to a situation
where standard approaches based on thickness averaging (for mechanical components of elec-
troelastic fields) and the use of Kirchoff-type hypotheses may not be appropriate. Under such
circumstances the development of effective numerical methods becomes important in the inves-
tigation of both the statics and dynamics of coupled electroelastic fields [3,12-16,18-20,27]. For
those applications that require smaller size and improved resolution of devices (for example, in
biomedical imaging, nondestructive evaluation, etc.), thin structures produced from hollow
spheres or cylinders may be good candidates to satisfy size and performance requirements [7].

The paper is organized as follows.

e Mechanical and mathematical notation is introduced in Section 2.
Sections 3 and 4 provide the reader with the mathematical model and the numerical scheme
for coupled problems of dynamic electroelasticity in the two-dimensional case.

e In Sections 5 and 6 we give the rigorous mathematical justification of the numerical method.
Accuracy estimates are also derived in these sections.

e Section 7 describes the results of computational experiments conducted for finite-length pie-
zoceramic cylinders poled radially and circularly.

e Conclusions are given in Section 8.

N

. Notation

The following notations are used throughout this paper.

Mechanical notation:
u, and u, are components of the displacement vector;
fi, i =1,2 are components of the vector of mass forces;
f3 is the volume charge function;
p 1is the density of the piezoceramic material;
E, and E. are vector components of the stress of electric field;
D, and D, are vector components of electric induction;
¢y are tensor components of elastic quantities;
e;; are tensor components of electro-elastic quantities;
€ are tensor components of electric quantities;

Mathematical notation:

e (O, =GxI is the space-time region of interest with G = {(r,z) : Ry<r<R,, Zy<z<Z}
(see Fig.1) and I = {t: 0<t<T};

o ) ={(rz): Re<r<Ry,z=2}, 7,=1{(rz): Ro<r<Ry,z=2}, y3={(rz: r=R,
Zy<z<Zi},pa={(r,z) : r=R\,Zy <z < Z}, are boundaries of the spatial region G;

o y={r=Rynz=2%}, m={r=Ryz=21}, yu={r=Ri.z=21}, yu={r=Ri,z=2}
are corner points of G;

e (&, =, x®, is the discrete grid that covers the region O, with @, = D, X Op,,
d)hl = {}"[ L r :R0+ih1,i: O, 1,...,N,h1 = (R1 —Ro)/N},
d)hz = {Zjl Zj :Z() +jh2,j20,1,...,M,h2 = (Zl —Zo>/M}, and
@r:{tk : lk:k’f,’[:T/L,k:(),l,...,L};

o F=r—"nm/2,z=z—hy/2 are “flux” nodes where deformations and stresses are defined;
oy ={r,=Ry+ih,i=1,...,N—1}, oy ={ri=Ry+ih,i=1,...,N}, and o, ={r,=
Ry +ihy,i=0,...,N — 1} are auxiliary grids in the r-direction (analogously we define grids
Wpys O, @, O, €tC.);
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Fig. 1. Hollow piezoceramic cylinder (/ =R, — Ry, I/H < R;/H = a).

o if y(r,z,t) € @y, is a grid function, then y;, y,, y7, and y;. denote the first backward, forward,
central and the second central difference derivatives in the r-direction, respectively (for differ-
ence derivatives in the z-direction and temporal difference derivatives we use analogous nota-
tion);

e other notation is explained in the text when appropriate.

3. Mathematical model

In order to describe the propagation process of electroelastic waves in hollow finite piezoce-
ramic cylinders we use a coupled nonstationary system of partial differential equations which
includes:

e the equation of motion of piezoelastic continuum media in cylindrical coordinates

o’u, Jo, 00, 0,— 0y

T (3.1
o’u, Oo,, 0o, 0,

P 5e " T Ty T (3:2)

e the Maxwell equation for piezoelectrics (in the acoustic range of frequencies, it is the forced
electrostatic equation of dielectrics)
10 oD

;a(rDr) +a—;:f3a (3.3)

e and state equations for piezoceramics with radial preliminary polarisation

0, = cx3€ + c13(6p + €) — ek, 09 = C13€ + C11€9 + C2€; — €3k, (3.4)
0. = C136, + C12€g + C11€; — e3E), 0,2 = Ca4€, — €15k, (3.5)
Dr = e33€, + 613(69 + EZ) + 633Er, DZ = 26156rz + 61|EZ (36)

(the reader may consult, for example, [2,11] for similar expressions in the case of circular pre-
liminary polarisation).
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The relationship between deformations and displacements is of the Cauchy type

Ou, u, ~ Ou, 1 (0u, Ou
“T 0T ST 6”_§<az+ar> (3.7)
and the function of electrostatic potential is introduced by formulae
0p 0p
E=——, E=——. 3.8
" or’ 7 Oz (3:8)

The system (3.1)—(3.8) is considered in the space-time region O, and supplemented by the
following initial conditions:

Ou,(r,z,0)

u,(r,z,0) = u" (r,z), = uM(r, 2), (3.9)
u,(r,z,0) = uio)(r,z), W = uﬁl)(”vz)- (3.10)

The boundary conditions for this problem are defined as follows:
e mechanical boundary conditions

0,(Ri,z,t) :p,(.i)(z, 1), o.(r,Zit) = <)(r 1), (3.11)

0-(Ri,z,t) = pP(z,1), 0.(r,Z,t) = p(r,¢), i=0,1; (3.12)

e clectric boundary conditions
@(Ri,z,t) =0, D.(r,Z;,t) =0, i=0,1. (3.13)

Finally, we assume non-negativity of the potential energy of deformation

4
g Z f,? <C335% + 011(55 + 55) + 2¢13(&:80 4 &380) + 2012838, + 204454217 01 > 0. (3.14)

i=1

The results on the existence and uniqueness of generalised solutions for the model (3.1)—(3.13)
can be found in [19]. We also recall that the total inner energy described by the model (3.1)—
(3.13) is the sum & = K + W + P, where

S A () e

is the kinetic energy of the system,

W= / / r{C336 + 611(60 +€ ) + 2c13(€per + €.€,) + 2c10€.€69 + 2C44€ }dG

is the energy of elastic deformation, and

633//rEzc1G+3// rE2dG

is the energy of the electric field.
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It was shown in [22] that & satisfies the following energy balance equation:

o[ e [ 5ot
+/[0%+0 ] // [ﬁa"r a“Z]dG (3.15)

Moreover, the functional & is bounded and the solution of (3.1)-(3.13) possesses the property
given by the following theorem [22].

Z

Theorem 3.1. If the condition (3.14) is satisfied, the solution of the problem (3.1)~(3.13) is charac-
terised by the following energy bound.

tl <M{ // u£1 ugl dG+// 0336 +c11 69+6)

+ 2c13(e0 + + €)e + 2cn2e.€9 + 20446 ] \[ odG

Ry 1 ' ‘
+ /R [Z(\pﬁi’(mj)\“rIpi’)(r,tj)F) dr
0

ij=0

o [i (190 + 1 ff>‘2>] "

S| () e
| () e
—l—//Gr/lz’todG—i—/O[l //Gr(ﬁ+f;)dc;dz},

where &(t) is the total inner energy of the electro-mechanical system at time t, and . is defined by the
relationships

6/1 04
- —fg, /1(R0,Z, t) = /I(F,Z(),l) = O

Gr

4. Numerical schemes

The numerical scheme for the solution of problem (3.1)—(3.13) was derived from (3.15) using
the concept of generalised solutions [22]. The scheme has the following form:

pyie = M (v, g, 1) + F, pgi = A2(v, 8, 1) + P, A3(v, g, 1) = F3, (4.1)

where functions y, g and p are fully discrete functions that give approximations to u,(r,z,t),
u,(r,z,t) and ¢@(r,z, t), respectively. The explicit form of the operators A; and the right-hand sides
from (4.1) are given in Appendix A.
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The state equations (3.4)—(3.6) are approximated by

0, = 336 + c13(6p + &) — e3E,, Gp = C13€, + C1169 + C2E; — e3kE,, (4.2)
0. = C136 + C12€g + c11€: — e3k,, Or: = Caa€z — €15k, (4.3)
D, = e3E, + ex3€, + e3(€) + €), D. = € E. + 2es6,., (4.4)

where the expressions

1 _ o1 .
E. = E (.uf + ,LLE: 12))7 E. = 5 (:uf + ,ug 1r)>7 (45)
1 _ _ 1 _ _ .
G=5(m i), A=+ 4y, (4.6)
r
1 _ 1 _ _
e=z(e+d ™), 2m=g(n " +e+e ™) (4.7)

give approximations to the Cauchy relations (3.7) and electrostatic potential formulae (3.8).
The approximation of time derivatives in the initial conditions (3.9), (3.10) is performed with
the fictitious-time-layer technique [20,24,25]. For t = 0 we have:

T

oy = puﬁ') + 3 (Fi+ A1 (v, g, 1)), (4.9)
T

pgr = pul! +2 (B + Ma(v, g, 1)), (4.10)

The discrete analogue of the total inner energy of the electro-mechanical system is [19,22]:

B0 =p> rinha(? + &)+ 7h1h2{033<1>(€,) +en (qs(gg) + q)(@))

+ i3 {Er(ge +e&)+e(éte)— Tz(gr);((ge)f + (gz)fﬂ
+cn [Ez_e + E€) — 12(62);(@);} +2c44P(6) + e3P (E,) + e”@(EZ)}, (4.11)
where
ay) =TI Ty

Then the stability conditions for the numerical scheme (4.1)—(4.10) follow from the non-negativity
of (4.11) (see details in [23]):
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2
) h1 1+2K2/E C13 hz C12
— 1 —= h|<1-
+h%cz|:< +2R0> 1+K2 +8C44(1—|—K2)h1+8R0044(1+K2) 2 “

ﬁ6_2|:(1 +£> 1+K3/6M+ C13 @ C12h2 :|
h% 3 2R0 1+K3 8C11(1+K3)h1 8R0€11(1+K1)

2
T2 o\ 142K, /" 13 h
- 1 <1-
+h%cz[< +2R0> 1+K, +8C44(1+K2) hy

~ Jes(1+Ky)  Jeas(1 +Ks) ~fen(1 +Ks)
=\ a=/—7 a=—
p p p

are velocities of the three plane waves (quasi-longitudinal and two quasi-transverse) that, in the
general case, propagate in an anisotropic electro-elastic medium (see [2,6]), and

(4.12)

where

2 2 2
e e e
K, 33 K 15 K 13
€33C33 €11C44 €11C11

are constants of electro-mechanical coupling, € = min{1/2,¢;;/e33}, and ¢, i = 1,2 are positive
constants that do not depend on steps 7, 4, and /,.Finally, we recall (see [23] for details) that the
solution of numerical model (4.1)-(4.10) is the subject of the discrete analogue of Theorem 3.1.

Theorem 4.1. If conditions (4.12) are satisfied then the solution of the discrete model (4.1)—(4.10)
satisfies the following estimate:

(0 +0) <m0 3 a0 + (£(0)) + 3 {60 + 5 (@00,

+CU[( 2(0)) + (&(0))? +%(<< 0(0)),)’ +<<ez<o>>t>z)}

+en[&0)(@(0) + &) +3 (60) (@), + @0)),)
+ (&(0)), (€0(0) + &(0) )| + ez [(0)(0) + 3 (&) @(0), + (&(0)),(0))]

2

+2e4 [(e,.Z(O))Z + ((5,2(0)),)2] } + i max [21: () + () )]

(Dhl k=0

ki( +(p,z>)]

+ E rh, max
0,701,017

(th

> Zrm[i( ¥ +r<p,,>\)]

=t (D},l k=0
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M_

+Zrh2!

(th

(@%ﬁ+<ﬁmﬁ]}

!

+ ) (A(0) + D T rinha(fE 4+ f5) ¢, (4.13)

=~
Il

0

w =1

with the discrete energy function defined by (4.11) and the function A defined by the following re-
lationships:

J 4 I 7+ (1) (1)
(r / (2 iy (4.14)
J) — Dﬁ“’) forr=Ry, and It = DS’IZ) for z = Zy Vt € @,. (4.15)

5. Convergence of discrete approximations and accuracy of numerical schemes
The error of the scheme (4.1)—(4.10),
=y —uy, n=g—U, (=u-—o, (5.1)
can be defined as the solution of the following operator-difference scheme:

p(zl)ﬁ = Al(Zl,Zz, C) + ll’b t € oy,

p(z2); = Aa(z1,22,0) + ¥, € o, (5.2)
Az(z1,22,0) = Vs, t € O,

with the initial conditions
z=0, p(z), =V, i=1,2 when¢=0. (5.3)

The right-hand sides in (5.2), (5.3) are defined as follows:

’ —p(u.); + (L — Ay (uy, uz, @)) for t € w;, (5.4)
b Lo — (), + (1/2)(F — Ay, us, 0)) for 1=0, '
lp _p(uz)ft + (FZ - AZ(”M U, (D)) for ¢ € Wy, (5 5)
2 pul) = p(us), + (1/2) (B — Ay(ty, uz, ) for £ =0, '
vy =F — As(up,u., @) fort € o,. (5.6)

As in the one-dimensional case [20], it can be shown that if the solution of (3.1)—(3.13) belongs to
the Sobolev class (W, (Qr))” x Ly(I, W#(G)), then the approximation errors v,,i = 1,2,3 defined
by (5.4)—(5.6) can be represented in the form

Kk

V= + 51(111)12,- + 0 (h)y, i=1,2, Uy =5 + 53(h2)$3 (5.7)
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for any ¢ € @,, where

Oa Wy, UYI U'J)Za Oa Wy Uy} UV4,
51(h1) = _2/h17 '}_}37 52(}12) = _2/h27 ’)717
2/h17 ’}747 2/h27 '}727

Oa Wy U ?3 U 7745
53(h2) = _2/h27 Y15
2/h,, 72

U, =O(h]* +7) Y(r,z) €@y, |W =B +H, i=1,2, =0, (5.8)

and the functionals ;,i = 1,2, ;, j = 1,2, 3 have the second order of smallness with respect to ||
except at corner points. In the corner points we have

¥, =O(h + hy), i=1,2, ;=0 +h), j=12,3. (5.9)

Assuming that the stability conditions (4.12) are satisfied from (4.13) (Theorem 4.1) we obtain the
following accuracy estimate for our numerical method:

B +7)<MQ D rihs (02,00 + (s (r,2,0)))

Wp

+ > ik {en(@(0)) +en (@) + EO))

ot

+ e [0 (é0(0) + éz<o>)} + e1é:(0)2(0) + 2e4s(é(0))°}

** * ) * )
—i—ZrthP}lé}ﬁT( ) +Zrh20?312§1§1 ( (Y1) + (¥) )

+zf zh( o + (W >>+Zh(< )y <("”>)>

+Z Sy h2<( ) +(¢2)2>+thlh2(x(0)>2 , (5.10)

Wy

where functions €,, €, €., €. in the right-hand s_ide of (5.10) and the function & are obtained from
the corresponding functions €,, €, €, €. and & by the change of y for z;, g for z;, and ¢ for (.
Finally, the function k in (5.10) is defined by the following relationships:

K+ K+1) fK+f<+lr)K(+lr>
s = <#) +<f , (5.11)

« (+1) « (+12)
K = p for r = Ry, ) — D, for r = Z,, (5.12)

14

where B, and l*)z are obtained from D, and D. by the change of y for u,, g for u., and u for ¢.
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Hence, taking into account representations (5.7)—(5.9) the following result follows immediately
from the estimate (5.10).

Theorem 5.1. If stability conditions (4.12) are satisfied, then the solution of (4.1)—(4.10) converges
in the energy norm to the solution of the dlfferential problem (3.1)-(3.13) from the class
(W;‘(QT))2 x Ly(I, Wy (G)) with the speed O(h3/2 + h3/2 12). The accuracy estimate (5.10) holds for
any t; > 0.

6. The improvement of approximations at corner points

Compared to the one-dimensional case [20], Theorem 5.1 gives us a weaker result due to the
loss of half-order in the convergence speed. We note that the decrease in the order of spatial
approximations is caused by the approximations of the mechanical boundary conditions in corner
points. Similar difficulties arise even in the classical elasticity theory when, for example, on the one
side of a rectangular plate we are given stresses, whereas on the adjoint side we are given one
component of stress and one component of displacement.

An effective technique for the improvement of approximations at the corner points for me-
chanical boundary conditions in coupled problems of electroelasticity was proposed in [19]. It can
be shown (for example, by using the Taylor’s formula with the remainder in the integral form)
that for the solution (u,,u,, @) from (W;‘(QT))2 x Ly(I, Wy(G)) we have

hzaar+h116
h] aZ h2 6
_h_lla( ) h, Oa,
h2r6r hl Oz

(ro,2) JrO(|h| + %), when (r,z) € 73U 7y,

‘f’O(‘h‘ +7%), when (r,2) € y;3 Uy,

h] 10 hz Garz
, h_z;ar( )—i—h— % +O(|h\ + 1%), when (r,z) € 73 U yy, 62)
) mos. 10 '

e T h o ra.) + O(Jh* + 1), when (r,z) € 7253 U7y

F, wp Uy Uy Uy Uy,
fl—hz—lpﬁo) ;5?)—2—?62—?—%%50199), Tiss
Fo— ﬁ+}%p§}>—}%pﬁo) Z—;%g(f’pﬁﬁ)) Z—fag—? oS (63)
Sl Tt LD oy oD
fi +h%p53) +h%pf.” - Z—; % %(rpif)) - % ag—g), Y
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B, o Uy Upy Ups Uy,
2 2 1o hy, opl¥
N (0 A () I - AN () N R 2/
f2 h2 z hlpzt ]’lz r al" (l"pz ) hl 62 ) ylSu
2 2 10 hy, opl¥
L2 o M9y 12 9P
szc — fé + thz hlpzt h2 » ar (I”pz ) hl 62 9 y23a (64)
2 2 1o hy, opV
Lo A MmO o)y 12 OPa \
ﬁ thz + hlpzt + h2 r ar (sz ) + hl 62 9 /147
2 2 h 10 hy oplV
w2 m_ Mmooy 2%
f2 + thz + hlpzt hz ” ar (rpz ) hl GZ ) V24,5
and consider a new numerical scheme
pya = Ai(y, g, 1) + FY, pgi = A2(y, g, 1) + Fy, As(y, g, 1) = F3, (6.5)
with Ff, Fy defined by (6.3), (6.4), and the following initial conditions:
pye = pul) + (¢/2)(Ff + (v, g, 1),  pg = pul) + (1/2)(F5 + A1 (v, 8, 1)) (6.6)

Approximations of state equations, Cauchy relations and those initial conditions not involving
derivatives have the forms (4.2)—(4.8).

The error approximation of the numerical scheme (6.5), (6.6), (4.2)—(4.8) can be represented in
the form analogous to (5.7), namely

Kok

Wi =05+ S ()Y + Sa(m)Y, i=1,2. (6.7)
However, in the Ilatter case if the solution of (3.1)-(3.13) belongs to the class

Kk *k

(WZ“(QT))2 x Ly(I, Wy}(G)) all functionals lﬂf, Y, Y have the second order of smallness with re-
spect to |A].
As a result we have proved the following theorem:

Theorem 6.1. The solution of the numerical scheme (6.5), (6.6), (4.2)—(4.8) converges to the solution

of the differential problem (3.1)—~(3.13) from the class (W;‘(QT))2 x Ly(I, W}(G)) in the energy norm
with the second order accuracy with respect to space—time discretisation subject to the stability
conditions (4.12). The accuracy estimate analogous to (5.10) holds for any t, > 0 with the change of

koK B

functionals nﬁ,., v, ¥ (= 1,2) for lﬂf, Wi, s, respectively.

7. Computational experiments

In this section we consider results for modelling piezoceramic solids under nonstationary
conditions. As in [20], the main emphasis is the dynamics of radial displacements on the external
surface of cylinders.

Egs. (3.1), (3.2) are scaled to the following form:

o*u, Oa, n 00, n 0, — 09 n
S YO,

or? or Oz r b
0*u. 0o, N Rl L O ny

a2 or e T

where « is the parameter that characterises the ratio of the cylinder thickness to its length (see
Fig. 1).
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The Maxwell equation (3.3) is transformed to the form

€31 0 [ Op e
0 _r —_T_F
<r6r>+622 :

€ r or
with
110
F = _£_|_— — —[7‘(6336 + 613(59 + 62))]'
€11 € r 6}”

In all computations we assume that solids are made from PZT-piezoceramic materials for which
scaled piezoelectric characteristics are as follows:

en=1, c¢pp=0559712, c;;=0.534532, c3; = 0.827338, cy = 0.220144,
€13 = —018605, €33 = 054027, €15 = 0454383, €11 = 087, €33 = 1.

Mechanical boundary conditions follow from the assumption of zero stress on the interior and
exterior surfaces. Initially, piezoceramic is assumed to be unexcited. The given potential difference
(27 =1) is maintained between interior and exterior surfaces of the cylinders
P = :|:057 }":R(),Rl and a—Q):%ErZ, Z:ZO,ZI.
62 €11

Computation has been conducted using the improved scheme (6.5),(6.6), (4.2)—(4.8). For the
solution of the Maxwell equation we use the package ALTPACK which implements the alter-
nating-triangular method [24,25].

Results obtained with the two-dimensional model for cylinders with small values of a (typically
for a = 0.001) practically coincide with the results obtained earlier for infinite-length cylinders
with the one-dimensional model [20]. Therefore, in such situations the use of two-dimensional
models is unnecessary and it is reasonable to confine themselves to the one-dimensional model.

For finite-length cylinders the situation is different. The analysis of radial displacements in time
on the external surface shows that with the decrease in cylinder thickness the amplitude of os-
cillations increases for both types of cylinders [21], poled radially and circularly (see Fig. 2).
However, the increase in amplitude for cylinders poled radially takes place much quicker. For
small-thickness cylinders the amplitude of oscillations attains considerable values, many times

Radial polarisation (R0=0.9)
T T T

|
Moo N

|
]
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Fig. 2. Time dependency of radial displacements on the external surface of the piezoceramic cylinder (/ = 0.1, a = 1).
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greater than for cylinders poled circularly. This fact is a consequence of the strong coupling of
elastic and electric fields in the case of radial polarisation compared to a weak coupling for
cylinders poled circularly. Therefore, in general, for modelling finite-length piezoceramic cylinders
it is essential to use two-dimensional models for cylinders poled both radially and circularly. We
also note that compared to circular-poled cylinders, the error obtained with the one-dimensional
model for cylinders poled radially could be considerably greater. Figs. 3 and 4 show the evolution
of the radial displacements for finite-length cylinders with radial preliminary polarisation. In
Figs. 5 and 6 we present the same characteristics for cylinders poled circularly.

In the design of various technical devices based on hollow piezoceramic cylinders, radiating
properties of the external surface may essentially influence the overall device performance. If the
radiation from the external surface of thin hollow piezoceramic cylinders has to be increased then
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such cylinders have to be poled radially. In contrast, for thick hollow piezoceramic cylinders
circular preliminary polarisation will lead to an increase in the degree of radiation from the ex-

ternal surface.

8. Conclusions and future directions

The question of accuracy is one of the most important issues in the theory and practice of
approximate methods. In this paper we proved the accuracy theorems for an effective numerical
method designed for the solution of a quite general class of coupled problems in dynamic theory
of electroelasticity. Using numerical examples we demonstrated that taking into account the
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coupling of elastic and electric fields, as well as anisotropy of physical properties of piezoelectric
materials may essentially influence the quality of description of wave phenomena in piezoelectric
solids.

An important direction in the future development of effective numerical procedures in coupled
electroelasticity is connected with a wider application of piezocomposite materials. With piezo-
electric material alone it is often difficult to simultaneously satisfy such requirements as broad
operation frequency bandwidth, media adjustable acoustic impedance, and a high electro-me-
chanical coupling [9]. In such situations the use of piezoceramic-polymer composites may be
advantageous. In some cases models in this field should incorporate such important effects as
nonlocal memory effects, aging, interaction of coupled electroelastic fields with magnetic and
thermal fields. This requires taking into account dissipations that may have different origins. The
technique based on the Bloch expansion (see [26] and references therein) may prove to be useful in
such situations.
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Appendix A

The difference operators A; and right-hand sides F;,i =1,2,3 in (5.2)-(5.5), (6.3)(6.6) are
defined as follows:
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