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In Memoriam: This paper is dedicated to the memory of our colleague and friend, Professor
Janis Rimshans, who recently passed away. He was a wonderful person and a great scientist who

is missed by many of us who had an honor and privilege to work with him.

Corrections to scaling in the 3D Ising model are studied based on nonperturbative analytical

arguments and Monte Carlo (MC) simulation data for di®erent lattice sizes L. Analytical

arguments show the existence of corrections with the exponent ð� � 1Þ=� � 0:38, the leading

correction-to-scaling exponent being ! � ð� � 1Þ=�. A numerical estimation of ! from the
susceptibility data within 40 � L � 2560 yields ! ¼ 0:21ð29Þ, in agreement with this statement.

We reconsider the MC estimation of ! from smaller lattice sizes, L � 384, using di®erent ¯nite-

size scaling methods, and show that these sizes are still too small, since no convergence to the

same result is observed. In particular, estimates ranging from ! ¼ 0:866ð21Þ to ! ¼ 1:247ð73Þ
are obtained, using MC data for thermodynamic average quantities, as well as for partition

function zeros. However, a trend toward smaller ! values is observed in one of these cases in a

re¯ned estimation from extended data up to L ¼ 1536. We discuss the in°uence of ! on the
estimation of critical exponents � and �.
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1. Introduction

The critical exponents of the three-dimensional (3D) Ising universality class have

been a subject of extensive analytical as well as Monte Carlo (MC) studies during

many years. The results of the standard perturbative renormalization group (RG)

methods are well known.1–5 An alternative analytical approach has been proposed in

Ref. 6 and further analyzed in Ref. 7, where this approach is called the Grouping of

Feynman Diagrams (GFD) theory. A review of MC work till 2001 is provided in

Ref. 8. More recent papers are Refs. 9–13.

In this paper, we will focus on the exponent !, which describes the leading cor-

rections to scaling. A particular interest in this subject is caused by recent chal-

lenging nonperturbative results reported in Ref. 14, showing that ! � ð� � 1Þ=�
holds in the ’4 model based on a rigorous proof of certain theorem. The scalar 3D ’4

model belongs to the 3D Ising universality class with ð� � 1Þ=� � 0:38. Therefore, !

is expected to be essentially smaller than the values of about 0:8 predicted by

standard perturbative methods and currently available MC estimations. The results

in Ref. 14 are fully consistent with the predictions of the alternative theoretical

approach of Ref. 6, from which ! ¼ 1=8 is expected. We have performed a MC

analysis of the standard 3D Ising model, using our data for very large lattice sizes L

up to L ¼ 2560, to clarify whether !, extracted from such data, can be consistent

with the results of Refs. 6 and 14. Since our analysis supports this possibility, we have

further addressed a related question on how a decrease in ! in°uences the MC

estimation of critical exponents � and �. We have also tested di®erent ¯nite-size

scaling methods of estimating ! from smaller lattice sizes to check whether such

methods always give ! consistent with 0:832ð6Þ, as one can expect from Ref. 9.

Models with the so-called improved Hamiltonians are often considered instead of

the standard Isingmodel for a better estimation of the critical exponents.9,10 The basic

idea of this approach is to ¯nd such Hamiltonian parameters, for which the leading

correction to scaling vanishes. However, this correction term has to be large enough

and well detectable for the estimation of !. So, this idea is not very useful in our case.

Our results, along with the recent studies of nonperturbative e®ects by other

authors15 emphasize the importance of the nonperturbative approaches in study of

critical phenomena.

2. Analytical Arguments

We consider the continuous ’4 model in the thermodynamic limit of diverging vol-

ume V ! 1 with the Hamiltonian H given by

H
kBT

¼
Z

r0’
2ðxÞ þ cðr’ðxÞÞ2 þ u’4ðxÞ� �

dx; ð1Þ

where the order parameter ’ðxÞ is an n-component vector with components ’iðxÞ,
depending on the coordinate x, T is the temperature, and kB is the Boltzmann

constant.
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As in Ref. 14, we assume that there exists the upper cut-o® parameter � for the

Fourier components of the order-parameter ¯eld ’iðxÞ, whereas the temperature-

dependence of the Hamiltonian parameters in vicinity of the critical temperature Tc

is given by a linear relation

r0 ¼ r0c þ aðT � TcÞ; ð2Þ
where r0c is the critical value of r0 and a is a constant. The parameters c and u are

assumed to be T -independent, and we consider only the case T > Tc (or r0 > r0c).

The leading singular part of speci¯c heat C sing
V of this model can be expressed as14

C sing
V / �1=�

Z
k<�

½GðkÞ �G�ðkÞ�dk
� �sing

; ð3Þ

assuming the power-law singularity � � t�� of the correlation length � at small re-

duced temperature t ! 0. Here, GðkÞ is the Fourier-transformed two-point corre-

lation function, and G�ðkÞ is its value at the critical point.

Nonperturbative analytical calculations have been performed in Ref. 14 to eval-

uate the k-space integral (3) based on certain scaling assumptions. Namely, the

leading singularity of speci¯c heat has the form of C sing
V / ðln �Þ���=� and the two-

point correlation function has the asymptotic form of GðkÞ ¼ P
‘�0�

ð���‘Þ=�g‘ðk�Þ,
G�ðkÞ ¼ P

‘�0b‘k
ð��þ�‘Þ=�. In these expressions, �, � and � are the critical exponents

of speci¯c heat, susceptibility and correlation length, respectively. In addition, the

leading term has exponent �0 ¼ 0, whereas the subleading terms with ‘ � 1 have

correction-to-scaling exponents �‘ > 0. These expressions are consistent with the

conventional scaling hypothesis, g‘ðk�Þ being the scaling functions. The exponent � is

responsible for possible logarithmic correction in speci¯c heat, whereas the usual

power-law singularity is recovered at � ¼ 0.

In addition to these scaling arguments, an extra assumption has been used in

Ref. 14 that the contribution of small-k region k < �0 is relevant at lim�0!0lim�!1. It

has been veri¯ed by an MC simulation test in the lattice ’4 model.14

The results of analytical calculations have been formulated as a theorem in

Ref. 14, the mentioned here scaling assumptions (along with certain natural

assumptions concerning the exponents and scaling functions) being formulated as

conditions of the theorem. The precise formulation of the theorem is given on

p. 1650108-5 of Ref. 14. Basically, this theorem implies that the two-point correlation

function contains a correction-to-scaling exponent �‘ ¼ � þ 1� �� d�, if this ex-

pression is positive. Taking into account the well-known hyperscaling hypothesis

�þ d� ¼ 2, we thus have �‘ ¼ � � 1 if � > 1. According to the ¯nite-size scaling

theory, it implies the existence of correction-to-scaling exponent !‘ ¼ ð� � 1Þ=� in

the ¯nite-size scaling. Moreover, !‘ is not necessarily the leading correction-to-

scaling exponent. Therefore, ! � ð� � 1Þ=� holds for the leading correction-to-scal-

ing exponent !. Thus we have !‘ ¼ 3=4 and ! � 3=4 in the two-dimensional (2D) ’4

model, where � ¼ 7=4 holds, as in the 2D Ising model.

As discussed in Ref. 14, nontrivial corrections tend to be canceled out in the 2D

Ising model, in such a way that only trivial ones with integer �‘ are usually observed.
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However, there is no reason to assume such a scenario in the 3D case. The theorem of

Ref. 14 refers to the 2D, as well as 3D ’4 models. Therefore, the existence of cor-

rections with the exponent ð� � 1Þ=� is expected in the 3D Ising model, since it

belongs to the same universality class as the 3D ’4 model. Because this correction is

not necessarily the leading one, the prediction is ! � !max, where !max ¼ ð� � 1Þ=� is

the upper bond for the leading correction-to-scaling exponent !. Using the widely

accepted estimates � � 1:24 and � � 0:63 (Ref. 3) for the 3D Ising model, we obtain

!max � 0:38. The prediction of the GFD theory6 is � ¼ 5=4, � ¼ 2=3 and, therefore,

!max ¼ 0:375. Thus, we can state that in any case !max is about 0:38. The value of !

is expected to be 1=8 according to the GFD theory considered in Refs. 6 and 7.

One of the basic aims of our MC analysis in this paper is to test these challenging

predictions.

3. Monte Carlo Simulation Results

3.1. Simulations at various pseudo-critical couplings

3.1.1. The general method

We have simulated the 3D Ising model on simple cubic lattice with periodic

boundary conditions. The Hamiltonian H of the model is given by

H=T ¼ ��
X
hiji

	i	j; ð4Þ

where T is the temperature measured in energy units, � is the coupling constant and

hiji denotes the pairs of neighboring spins 	i ¼ �1. The MC simulations have been

performed with the Wol® single cluster algorithm,16 using its parallel implementa-

tion described in Ref. 17. An iterative method has been used in Ref. 17 to ¯nd

pseudo-critical couplings ~�cðLÞ corresponding to certain value U ¼ 1:6 of the ratio

U ¼ hm4i=hm2i2, where m is the magnetization per spin. Following this method, we

have performed simulations at various pseudo-critical couplings to test several

methods of estimation of the correction-to-scaling exponent !. In particular, well-

known methods9,18 are based on the analysis of U and U6 ¼ hm6i=hm2i3 (and several

similar dimensionless ratios of magnetization moments) at such couplings, where

these quantities scale as AþBL�! at L ! 1.

Our iterative method12,17 includes the calculation of derivatives to ¯nd a given

pseudo-critical coupling and various average quantities at this coupling by using the

Taylor series expansion in its vicinity. In particular, the derivative @A=@� of an

arbitrary quantity A is calculated from

@

@�
hAi ¼ N ½hAih"i � hA"i�; ð5Þ

where " ¼ �N�1
P

hiji	i	j is the mean energy per spin, N ¼ L3 being the total

number of spins. Similarly, derivatives of higher orders are also calculated in terms of

statistical averages, according to the Boltzmann statistics.
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3.1.2. The case of U ¼ 1:6

As in our earlier paper,12 we have used the pseudo-critical coupling ~�cðLÞ, corre-
sponding to U ¼ 1:6, to evaluate the susceptibility 
 ¼ L3hm2i and the derivative

@Q=@� at � ¼ ~�cðLÞ, where Q ¼ 1=U . The results for 16 � L � 1536 have already

been reported in Table 1 of Ref. 12. We have extended the simulations to lattice sizes

L ¼ 1728, L ¼ 2048 and L ¼ 2560, using approximately the same number of MC

sweeps (spin °ips perN) as for L ¼ 1536 in Ref. 12. Thus, Table 1 of Ref. 12 can now

be completed with the new results presented in Table 1 here.

3.1.3. The case of speci¯c heat maximum

One of the possibilities is to choose the pseudo-critical coupling �̂cðLÞ, corresponding
to the maximum of speci¯c heat CV . We have determined the corresponding values of

U from our earlier simulation results, discussed in Ref. 13. The data for L � 384 are

given in Table 2.

Table 1. The values of ~� c, as well as 
=L2, and
10�3@Q=@� at � ¼ ~� c depending on L.

L ~� c 
=L2 10�3@Q=@�

2560 0.2216546217(52) 1.1669(28) 213.4(1.6)

2048 0.2216546252(66) 1.1741(27) 151.1(1.1)
1728 0.2216546269(94) 1.1882(20) 116.98(87)

Table 2. The pseudo-critical cou-
plings �̂ c and the values of U at � ¼ �̂ c

depending on the linear system size L.

L �̂ c U

384 0.22167526(52) 1.1884(62)
320 0.22168192(69) 1.1901(63)

256 0.22169312(76) 1.1937(50)

192 0.2217149(10) 1.1940(42)
160 0.2217347(14) 1.1951(44)

128 0.2217742(16) 1.1831(32)

96 0.2218366(24) 1.1917(33)

80 0.2219002(32) 1.1885(32)
64 0.2220057(42) 1.1888(30)

48 0.2221987(58) 1.1930(27)

40 0.2223761(76) 1.1933(26)

32 0.222659(10) 1.1983(26)
24 0.223195(12) 1.2035(19)

20 0.223686(13) 1.2051(16)

16 0.224443(15) 1.2121(13)
12 0.225813(16) 1.22147(93)

10 0.226903(18) 1.23159(86)

8 0.228567(20) 1.24474(64)
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3.1.4. The case of Za=Zp ¼ 0:5425

We have applied our iterative method also in MC simulations with pseudo-critical

coupling ��cðLÞ, corresponding to Za=Zp ¼ 0:5425, as in Refs. 18 and 19. Here Za and

Zp are partition functions for the model with antiperiodic and periodic boundary

conditions, respectively. The scaling form of U and U6 is not in°uenced by the precise

value of Za=Zp, but Za=Zp ¼ 0:5425 is a known18 approximation for the universal

critical value of Za=Zp at � ¼ �c and L ! 1. The simulations have been performed

by the boundary °ip algorithm, discussed in Refs. 19 and 20. In this algorithm, the

spin system is °ipped between the states with periodic and antiperiodic boundary

conditions with certain probabilities. If the corresponding cluster algorithm (see

Ref. 19) is implemented in such a way that there is always just one seed spin per

cluster in the boundary °ip step, then Za=Zp ¼ p is equal to the probability p that

the °ip from periodic to antiperiodic state is accepted. It can be determined from

simulations with periodic boundary conditions without real °ipping to the anti-

periodic state.19 We have followed this method in our simulations, determining p as

p ¼ hsi, where s ¼ 1, if the °ip is accepted, and s ¼ 0 otherwise. The derivative

@p=@�, required for the iterative ¯nding of ��cðLÞ, is calculated from (5).

In our simulations, MC measurements have been performed after each L=8

(rounding up for L ¼ 6 and L ¼ 12) Wol® clusters. It corresponds to � 0:16 MC

sweeps between successive measurements. The acceptance test of the boundary °ip

has been performed after each ¯ve measurements. One iteration included 125 000

measurements for L � 128 and ð128=LÞ 	 125 000 measurements for L < 128. To-

tally, 120 iterations have been used in MC estimations for every size L, discarding the

¯rst four iterations from each simulation run. Thus, the total number of MC sweeps

N sw, used in the estimations at a given L, is about 2:4	 106 for L � 128 and even

larger for L < 128.

As compared to the simulations in Ref. 17, the total number of Wol® clusters (for

not discarded iterations) is increased by factor of 2 for L � 128 and by factor of 4:14

for L ¼ 384 to obtain more accurate results. Correspondingly, N sw is increased by

almost the same factors. The simulation results for ��cðLÞ and the corresponding

values of U and U6 within 8 � L � 384 are given in Table 3.

Two di®erent pseudo-random number generators, discussed and tested in Ref. 12,

have been used in these and other MC simulations of this paper to verify that the

results agree within error bars of about one or, sometimes, two standard deviations.

3.1.5. The case of �2nd=L ¼ 0:6431

We have performed MC simulations also for pseudo-critical coupling ��cðLÞ, corre-
sponding to �2nd=L ¼ 0:6431, as in Ref. 9, where 0.6431 is an approximate critical

value of this ratio. Here, �2nd is the second moment correlation lengthffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi½ð
=Gð2�=LÞÞ � 1�=½4 sin2ð�=LÞ�p
, in accordance with Refs. 8 and 14, GðkÞ being

the Fourier-transformed two-point correlation function in the h100i direction. As in

the case of Za=Zp, the precise value of �2nd=L is not important in our scaling analysis.
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The MC measurements have been performed after each L=2 Wol® clusters. The

number of iterations, discarded iterations and MC sweeps in these simulations is

similar to those for Za=Zp ¼ 0:5425, except only for the two largest sizes. In par-

ticular, N sw is decreased by factor of � 1:6 for L ¼ 1280 and by factor of � 2:4 for

L ¼ 1536 as compared to the almost constant value of N sw (around 2:35	 106)

within 128 � L � 1024. The simulation results for ��cðLÞ and the corresponding

values of U and U6 within 8 � L � 1536 are given in Table 4.

Table 3. The pseudo-critical couplings ��c and the

values of U and U6 at � ¼ ��c depending on the linear

system size L.

L ��c U U6

384 0.221654638(11) 1.60039(76) 3.0897(23)

256 0.221654653(19) 1.59990(72) 3.0874(22)

192 0.221654721(36) 1.59980(65) 3.0867(22)

128 0.221654685(65) 1.59826(65) 3.0791(22)
96 0.221655153(94) 1.59577(55) 3.0697(20)

64 0.22165574(15) 1.59404(47) 3.0606(16)

48 0.22165703(20) 1.59102(42) 3.0457(16)

32 0.22166087(33) 1.58658(27) 3.0247(13)
24 0.22166661(43) 1.58139(24) 3.0006(13)

16 0.22168605(61) 1.57174(18) 2.9553(10)

12 0.22171844(76) 1.56297(14) 2.91393(95)
8 0.2218185(15) 1.54523(12) 2.83035(85)

Table 4. The pseudo-critical couplings �� c and the values

of U and U6 at � ¼ �� c depending on the linear system size L.

L �� c U U6

1536 0.2216546251(47) 1.60270(93) 3.1009(41)

1280 0.2216546194(51) 1.60165(71) 3.0966(31)
1024 0.2216546177(63) 1.60223(54) 3.0989(23)

864 0.2216546253(81) 1.60179(55) 3.0980(24)

768 0.2216546096(87) 1.60272(52) 3.1013(23)

640 0.221654632(11) 1.60312(57) 3.1023(25)
512 0.221654616(15) 1.59984(56) 3.0890(25)

432 0.221654621(20) 1.60067(56) 3.0922(25)

384 0.221654607(22) 1.60058(61) 3.0918(27)

320 0.221654699(30) 1.60216(49) 3.0980(21)
256 0.221654685(44) 1.60004(50) 3.0891(22)

216 0.221654598(58) 1.59868(52) 3.0828(23)

192 0.221654746(74) 1.59922(52) 3.0850(23)
160 0.221654927(97) 1.59885(51) 3.0835(22)

128 0.22165469(13) 1.59772(57) 3.0780(25)

108 0.22165476(15) 1.59727(45) 3.0778(27)

96 0.22165490(18) 1.59557(44) 3.0681(19)
80 0.22165539(22) 1.59550(36) 3.0672(16)
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3.2. Partition function zeros

Searching for a di®erent method, we have evaluated the Fisher zeros of partition

function from MC simulations by the Wol® single cluster algorithm, following the

method described in Ref. 11. The results for 4 � L � 72 have been reported in

Ref. 11. We have performed high statistics simulations with MC measurements after

each maxf2;L=4g Wol® clusters, omitting 106 measurements from the beginning of

each simulation run, and totally 5	 108 measurements used in the analysis for each

L within 4 � L � 128. The latter number has been reduced to 3	 108, 2	 108 and

1:4	 108 for L ¼ 192, L ¼ 256 and L ¼ 384, respectively. Considering � ¼ � þ i� as

a complex number, the results for the ¯rst Fisher zero Reuð1Þ þ i Im uð1Þ in terms

of u ¼ expð�4�Þ are reported in Table 5. Our values are obtained, evaluating

Table 4. (Continued )

L �� c U U6

64 0.22165530(26) 1.59380(32) 3.0593(14)
54 0.22165642(25) 1.59211(27) 3.0513(12)

48 0.22165642(34) 1.59104(25) 3.0462(11)

40 0.22165743(41) 1.58936(26) 3.0381(11)

32 0.22166131(53) 1.58643(23) 3.02425(94)
27 0.22166437(60) 1.58377(23) 3.01220(93)

24 0.22166676(66) 1.58148(20) 3.00122(83)

20 0.22167152(83) 1.57787(20) 2.98419(84)
16 0.2216823(12) 1.57252(16) 2.95893(65)

12 0.2217109(14) 1.56377(13) 2.91737(54)

10 0.2217418(16) 1.55678(11) 2.88449(46)

8 0.2218008(22) 1.546454(96) 2.83564(39)

Table 5. The real and imaginary parts of the ¯rst Fisher zeros for u ¼ expð�4�Þ (columns 4–5)

versus lattice size L, evaluated from simulations at � ¼ �sim � Re�ð1Þ (columns 2–3).

L �sim Re�ð1Þ Reuð1Þ Imuð1Þ

4 0.2327517 0.2327392(37) 0.3842870(59) �0.0877415(55)

6 0.228982187 0.2289856(28) 0.3975550(44) �0.0454038(44)

8 0.22674832 0.2267531(27) 0.4027150(44) �0.0285905(42)
12 0.224558048 0.2245557(17) 0.4070191(28) �0.0149314(25)

16 0.223560276 0.2235605(12) 0.4088085(19) �0.0094349(17)

24 0.22268819 0.22268780(72) 0.4103176(12) �0.0049422(11)

32 0.222317896 0.22231846(49) 0.41094218(81) �0.00312478(84)
48 0.22200815 0.22200835(26) 0.41146087(43) �0.00163982(49)

64 0.221880569 0.22188039(17) 0.41167349(29) �0.00103825(37)

96 0.2217737 0.22177375(12) 0.41185008(21) �0.00054521(19)

128 0.22173025 0.221730228(83) 0.41192200(14) �0.00034552(14)
192 0.2216945 0.221694544(66) 0.41198091(11) �0.00018140(11)

256 0.2216798 0.221679925(47) 0.412005022(77) �0.000114660(82)

384 0.221668 0.221667926(38) 0.412024810(63) �0.000060289(64)
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R ¼ hcosð�EÞi� þ ihsinð�EÞi� (where E is energy) by the histogram reweighting

method and minimizing jRj (see Ref. 11). Reliable results are ensured by the fact

that, for each L, the simulation is performed at the coupling �sim which is close to

Re �ð1Þ ��� see Table 5. We have reached it by using the results of Ref. 11 and ¯nite-

size extrapolations. We have also estimated the second zeros for L ¼ 4; 32; 64 from

di®erent simulation runs ��� see Table 6.

Our results in Tables 5 and 6 are reasonably consistent with those of Ref. 11, but

are more accurate and include larger lattice sizes. Like in Ref. 11, the results for the

second zeros are much less accurate than those for the ¯rst zeros.

4. Monte Carlo Analysis

4.1. Estimation of the critical coupling

Our results for ~�cðLÞ allow a very accurate estimation of the critical coupling �c. The

estimation from the data within L � 1536 has been already considered in Ref. 12. In

that paper, we have found it reasonable to discard the smallest sizes L < 64 and ¯t

the data to the ansatz

~�cðLÞ ¼ �c þ a0L
� 1

� þ a1L
� 1

� �!; ð6Þ
with ¯xed exponents � and !. Here, we have performed a re¯ned estimation, in-

cluding the new values of ~�cðLÞ up to L ¼ 2560 in Table 1. Using the widely accepted

exponents � ¼ 0:63 and ! ¼ 0:832, stated in Ref. 9, the ¯t within L 2 ½64; 2560� gives
�c ¼ 0:2216546208ð42Þ. The 
2 per degree of freedom of this ¯t is 
2=d:o:f: ¼ 0:92.

There is some uncertainty concerning the values of � and !. Fortunately, the ¯t

results are rather robust. In particular, using the exponents � ¼ 2=3 and ! ¼ 1=8,

considered in Refs. 6 and 7, we obtain �c ¼ 0:2216546012ð66Þ with 
2=d:o:f: ¼ 0:89.

This estimate well compares with the most accurate values of �c provided by other

authors, i.e. �c ¼ 0:22165455ð5Þ (Ref. 21) and �c ¼ 0:22165457ð3Þ.22

4.2. Estimation of ! from MC data for very large lattice sizes L �2560

The exponent ! describes corrections to the asymptotic ¯nite-size scaling. In par-

ticular, for the susceptibility at � ¼ ~�cðLÞ we have


 / L2��ð1þ aL�! þ oðL�!ÞÞ: ð7Þ

Table 6. The real and imaginary parts of the second Fisher zeros for

u ¼ expð�4�Þ (columns 4–5) versus lattice size L, evaluated from

simulations at � ¼ �sim � Re�ð2Þ (columns 2–3).

L �sim Re�ð2Þ Reuð2Þ Imuð2Þ

4 0.2464072 0.246484(18) 0.344470(27) �0.143307(23)
32 0.22313686 0.223169(15) 0.409529(25) �0.004891(25)

64 0.222166355 0.2221781(85) 0.411182(14) �0.001616(13)
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We de¯ne the e®ective exponent �effðLÞ as the mean slope of the �lnð
=L2Þ versus
lnL plot, evaluated by ¯tting the data within ½L=2; 2L�. It behaves asymptotically as

�effðLÞ ¼ � þOðL�!Þ. It has been mentioned in Ref. 12 that ! might be as small as

1=8, since the plot of the e®ective exponent �eff versus L
�1=8 looks rather linear for

large lattice sizes (see Fig. 6 in Ref. 12). This observation is con¯rmed also by the

extended data here. The best linearity of �effðLÞ versus L�! plot within L 2 ½96; 1280�
(extracted from the susceptibility data within L 2 ½48; 2560�) is observed at

! ¼ 0:16ð36Þ. This plot looks, indeed, much more linear at ! ¼ 0:16 than at

! ¼ 0:8303, as it can be seen from Fig. 1. The latter value comes from the estimate

! ¼ 0:8303ð18Þ, obtained by the conformal bootstrap method in Ref. 23, which

agrees with the MC value 0:832ð6Þ of Ref. 9, but is claimed to be more accurate.

Other MC values, usually reported in literature, are between 0:82 and 0:87 (see

Refs. 8 and 9). The perturbative RG estimates are somewhat smaller, e.g. ! ¼
0:799� 0:011 (Ref. 3) and ! ¼ 0:782ð5Þ.24 The critical exponent � ¼ 0:03631ð3Þ,
estimated in Ref. 23, is also indicated in Fig. 1 for comparison. The MC value of

Ref. 9, � ¼ 0:03627ð10Þ, is very similar.

Although the conformal bootstrap method23,25 gives apparently very accurate

values of the critical exponents, it is based on a set of hypotheses, which are not

rigorously and nonperturbatively proven. Therefore, we rely on MC simulations for

large enough lattice sizes as the basic nonperturbative method of testing. The

agreement between the predictions of the conformal bootstrap method23 and the MC

estimations of Ref. 9 is indeed convincing. However, our simulations for much larger

lattice sizes (L � 2560 here versus L � 360 in Ref. 9), as well as our nonperturbative

analytical arguments (theorem),14 do not show such a perfect agreement.

An estimate of ! can be obtained by ¯tting the �effðLÞ data to the ansatz

�effðLÞ ¼ � þ BL�!: ð8Þ
We have used also a more direct method, which gives similar, but slightly more

accurate results. We consider the ratio �bðLÞ ¼ b�4
ðbLÞ=
ðL=bÞ at � ¼ ~�cðLÞ,

0 0.1 0.2 0.3 0.4 0.5

L
-0.16

0.025

0.03

0.035
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η ef
f

0 0.01 0.02
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0.025
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0.035
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f

Fig. 1. The e®ective exponent �effðLÞ depending on L�0:16 (left) and L�0:8303 (right), evaluated from MC

data at � ¼ ~� cðL0Þ with L0 � 2560. The dashed straight lines represent the linear ¯t (left) and a guide to

eye (right). One of the known estimates � ¼ 0:03631ð3Þ (Ref. 23) is indicated by dotted lines.
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where b is a constant. According to (7), �bðLÞ behaves as
�bðLÞ ¼ AþBL�! ð9Þ

at L ! 1, where A ¼ b�2� and B ¼ ab�2�ðb�! � b!Þ. The correction amplitude B is

larger for a larger b value, whereas a smaller b value allows us to obtain more data

points for �bðLÞ. The actual choice b ¼ 2 is found to be optimal for our data.

We have ¯t the e®ective exponent �effðLÞ to (8) and the quantity �2ðLÞ to (9)

within L 2 ½Lmin; 1280� (estimated from the 
=L2 data within L 2 ½Lmin=2; 2560�) to
evaluate the correction-to-scaling exponent !. The results are collected in Tables 7

and 8, respectively. The estimated ! values are essentially decreased for Lmin � 80 as

compared to smaller Lmin values. Moreover, the quality of ¯ts is remarkably im-

proved in this case, i.e. the values of 
2=d:o:f: become smaller.

The value ! ¼ 0:16ð36Þ at Lmin ¼ 96 in Table 7 is used in Fig. 1. It is not fully

consistent with the usually accepted values of about 0:83. However, it is consistent

with the relation ! � !max � 0:38 stated at the end of Sec. 2, following from the

theorem in Ref. 14. Similarly, the values 0:21ð29Þ at Lmin ¼ 80 and 0:04ð33Þ at

Lmin ¼ 96 in Table 8 do not fully agree with ! � 0:83, but are consistent with

! � !max � 0:38. In fact, these estimates closely agree with the already mentioned

value of ! ¼ 1=8, expected from the alternative theoretical treatment (GFD theory)

of Ref. 6. In particular, the �2ðLÞ versus L�1=8 plot is almost linear for large enough

L, as shown in Fig. 2. Thus, ! could be as small as 1=8.

Table 7. The correction-to-scaling exponent !

extracted from ¯ts to (8) within L 2 ½Lmin; 1280�,
using the MC data for 
ðL0Þ within L0 2 ½24; 2560�.

Lmin ! 
2=d:o:f:

48 1.11(15) 1.34

54 1.04(19) 1.35
64 0.74(25) 0.89

80 0.39(32) 0.45

96 0.16(36) 0.21

Table 8. The correction-to-scaling exponent !

extracted from ¯ts to (9) within L 2 ½Lmin; 1280�,
using the MC data for 
ðL0Þ within L0 2 ½24; 2560�.

Lmin ! 
2=d:o:f:

48 0.93(15) 1.19

54 0.94(20) 1.26

64 0.68(26) 1.13
80 0.21(29) 0.71

96 0.04(33) 0.69
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The large statistical errors of our MC estimations still do not allow to make ¯nal

conclusions. In particular, the observed deviations from the usual ! value of � 0:83

are not much larger than 2	, where 	 is the standard deviation. One could argue that

these deviations are caused by somewhat larger than usual statistical °uctuations in

the data. The values of 
2=d:o:f: of the ¯ts provide an important extra criterion. Note

that 
2=d:o:f: is about unity for moderately good ¯ts, and smaller 
2=d:o:f: means

better ¯t.26 Relatively small 
2=d:o:f: values can be expected for the ¯ts of our �effðLÞ
data, since these data are obtained by ¯tting the original susceptibility values over

strongly overlapping intervals. However, at least for the �2ðLÞ ¯ts, 
2=d:o:f: > 1

would be expected for unusually large °uctuations (frequently exceeding 2	) in the

susceptibility data. Thus, the small values of 
2=d:o:f: at Lmin � 80 in Table 8 show

the absence of such large °uctuations, implying that our MC estimation is reliable

in this aspect. Hence, with a large probability, ! is, indeed, remarkably smaller

than 0:83.

Our estimates ! ¼ 0:16ð36Þ, ! ¼ 0:21ð29Þ and ! ¼ 0:04ð33Þ formally allow even

negative values of ! within the statistical error bars. This, however, is not a real

problem. Indeed, ! estimated from a ¯t to AþBL�! over L 2 ½Lmin;Lmax�, gives an
e®ective exponent !effðLmin;LmaxÞ, which can be either positive or negative. The only

requirement is that !eff must converge to a positive asymptotic value for Lmin and

Lmax tending to in¯nity. In principle, !eff can decrease from positive to negative

values and then converge to a positive asymptotic value. The estimation remains

stable when !eff changes the sign.

For example, estimating !eff from �2 values at L=c, L and cL with some constant

c > 1, we obtain

!effðLÞ ¼ � 1

ln c
	 ln

�2ðcLÞ � �2ðLÞ
�2ðLÞ � �2ðL=cÞ

� �
: ð10Þ

Hence, !effðLÞ is varied continuously with the values of �2ðL=cÞ, �2ðLÞ and �2ðcLÞ
in the vicinity of !effðLÞ ¼ 0. In fact, the logarithmic behavior �2ðLÞ ¼ A0 þB0 lnL

0.4 0.45 0.5 0.55 0.6
L

-1/8

0.95

0.96

0.97

0.98

Φ2

Fig. 2. The ratio �2ðLÞ ¼ 
ð2LÞ=
ðL=2Þ, evaluated from MC data at � ¼ ~� cðLÞ, depending on L�1=8.

The straight line is the linear ¯t within L 2 ½80; 1280�.
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gives !eff ¼ 0, and the ¯t ansatz �2ðLÞ ¼ AþBL�! at ! ! 0 is consistent with the

known representation lnL ¼ lim�!0½ðL� � 1Þ=��, where � ¼ �!.

Of course, if we use !eff as an approximation for the true !, then we must take into

account the fact that ! > 0. For example, from the MC estimate ! ¼ 0:21ð29Þ we can
conclude that !, most probably, lies in the interval 0 < ! < 0:5.

4.3. Di®erent estimations of ! from MC data for relatively

small lattice sizes L �384

The known MC estimations of critical exponents by other authors are based on much

smaller lattice sizes than in our studies. In particular, the data for L � 360 have been

used in Ref. 9 for the estimation of !, and even smaller lattice sizes are typically

considered in other papers. Here we have performed a systematic study to compare

results, provided by di®erent methods of estimation of ! from ¯nite-size scaling,

using the same intervals of sizes L 2 ½Lmin; 384�. In this case, the maximal size L ¼
384 is similar to L ¼ 360 in Ref. 9, but is much smaller than L ¼ 2560 in Sec. 4.2.

We have denoted by !i the value of ! obtained by ¯tting the quantity Qi to the

ansatz

Qi ¼ Ai þBiL
�!; ð11Þ

where i ¼ 1; 2; 3; 4. The quantity Q1 ¼ Im u=ðju� ucjÞ is determined from partition

function zeros in Sec. 3.2, following the method of Ref. 11. Here u is the partition

function zero in variable u ¼ expð�4�Þ, uc being its critical value uc ¼ expð�4�cÞ.
The approximate value 0:2216546 of critical coupling �c has been used here, as in

Ref. 11. It is fully consistent with the estimates, discussed at the end of Sec. 4.1. The

quantities Q2, Q3 and Q4 are the U values at pseudo-critical couplings ��c, ��c and �̂c,

corresponding to Za=Zp ¼ 0:5425, �2nd=L ¼ 0:6431 and maximum of speci¯c heat,

respectively, provided in Secs. 3.1.3–3.1.5. In addition, we have used also the

quantity U6 instead of U at pseudo-critical couplings ��c and ��c, denoting the cor-

responding values of ! by ! 0
2 and ! 0

3. The results at three values of the minimal

lattice size, i.e. Lmin ¼ 8; 12; 16, are collected in Table 9.

The corresponding values of 
2=d:o:f:, characterizing the quality of the ¯ts, are

listed in Table 10. One can judge from these values that Lmin ¼ 8 is a good choice for

the estimation of !2, !
0
2 and !4, whereas Lmin ¼ 12 is preferable in the remaining

three cases.

Table 9. Estimates of the exponent !, i.e. !1, !2, !
0
2, !3, !03 and !4, obtained by

¯tting di®erent quantities to the ansatz of the form (11) within L 2 ½Lmin; 384� ��� see
the text.

Lmin !1 !2 ! 0
2 !3 ! 0

3 !4

8 0.758(16) 0.908(12) 0.911(12) 0.9027(84) 0.9031(75) 1.247(73)

12 0.880(32) 0.903(23) 0.913(22) 0.879(15) 0.879(13) 1.24(16)

16 0.902(48) 0.949(37) 0.945(32) 0.870(23) 0.866(21) 1.46(29)
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As we can see from Table 9, the results obtained from the scaling of U and U6

always strongly correlate with each other. Moreover, the strong correlation between

the values of U and U6 can be seen from the data in Tables 3 and 4. From this point

of view, there are only four essentially di®erent methods considered, whereas the

estimations of ! 0
2 and ! 0

3 should be considered as modi¯cations of the methods for !2

and !3.

The estimates from partition function zeros (!1) are in°uenced by the assumed

value of �c. The in°uence, however, is quite insigni¯cant for small variations in �c

within the error bars of the estimation in Sec. 4.1. In particular, the values of !1 in

Table 9 are increased by � 0:45	, if �c is approximated by 0:22165462 instead of

0:2216546, in close agreement with one of the estimates in Sec. 4.1.

The cases of !3 and ! 0
3 represent the method used in Ref. 9. At Lmin ¼ 16, our

estimates of !3 and ! 0
3 agree marginally well with the result ! ¼ 0:832ð6Þ of Ref. 9,

whereas generally the acceptable estimates in Table 9 (those with 
2=d:o:f: < 1:5,

skipping the most inaccurate value 1:46ð29Þ) give larger values of !, ranging from

! ¼ 0:866ð21Þ to ! ¼ 1:247ð73Þ. Moreover, no convergence to the same value is seen,

indicating that the lattice sizes L � 384 are still too small for a reliable estimation of

the asymptotic correction-to-scaling exponent !.

4.4. Estimation of ! from the extended data for �2nd/L=0.6431

Apparently, the estimates of ! in Table 9 are larger than any of the known theo-

retical values. Therefore, a convergence to smaller value is expected for larger lattice

sizes. We have tested such a possibility, using the data for U and U6 at � ¼ ��cðLÞ up
to L ¼ 1536 in Table 4. We have estimated the e®ective exponent !effðLÞ by ¯tting

the UðL0Þ data and the U6ðL0Þ data to AþBL0�! within L0 2 ½L; 32L�. The obtained
plots of !effðLÞ in these two cases are shown in Fig. 3.

An almost linear behavior of !effðLÞ versus L�! is expected in the case when the

variation of !effðLÞ is governed by the second-order correction / L�2! to UðLÞ or

U6ðLÞ. We have used the L�0:832 scale in Fig. 3 in accordance with ! ¼ 0:832ð6Þ
reported in Ref. 9. The decrease of !eff with increase of L is, indeed, seen in Fig. 3. It

shows that ! can be as small as ! ¼ 0:832ð6Þ (horizontal dashed lines) or even

smaller.

Table 10. The values of 
2=d:o:f:, denoted as x1,

x2, x
0
2, x3, x

0
3 and x4, corresponding to the ¯ts for

!1, !2, !
0
2, !3, !

0
3 and !4 at Lmin ¼ 8; 12; 16 in

Table 9.

Lmin x1 x2 x 0
2 x3 x 0

3 x4

8 3.65 0.82 0.74 1.35 1.46 0.87
12 1.26 0.92 0.83 1.27 1.34 0.94

16 1.39 0.67 0.69 1.34 1.37 0.95
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4.5. In°uence of ! on the estimation of critical exponents ´ and º

As it can be seen from Figs. 1 and 2, corrections to scaling are remarkable and well

detectable in our susceptibility data 
ðLÞ at ~�cðLÞ (see Sec. 3.1.2). Indeed, the cases
of �effðLÞ ¼ const: and �2ðLÞ ¼ const. correspond to the scaling without corrections,

whereas Figs. 1 and 2 show certain variations. Moreover, according to our results, the

correction-to-scaling exponent ! can be much smaller than the usually expected

values of about 0:83. It can remarkably in°uence the estimation of the critical ex-

ponent � from the susceptibility data.

We have tested this e®ect by comparing � values, provided by ¯ts of 
ðLÞ to the

expressions


ðLÞ ¼ AL2��; ð12Þ

ðLÞ ¼ AL2��ð1þ bL�!Þ: ð13Þ

Equation (12) represents the ansatz without corrections to scaling. The corre-

sponding values of � are further denoted by �1. Equation (13) includes the leading

correction to scaling, where the exponent ! has been ¯xed. We have considered three

values of !: 0:83, 0:38 and 1=8 ¼ 0:125. The ¯rst one is an approximate of the usual

value, the second one is an approximate value of the upper bound ð� � 1Þ=� con-

sidered in Sec. 2, and the third one is the already mentioned value of the GFD theory.

We have denoted the corresponding estimates of � from (13) by �2, �3 and �4,

respectively. If ! is as small as 1=8, then the second-order correction / L�2! and even

higher order corrections can be very important. Therefore, we have tested also the

ansatz


ðLÞ ¼ AL2��ð1þ b1L
�1=8 þ b2L

�1=4Þ: ð14Þ
The corresponding values of � are denoted by �5.
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Fig. 3. The e®ective exponent !effðLÞ, depending on L�0:832, obtained by ¯tting the UðL0Þ data (left) and
the U6ðL0Þ data (right) at � ¼ �� cðL0Þ (the data from Table 4) to the ansatz AþBL0�! within

L0 2 ½L; 32L�. Here, 0.832 is the value of !, obtained in Ref. 9, which is indicated by horizontal dashed line.
The dot–dashed curves are guides to eye.
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The results for �i with i ¼ 1; 2; 3; 4; 5, extracted from the ¯ts within L 2
½Lmin; 2560� at Lmin ¼ 16; 32 and 64 are collected in Table 11. The values of 
2=d:o:f:

of the corresponding ¯ts are listed in Table 12. These values (x1) are even much

larger than unity for the ¯ts without corrections to scaling. It implies that corrections

to scaling are really important, and such ¯ts are not acceptable. Concerning other

¯ts, Lmin ¼ 32 is well acceptable (
2=d:o:f: is small enough) for the ¯t with ! ¼ 0:83,

and Lmin ¼ 64 is well acceptable for the remaining ¯ts with smaller ! values. Hence,

the best estimates from (13) among those given in Table 11 are � ¼ 0:03602ð41Þ,
� ¼ 0:0411ð13Þ and � ¼ 0:0568ð28Þ at ! ¼ 0:83, ! ¼ 0:38 and ! ¼ 0:125,

respectively.

Thus, it turns out that our estimate of � agrees with the result of Ref. 9, i.e.

� ¼ 0:03627ð10Þ, if the used value of ! is similar to that one in Ref. 9. However,

smaller ! values lead to signi¯cantly larger estimates of � (i.e. 0:0411ð13Þ and

0:0568ð28Þ), so that the in°uence of ! is evident. Moreover, the best ¯t with two

corrections to scaling at ! ¼ 1=8 (estimate �5) suggests that � can have even larger

value 0:077ð26Þ if ! is, indeed, so small. The possibility that � is larger than � 0:0363

is supported by any reasonable extrapolation of the e®ective exponent in Fig. 1,

where this value is indicated by dotted lines.

We have performed similar tests also for the exponent �, estimated from the

@Q=@� data at � ¼ ~�cðLÞ, considered in Sec. 3.1.2. In this case, the data can be

reasonably well ¯t within L 2 ½16; 2560� to the ansatz @Q=@� ¼ AL1=� without

corrections to scaling. The result is 1=� ¼ 1:58754ð37Þ or � ¼ 0:62991ð15Þ with


2=d:o:f: ¼ 0:93, in agreement with the value � ¼ 0:63002ð10Þ of Ref. 9. Moreover,

inclusion of the leading correction to scaling does not essentially change this result

even for ! ¼ 1=8. Thus, there are almost no evidences that corrections to scaling are

Table 12. The values of 
2=d:o:f:, denoted as

x1, x2, x3, x4 and x5, corresponding to the ¯ts for

�1, �2, �3, �4 and �5 at Lmin ¼ 16; 32; 64 in
Table 11.

Lmin x1 x2 x3 x4 x5

16 179 1.22 6.50 12.0 8.22

32 21.3 0.93 1.33 1.83 1.44

64 3.97 1.01 0.83 0.77 0.79

Table 11. Estimates of the exponent � depending on the ¯t interval

L 2 ½Lmin; 2560�, using the ansatz (12) (estimate �1), ansatz (13) with ! ¼ 0:83

(estimate �2), ! ¼ 0:38 (estimate �3) and ! ¼ 0:125 (estimate �4), as well as the
ansatz (14) (estimate �5).

Lmin �1 �2 �3 �4 �5

16 0.02010(11) 0.03676(26) 0.05027(43) 0.08201(71) 0.02485(69)
32 0.02757(16) 0.03602(41) 0.04388(74) 0.0653(14) 0.0107(16)

64 0.03075(24) 0.03576(69) 0.0411(11) 0.0568(28) 0.077(26)
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important in this case, except the fact that a very good ¯t within L 2 ½64; 2560� to
the ansatz @Q=@� ¼ AL1=�ð1þ b1L

�1=8 þ b2L
�1=4Þ yields 1=� ¼ 1:509ð49Þ with


2=d:o:f: ¼ 0:58. It agrees with � ¼ 2=3 predicted in Ref. 6.

A question can arise about the in°uence of ! value on the estimation of critical

exponents in the case of improved Hamiltonians.9,10 It is expected that the leading

corrections to scaling vanish in this case, and therefore the in°uence of ! is small.

However, in the case when the asymptotic corrections to scaling are described by the

exponent ! � !max � 0:38, as it is strongly suggested by the theorem discussed in

Sec. 2, the vanishing of leading corrections cannot be supported by the existing MC

analyses of such models. Indeed, in these analyses the asymptotic corrections to

scaling are not correctly identi¯ed (probably, because of too small lattice sizes) if

! � !max � 0:38, since one ¯nds that ! � 0:8.

5. Conclusions and Final Remarks

Nonperturbative analytical and MC arguments are provided in this paper, showing

that corrections to scaling in the 3D Ising model are described by a remarkably

smaller exponent ! than the usually accepted values of about 0:8 or 0:83. The

analytical arguments in Sec. 2, which are based on the theorem proven in Ref. 14,

suggest that ! � ð� � 1Þ=� holds, implying that ! cannot be larger than !max ¼
ð� � 1Þ=� � 0:38 in the 3D Ising model. The analytical prediction of the GFD

theory6,7 is ! ¼ 1=8 in this case.

We have performed extensive MC simulations of the 3D Ising model (Sec. 3),

including simulations on unusually large lattices, up to L ¼ 2560, in order to test

whether these challenging predictions can be con¯rmed by MC analysis of these data

(Sec. 4). These predictions are supported by the estimation of ! from the suscepti-

bility data up to L ¼ 2560, discussed in Sec. 4.2. In particular, one of the estimates is

! ¼ 0:21ð29Þ, implying that ! value, most probably, lies in the interval 0 < ! < 0:5.

The known MC estimates of !, usually reported in literature, do not support our

claim. In particular, the estimate ! ¼ 0:832ð6Þ has been reported in Ref. 9, citing also

other results for ! value, typically ranging from 0:82 to 0:87. However, all these

known MC estimates have been extracted from the data for relatively small (as

compared to our L ¼ 2560) lattice sizes, not exceeding L ¼ 360. To verify whether

such estimations objectively provide results always consistent with ! ¼ 0:832ð6Þ
within the error bars (as one can judge from the review in Ref. 9), we have tested and

compared the results of di®erent known methods in a systematic way, i.e. by ¯tting

the data within the same intervals L 2 ½Lmin; 384� with Lmin ¼ 8; 12; 16 (Sec. 4.3).

Such Lmin values are typical in many studies. Our tests include the known methods of

estimation from partition function zeros, as well as from the scaling of U ¼
hm4i=hm2i2 and U6 ¼ hm6i=hm2i3 at appropriate pseudo-critical couplings, corre-

sponding to certain values of Za=Zp and �2nd=L. Our results in Table 9 have not

con¯rmed an expectation that all such methods will give consistent results.
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We conclude that the considered, in Sec. 4.3, sizes L � 384 are still too small for a

reliable estimation of !, since no convergence to the same asymptotic value is ob-

served. The acceptable estimates in Table 9 (those with 
2=d:o:f: < 1:5, skipping the

most inaccurate value 1:46ð29Þ) range from ! ¼ 0:866ð21Þ to ! ¼ 1:247ð73Þ and,

thus, are somewhat larger than any of the known theoretical values. Therefore, a

convergence to smaller values is expected for larger lattice sizes. It has been con-

¯rmed by the analysis of the U and U6 data within L � 1536 in the case of �2nd=L ¼
0:6431 (Sec. 4.4). Namely, we conclude from Fig. 3 that ! can be as small as the value

0:832ð6Þ of Ref. 9 (also obtained from the data for �2nd=L ¼ 0:6431) or even smaller.

We have tested how the estimation of the critical exponents � and � is in°uenced

by the choice of ! (Sec. 4.5). These tests have shown that the estimates of �,

extracted from our susceptibility data for L � 2560, remarkably increase above the

currently accepted values of about 0:036 for small !. For example, from (13) we

obtain � ¼ 0:0411ð11Þ at ! ¼ 0:38 and � ¼ 0:0568ð28Þ at ! ¼ 0:125. The in°uence on

the estimation of � is less evident.

As discussed in Ref. 14, our analytical predictions generally refer to a subset of

n-vector models, where spin is an n-component vector with n ¼ 1 in two dimensions

and n � 1 in three dimensions. The MC analysis in Ref. 14 convincingly con¯rms

these predictions for the scalar (n ¼ 1) 2D ’4 model. The 3D case with n ¼ 2 has

been tested in Ref. 7, based on accurate experimental data for speci¯c heat in zero

gravity conditions very close to the �-transition point in liquid helium. The test in

Sec. 4 of Ref. 7 reveals some inconsistency of the data with corrections to scaling

proposed by the perturbative RG treatments, indicating that these corrections decay

slower, i.e. � ¼ �! is smaller than usually expected. This ¯nding is consistent with

the theorem discussed in Sec. 2.

The mentioned here facts emphasize the importance of nonperturbative methods

in a rigorous veri¯cation of results, proposed by perturbative treatments in the ¯eld

of critical phenomena. In this respect, it is important to notice the recent work by

Castellana and Parisi,15 where it has been clearly shown that the perturbative RG

method ("-expansion) not always gives correct predictions. The results of Ref. 15

refer to the phase transitions in spin glasses, whereas our analytical and MC argu-

ments allow us to question the validity and/or accuracy of the perturbative treat-

ments even in the apparently very well studied case of the 3D Ising model.

It appears that there is some contradiction between the previous numerical

results, including numerous MC estimations, and our actual ¯ndings. This apparent

contradiction could be eventually resolved, relating the previous numerical results to

a \perturbative" region, whereas our ¯ndings – to a \nonperturbative" region, as

explained further on.

As it has been pointed out in (Sec. 5.4.6 of Ref. 27), it is, very likely, true that the

"-expansion at the critical point describes the behavior of correlation function(s) in

the limit of 4� d ¼ " ! 0 for any ¯xed nonzero wave vector magnitude k, rather

than the behavior at k ! 0 at a ¯xed small and positive ". It implies that the

predictions of the "-expansion refer to an interval k > kminð"Þ, where kminð"Þ ! 0 at
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" ! 0. We propose that kminð"Þ is ¯nite, but still very small at " ¼ 1. It explains the

success of the "-expansion and other, similar in essence, perturbative RG methods in

reaching agreement with numerical results. Indeed, power-law singularities within

k < kminð"Þ are irrelevant (smoothened) for an easily accessible by various numerical

methods \perturbative" region of not too small reduced temperatures in the ther-

modynamic limit and not too large lattice sizes in the ¯nite-size scaling regime. It

explains the fact that these numerical methods easily produce results, which are

approximately consistent with the estimates of the perturbative RG method and,

therefore, also with each other. To the contrary, our ¯ndings refer to the

\nonperturbative" asymptotic region, where relevant power-law singularities show

up within k < kminð"Þ. It corresponds to unusually large lattice sizes in the ¯nite-size

scaling regime and extremely small reduced temperatures in the thermodynamic

limit. This is the region, which cannot be easily accessed and is not yet properly

investigated by numerical methods.

From the perspective of the nonperturbative RG approach, the \non-

perturbative" asymptotic region is described by certain nonperturbative ¯xed point.

We assume that this ¯xed point is not described by the usual perturbative treat-

ments to argue that the critical exponents can be inconsistent with the perturbative

RG estimates. In fact, an evidence that such a nonperturbative ¯xed point can exist,

which is not described in any way by the "-expansion, has been provided in Ref. 15.

In the case of spin glasses,15 it describes the phase transition in the region of para-

meters of the Edwards–Anderson model, where no phase transition is predicted by

the "-expansion.

The results of the "-expansion coincide very well with the Conformal Field Theory

(CFT), considered in Refs. 23 and 25. This, however, only implies that the pertur-

bative ¯xed point is, indeed, conformally symmetric and consistent with CFT at

speci¯c constraints, assumed in Refs. 23 and 25, to obtain the values of the critical

exponents.
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