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The vibrations of gyroscopic continua may induce complex mode
functions. The continuous model governed by partial differential
equations (PDEs) as well as the discretized model governed by or-
dinary differential equations (ODEs) are used in the dynamical
study of the gyroscopic continua. The invariant manifold method
is employed to derive the complex mode functions of the discre-
tized models, which are compared to the mode functions derived
from the continuous model. It is found that the complex mode
functions constituted by trial functions of the discretized system
yield good agreement with that derived by the continuous system.

On the other hand, the modal analysis of discretized system dem-
onstrates the phase difference among the general coordinates pre-
sented by trial functions, which reveals the physical explanation
of the complex modes. [DOI: 10.1115/1.4033752]

Introduction

Mechanical structures that can vibrate about a state of mean
rotation are classified as gyroscopic dynamic systems. Wickert [1]
used the superposed motions to explain the gyroscopic dynamics
that occurs when configurations are measured relative to a noni-
nertial frame. Many examples of gyroscopic systems can be found
in the engineering field, including applications of axially moving
materials, rotating bodies, and fluid-conveying pipes. The three-
body problems in celestial mechanics, especially the orbital
dynamics about the Lagrangian libration point, belong to the
discretized gyroscopic system.

The presence of the skew-symmetric gyroscopic operator in the
governing equations limits analytical results, but enriches the
dynamical behaviors dramatically. One significant distinction of
the gyroscopic dynamics is the involvement of the complex
modes. The vibrations and stability of gyroscopic continua have
been studied extensively in the literature. Recent progress on axi-
ally moving materials can be found in the review paper by Mary-
nowski and Kapitaniak [2], in which important studies of axially
moving strings, beams, and plates have been reported. Some
investigations of rotating bodies are found in the papers by Bane-
rjee and Kennedy [3], Banerjee et al. [4], and Rao [5]. Readers
who are interested in the dynamics of pipes conveying fluid can
refer to the monograph by Pa€ıdoussis [6] and the papers by
Ibrahim [7], Yu et al. [8], as well as references therein.

The linear governing PDEs of such gyroscopic continua in
terms of their displacement w can be written as

M €w þ G _w þ Kw ¼ Fðw; _w; tÞ (1)

where the mass, gyroscopic, and linear stiffness operators are,
respectively, denoted by M, G, and K. The distributed time-
dependent external and parametric excitations are included in F.
For different models of the gyroscopic continua, the gyroscopic
and stiffness operators have different forms. For the axially mov-
ing material case and the pipes conveying fluid case, the gyro-
scopic operator is G¼ 2C@2/@x@t, where C denotes the velocity of
the axially moving material [9,10] or the fluid in the pipe [11,12].
The gyroscopic operators in the axially moving material give rise
to the gyroscopic coupling of different general coordinates for the
same transverse direction in the corresponding discretized system.
For the rotating beam and the spinning beam case, the gyroscopic
operators are in the matrix form G¼[0,2X@/@x; �2X@/@x, 0] (X is
the spinning angular velocity), due to the fact that the gyroscopic
coupling of the rotating bodies is caused by the two-directional
coupling instead of general coordinates coupling [13,14]. In the
study of string models, the second-order stiffness operator
K¼�(1�C2)@2/@x2 has been used [15,16]. Furthermore, if the
beam model is involved in the axially moving material, the
fourth-order stiffness operator K¼ @4/@x4� (1�C2)@2/@x2 is
required in the analysis [17,18].

Earlier research focused on the analysis of the natural frequen-
cies, critical speed, and stability of the gyroscopic continua based
on the free linear vibrations [9,19–22]. If we have the distributed
periodic loading on the material or on the boundaries, the steady-
state responses of the nonlinear system become the main focus of
the research. In many works, responses for external and paramet-
ric resonances have been studied in many literatures by the pertur-
bation methods [23–29] as well as the numerical methods
[25,30–33].

Modal analysis is a powerful tool to study the responses, even
mode interactions, of the linear nongyroscopic systems [34].
However, when treating the gyroscopic, or general damped sys-
tems, the modal analysis becomes complicated because the
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complex modes must be involved [1,35]. By casting the configura-
tion space into state space, Brake and Wickert [36] carried out the
modal analysis for the second-order gyroscopic continua by the
means of real value vectors instead of complex value vectors.

In recent years, there have been a number of investigations
related to the concept of nonlinear normal modes [37–40], which
shed a new light on the modal analysis of nonlinear and gyro-
scopic systems. This new developments are largely due to earlier
works by Shaw and Pierre [41,42], who introduced the invariant
manifold method to derive the nonlinear normal modes which are
not confined to the concept of vibration in-unison modes. Hence,
the invariant manifold method has the potential power to study
the gyroscopic system.

Two types of modeling approaches are used in this field most
frequently: the approach based on the continuous governing PDEs
and the approach based on the discretized ODEs. Analysis of
PDEs yields complex mode functions, and investigation of discre-
tized ODEs leads to complex relations among trial functions. The
complex mode functions derived from the two models have not
been systematically investigated. We will fill this gap by applying
the invariant manifold method to the complex modal analysis of
gyroscopic system.

In this study, taking the axially moving beam as an example,
we construct the relationship between the complex modal func-
tions of the continuous PDE model and the modal motions of the
discretized ODE model for the gyroscopic continua. Further, we
provide in-depth explanation of relations among the trial func-
tions, which are employed as the base for discretization.

Gyroscopic Continua: Axially Moving Beam Models

The axially moving beam is a typical gyroscopic continuum in
the engineering field. In the dimensionless form, the linear gov-
erning PDEs [10,43,44] can be written as

@2w

@t2
þ 2c

@2w

@x@t
þ c2 � 1
� � @2w

@x2
þ j

@4w

@x4
¼ 0 (2)

where w is the dimensionless transverse displacement, t is the
dimensionless time, c denotes the dimensionless velocity, and j
denotes the dimensionless stiffness.

The mode functions and natural frequencies have been derived
analytically [28,45,46]. The nth complex mode function is

/ xð Þ ¼ c1 eib1x� b2
4�b2

1

� �
eib3 � eib1ð Þ

b2
4�b2
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� �
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ib2x� b2
4�b2
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� �
eib2 � eib1ð Þ
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3

� �
eib2 � eib3ð Þ
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b2
4�b2
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b2
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3

� �
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2
4
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8<
:

9=
;
(3)

where the eigenvalues bk (k¼ 1,2,3,4) are the nth set of solutions
for the following fourth-order algebraic equation:

jb4 þ ð1� c2Þb2 � 2cbx� x2 ¼ 0 (4)

and the following transcendental equation determined by the sim-
ple supported boundary conditions:

½eiðb1þb2Þ þ eiðb3þb4Þ�ðb2
1�b2

2Þðb
2
3�b2

4Þ
þ ½eiðb1þb3Þ þ eiðb2þb4Þ�ðb2

2�b2
4Þðb

2
3�b2

1Þ
þ½eiðb3þb2Þ þ eiðb1þb4Þ�ðb2

1�b2
4Þðb2

2�b2
3Þ ¼ 0 (5)

In computing the nth set of eigenvalues of bk (k¼ 1,2,3,4), the
corresponding nth natural frequency xn can also be derived
numerically.

The complex mode functions of the continuous model (3)
appear to be complicated and inappropriate to truncate the PDEs
in the study of the complex dynamics of the gyroscopic contin-
uum (2). Many researchers [27,34,35] took the sine trial functions
to truncate the PDEs for convenience, since such functions satisfy
the boundary conditions for the simply supported axially moving
beam.

By using the sine trial functions, the solutions to Eq. (2) are
assumed as

wðx; tÞ ¼
XN

n¼1

qn sin ðnpxÞ (6)

Substituting Eq. (6) into Eq. (2), multiplying both sides of the
result by sin(kpx), and integrating the final equation on the length
interval [0, 1], we can get the kth equation. Let k¼ 1, 2,…, N,
respectively, we obtain a set of ODEs

M €w þG _w þKw ¼ 0 (7)

where the mass matrix M, gyroscopic matrix G, and stiffness
matrix K are all N�N matrices derived from the Galerkin
integration.

Hence, the transverse displacement of the axially moving beam
is resolved into the generalized coordinates of the trial functions.

Modal Motions for the Discretized Gyroscopic System

To show the procedure of the invariant manifold method, we
use the two-order truncation. Let N¼ 2 in Eq. (7), we obtain

€q1 �
16

3
c _q2 þ jp2 � c2 þ 1

� �
p2q1 ¼ 0

€q2 þ
16

3
c _q1 þ 4 4jp2 � c2 þ 1

� �
p2q2 ¼ 0

(8)

The invariant manifold method will be used to study the modal
motions of the discretized system (8). During modal motions, we
transfer the configuration coordinates into the state vectors

½x1; y1; x2; y2� ¼ ½q1; _q1; q2; _q2� (9)

Hence, the equations of motion, presented in the first order form,
are

_x1 ¼ y1; _y1 ¼ f1 x1;x2;y1;y2ð Þ ¼
16

3
c _x2� jp2� c2þ 1

� �
p2x1

_x2 ¼ y2; _y2 ¼ f2 x1;x2;y1;y2ð Þ ¼�
16

3
c _x1� 4 4jp2� c2þ 1

� �
p2x2

(10)

One modal motion of the system can be expressed as

x1 ¼ u; y1 ¼ v

x2 ¼ a1uþ a2v; y2 ¼ b1uþ b2v
(11)
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Since it is a single modal motion of the system, the second coordi-
nate is related linearly to the first coordinate in the invariant state
space via the last two equations of Eq. (11).

The invariant manifold based on Eq. (11) constructs a relation-
ship between the first and second oscillators during modal
motions. To solve for the coefficients in Eq. (11), we need to con-
sider two conditions. The first condition, may be called compati-
bility relation, is obtained by equaling the derivative of the third
equation to the fourth one in Eq. (11). The second relation, of
course, should consider the governing equation (10). Substituting
the derivatives of the second and the fourth equation of Eq. (11)
back into Eq. (10) yields the second relation. By replacing the var-
iables in all the equations of the two relations by u and v and
expanding the final equations into polynomials of u and v, while
equating the gathered coefficients of each term to zero, we can
determine the unknown coefficients a1, a2, b1, and b2 based on the
following algebraic equations:

b1 � ga2b1 þ k1a2 ¼ 0

�k2a1 þ k1b2 � gb2b1 ¼ 0

b2 � a1 � ga2b2 ¼ 0

�g� b1 � gb2
2 � k2a2 ¼ 0

(12)

Where

g ¼ 16

3
c; k1 ¼ jp2 � c2 þ 1

� �
p2; k2 ¼ 4 4jp2 � c2 þ 1

� �
p2

(13)

Two sets of real roots are obtained in closed form, which repre-
sent the relationship during the two modal motions

mode 1 :
a1 ¼ 0; b2 ¼ 0

a2 ¼
�g2 þ k2 � k1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ k1 � k2ð Þ2 þ 4k2g2

q

2gk2

b1 ¼
a2k1

a2g� 1

mode 2 :
a1 ¼ 0; b2 ¼ 0

a2 ¼
�g2 þ k2 � k1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ k1 � k2ð Þ2 þ 4k2g2

q

2gk2

b1 ¼ b1 ¼
a2k1

a2g� 1

(14)

Hence, during the modal motions, the following relationship
should be satisfied:

x2 ¼ a2y1; y2 ¼ b1x1 (15)

Inspection of Eq. (15) leads to the following features of gyro-
scopic system. The displacement of one coordinate is proportional
to the velocity of the other coordinate. When the first coordinate
reaches its maximum value, the second coordinate goes through
its equilibrium point with maximum velocity. Discrete gyroscopic
systems of two degree-of-freedom (DOF) demonstrate the p/2
phase difference between the two oscillators, the system behaves
like the second oscillator following the first one with a quarter pe-
riod gap or vice versa.

Now, we return to the final solutions obtained by the discretized
system. Substituting the modal motion relations (15) and
q1¼Aeixt into Eq. (6) with N¼ 2 leads to

wðx; tÞ ¼ x1 sinðpxÞ þ a2 _x1 sinð2pxÞ

¼ Aeixt½sinðpxÞ þ ixa2 sinð2pxÞ� (16)

The analytical complex mode functions by the continuous model
are presented in Eq. (3). On the other hand, using Eq. (16), we can
extract the complex mode function based on the two-order discre-
tized system as

/ðxÞ ¼ A½sinðpxÞ þ ixa2 sinð2pxÞ� (17)

From the above equation, we find that we have the p/2 phase dif-
ference relationship between the two trial functions. The next
question appears as to how the complex modal functions behave
in the modal motions. It is recognized that a complex mode exhib-
its two shape functions that vibrate at a single frequency in phase
quadrature. In an animated display, the complex modes behave as
“galloping nodes”: the nodes of the mode functions shift with
time [35]. The snapshots for different instances are presented in
Fig. 1 to show the modal motions, during which c¼ 0.6. We can
locate the leftward traveling node for the first modal motions and

the rightward traveling node for the second modal motions. It
should be noted that the axially moving direction for the beam is
rightward. The leftward and rightward galloping-node modal
motions found in the foregoing study are analogous to the back-
ward and forward whirling motions found in the rotor dynamics
[47], although the axially moving beam takes the translational
movement while the rotors present rotational motions.

Comparison of the Mode Functions by Continuous and

Discretized Models

In this section, we compare the complex mode functions
derived from the continuous and discretized models.

By using the method of invariant manifold in the N-order trun-
cated ODE (7), we find the relations among the trial functions of
sin(npx) (n¼ 1, 2,…, N)

x2 ¼ a2 _x1; x3 ¼ a3x1; x4 ¼ a4 _x1; x5 ¼ a5x1; :::
y2 ¼ b2x1; y3 ¼ b3 _x1; y4 ¼ b4x1; y5 ¼ b5 _x1; :::

(18)

Substituting Eq. (18) into Eq. (6), we can extract the complex
mode function based on the N-order discretized system as

/ðxÞ ¼ Af½sin ðpxÞþa3 sin ð3pxÞ þ � � � þ a2k�1 sin ðð2k � 1ÞpxÞ�þ
ix½sin ð2pxÞþa4 sin ð4pxÞ þ � � � þ a2k sin ð2kpxÞ�g;

N ¼ maxf2k � 1; 2kg
(19)

During the modal motions, the displacements of the odd order
coordinates are proportional to the displacement of the first order,
and the displacements of the even order coordinates are propor-
tional to the velocity of the first order. Hence, we can conclude
that there always exists p/2 phase difference between any of the
two adjacent general coordinates of the trial functions for the
gyroscopic system presented in the form (7). Based on this rule,
the dynamics of the N-DOF system can be represented by just
1DOF system.
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The first and second complex mode functions based on the con-
tinuous analysis (3) and fourth-order discretized analysis (19) for
c¼ 0.6 are plotted in Figs. 2(a) and 2(b), respectively. The com-
plex mode functions for the discretized system have good agree-
ment with the numerical results obtained by the continuous
system. It should be noted that the good results of mode shapes
and frequencies can be guaranteed only if the truncation order is
higher than the number of mode we want to study.

Conclusions

In this study, we investigated the complex mode functions of
the gyroscopic continua focusing on the axially moving beam as
an example. By the invariant manifold method, the relationship
among the generalized coordinates has been obtained for the dis-
cretized model. The gyroscopic system, such as axially moving
material, pipes conveying fluid, rotating shaft, and motions around
libration points, can be treated by the invariant manifold method
to show the phase-difference and the node-galloping. Main con-
clusions that have been reached are as follows:

(1) The mode functions of the continuous model of the gyro-
scopic continua and those obtained with the trial functions

based on the discretized model have been systematically
compared, demonstrating good agreement.

(2) By studying the discretized system, we found out the rela-
tions among the general coordinates (trial functions). There
always exists the p/2 phase difference between any two
adjacent general coordinates during modal motions. The
even order components of trial functions share the same
in-unison motions and are also true for the odd order com-
ponents, while the even order trial function and odd even
order trial function have a phase quadrature gap. Based on
this conclusion, the dynamics of the N-DOF system can be
represented by just 1DOF system.
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Fig. 1 The snapshots of the axially moving material during modal motions: (a) the first
modal motions and (b) the second modal motions

Fig. 2 Comparison of the mode functions by continuous and discretized methods: (a) the first mode and (b) the second
mode
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