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I. Introduction

T HE class of axially moving materials has a wide range of
applications in diverse mechanical systems such as serpentine

belt systems, band saws, high-speedmagnetic tapes, power transmis-
sion chains, robotic manipulators, and satellite tethers, among many
others. The traveling Bernoulli–Euler beam is one of the most com-
mon models of such a type of axially moving media. The pioneering
work of axially moving continua is contributed by Mote [1] and
Ulsoy et al. [2], who investigated the vibration of a band saw and first
introduced the gyroscopic terms into the axially translating system.
Wickert andMote [3] presented the summarywork on axiallymoving
continua. A beam moving with time-dependent axial velocity was
examined by Öz and Pakdemirli [4] based on the method of multiple
scales. Similar dynamical phenomena to those axially moving
materials can also be found in the study of pipes conveying fluid [5].
For the studies of an axially moving material with both ends

supported, the length of the beam holds a constant. The linear free
vibration of such a system is still conservative, although gyroscopic
terms may induce some new dynamic phenomena. However, the
deploying beammodel with a prismatic joint at one end and amoving
boundary on the other end, with applications from robot arms to high-
rise elevators and the appendages of spacecraft, leads to a new
challenging problem. In the deploying cantilever beam model, the
length of the beam is time-variant, and the system turns into amoving
boundary value problemas the spatial domain changeswith time. The
dynamical study of time-varying parameter flexible structures poses
some distinct technical challenges and dictates the use of concepts,
formulations, and analytical methodologies. Unlike linear time-
invariant systems, the linear time-varying systems in general do not
have a closed-form solution due to parameters changing as a function

of time. The transient phenomenon that occurs in the time-varying
parameter systems is still not fully understood. For example, without
periodicity, even the concepts of Lyapunov asymptotic stability and
orbital stability have no meaning in the analysis of the transient
phenomenon. The majority of current techniques from steady-state
analysis of time-invariant systems are inapplicable. Nevertheless,
an analytical study of time-varying parameter systems is highly
desirable in order to gain a better understanding of the transient
dynamics and to apply it to practical engineering structures, such as
robotic manipulators, lifting devices, tethered satellites, etc. The
deploying beammodel is a basic and classic example of time-varying
parameter structures.
The first detailed research on the deploying beamwas provided by

Tabarrok et al. [6]. They used Newton’s second law to derive the
governing partial differential equations with moving boundaries. It
was shown that, for a constant axial velocity, oscillatory motions
dominate the response during the initial stage of deployment and the
transverse deflection becomes unbounded with time for the time-
varying linear model. The assumed-mode technique has been
employed in such a beam model with varying length. Because of the
involvement of time-varying parameters and the gyroscopic terms
due to the axially moving velocity, the analytical solutions of the
transverse vibrations of the deploying beam are not accessible. The
gyroscopic terms may be neglected if the axially moving velocity
is low. Without the effect of the gyroscopic terms, the analytical
investigation can be implemented by focusing only on the time-
varying parameters [7,8]. Kalaycioglu and Misra [9] presented
approximate analytical solutions and numerical solutions for beam-
type appendage deployment and tethered system deployment and
verified the accuracy of the approximate method. Bergamaschi and
Sinopoli [10] used the Wentzel–Kramers–Brillouin theory to obtain
the analytical solutions of the deploying beam, while the gyroscopic
term was neglected. Another approximate analytical procedure, the
method of multiple scales, was used to study the transient dynamics
of deploying and retreating beams by AlBedoor and Khulief [11]. In
studies by Stylianou and Tabarrok [12,13], numerical solutions to
several variations of the axially moving beamwere obtained by finite
element analysis.
The nonlinear dynamics of deployable antennas was also studied

byTabarrok andBehdinan [14] via theGalerkinmethod and the finite
element method. Downer and Park [15] used a finite element
technique with moving reference grid to deal with large overall
motion of the beams. This type of finite element method with fixed
element number and varying length as a function of time was used in
the study of time-varying beam models [16–18]. The finite element
with fixed domain and fixed number was discussed by introducing
moving boundary conditions [19]. Behdinan and Tabarrok [20] and
Behdinan et al. [21,22] developed the corotational finite element
method with variable domain to study the dynamics of the sliding
links. Matsuzaki et al. [23] performed experiments deploying or
retrieving cantilever beams for the first time and provided data, along
with comparisons to the numerical results. Sugiyama et al. [24]
employed the finite segmentmethod frommultibody dynamics to the
vibration analysis of the deploying beam. They found that the
numerical results obtained using the finite segment method agree
well with the results obtained using the experiment. Tang et al. [25]
studied the dynamics of the variable-length satellite tethers using
flexible multibody theory based on the absolute nodal coordinate
formulation. The dynamics of deploying a slender continuum have
also been modeled in the context of what is known as the reverse
spaghetti problem [24,26].
For the time-invariant linear Hamiltonian system, the energy

imparted at t � 0 in the system by the initial conditions is partitioned
among the linear modes, and no further energy exchanges between
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modes is allowed for t > 0. Each linear mode conserves its own
energy and participates accordingly in the response of the system
through linear superposition with the responses of the other modes
[27]. For the time-varying parameter system, the natural frequencies
and corresponding modes are not steady-state and turn out to be time
variant. Liu and Deng [28] discussed the pseudonatural frequencies
of such a linear time-varying system and verified the results by
experiment. Further, Gosselin et al. [29] studied in detail the natural
frequencies and damping as functions of time. From the variation of
the damping, which denotes the change of energy, one can determine
the stability at the corresponding instant. However, over the long run,
the transient stability at a number of instants is not meaningful to
describe the dynamics of the time-varying parameter system. Wang
et al. [30] investigated the total energy of transverse vibrations with
respect to time for the deploying beam, from which the tendency of
the transient dynamics could be determined. Zhu and Ni [31]
proposed the concept of energy density to the dynamics of translating
media with varying length. It is concluded that the energy analysis
should be helpful in the transient dynamic study of time-varying
parameter systems.
Although the conservative analysis of the moving beam on

supported ends was studied by Chen and Zhao [32] and Chen [33],
the invariant investigation has not been found for the time-varying
parameter system in the literature. In this Note, the energetics and
invariants of the deploying beam with given initial conditions are
studied by the assumed-mode method. The transfer of energy among
different mode orders is discussed for several types of initial
conditions. The energy variation and an adiabatic invariant for the
transient response are proposed for the fundamental mode.

II. Governing Equations and Assumed-Mode
Truncation

Consider a flexible uniform beam deploying axially from a
prismatic joint (Fig. 1); the moving beam has cross-sectional area A,
area moment of inertia I, Young’s modulus E, mass density ρ, and
lengthL�t� and velocityU�t� at time t. Viewing the sliding beam as a
systemof changingmass, one assumes that the part of the beam inside
the prismatic joint is nondeformable and has a prescribed axial
motion. The axial velocity is uniform along the entire beam because
the beam is assumed inextensible (i.e., the velocity is dependent on
time t but not on spatial coordinate x). Thus, the task is to determine
the transverse motion of the beam in a plane as it emerges from the
prismatic joint.
By studying the Euler–Bernoulli beam segment at an arbitrary

distance x, according to Newton’s second law in the transverse
direction, we have

ρA

�
∂w2

∂t2
� 2U

∂w2

∂x∂t
�

�
U2 � �L − x� ∂U

∂t

�
∂w2

∂x2

�
� EI

∂4w
∂x4

� 0

(1)

in which w denotes the transverse displacement.
Equation (1) was derived by Tabarrok et al. [33] using both the

momentum equilibrium method and Hamilton’s principle. Behdinan
et al. [34] discussed the geometrically nonlinear formulations,
governing the sliding beams for different descriptions, via the
extended Hamilton’s principle. Recently, Park et al. [35] proposed a

set of coupled equations governing the transverse and longitudinal
motions of the deploying and retracting beams. The governing linear
time-varying equation used in this study can be obtained from the
aforementioned references by eliminating the higher-order and
coupled terms. For this case, Newton’s second law provides the most
convenient way to derive the equation governing the transverse
motion of the deploying or retracting beam.
The time-varying parameter partial differential equation can be

solved by the Galerkin truncation method (i.e., the assumed-mode
method). The Galerkin method has been widely used in the vibration
analysis of time-independent gyroscopic systems, such as axially
moving continua and pipes conveying fluid on two supports [36–39].
The time-independent assumed-mode is usually adopted as the
corresponding mode function of the static case. In the analysis of
transient dynamics of time-varying parameter systems, it has also
been proven that the assumed-modemethod is effective, although the
assumed mode is time dependent [6,29,35,40]. In the current study,
the assumed-modemethodwill be used for the study of the deploying
beam, and its convergence will be demonstrated.
The transverse displacement is expanded in a series form, in terms

of a set of assumed-mode functions:

w�x; t� �
XN
n�1

φn�x; L�fn�t� (2)

in which the fn denote the temporal generalized coordinates and the
assumed-mode functions φn denote spatial variables. However,
because the length of the beam is varying, the transient assumed-
mode function φn is dependent on length L and further dependent on
time t. The following cantilevered beam eigenfunctions are used

ϕi�x; L� � cosh βi
x

L
− cos βi

x

L

−
cos βi � cosh βi
sin βi � sinh βi

�
sinh βi

x

L
− sin βi

x

L

�
(3)

By the assumed-mode method, the transverse vibration of the
deploying beam can be studied by the superposition of the time-
varying assumed-modes. The time-varying assumed-modes after
truncation will hold their contour shape, even the length is varying
with time.
Substituting Eq. (2) into Eq. (1), applying Galerkin’s procedure,

and performing some manipulation, the discretized time-varying
parameter differential equation of motion becomes

�f � 2�U∕L�A _f � �� _U∕L�A − �U∕L�2�A� B� � Λ�f � 0 (4)

in which the vectors and matrices are defined as

f�ff1 f2 f3 ··· gT; Λij��EI∕ρAL4�β4i δij;

Aij�
Z

1

0

�1−ξ�ϕiϕ
0
jdξ−

1

2
δij Bij�

Z
1

0

�1−ξ�2ϕ0
iϕ

0
jdξ−

1

4
δij;

ϕi�cosh�βiξ�−cos�βiξ�−αi�sinh�βiξ�−sin�βiξ��; i;j�1; :::;N

(5)

These integrations of assumed-mode functions can be obtained by
numerical calculations [6], and some analytical results can be found
in the references [5,29].

III. Transient Response to Initial Conditions and
Energy Variation

Equation (4) is integrated using a Runge–Kutta algorithmwith error
control. This algorithm is implemented in the standard ode45 function
from the MATLAB software (The MathWorks Inc., Natick, MA,
2012). Calculations have been performed with the values of the
parameters adopted from [9]: mass/unit length �ρA� � 0.599 kg∕m,
bending stiffness �EI� � 3798 N · m2, and initial length �L0� � 2 m.Fig. 1 Configuration of axially inextensible sliding beam.
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A. Instantaneous Natural Frequencies

It is known that the natural frequencies of a static cantilever beam
decrease with the increase of length while other parameters hold the
same values. On the other hand, the introduction of the axial motion
also makes the natural frequencies higher, even for the axially moving
beams on two fixed supports [41,42]. In Fig. 2, the instantaneous
natural frequencies are plotted with the time for the axially deploying
cantilever beam with constant velocity U � 0.8 m∕s. Because the
deployment is continuous, the total length of the cantilever beam is
increasing, which results in decreasing of the instantaneous natural
frequencies.

B. Contour Shape Holding

Now we study the contour shape of the vibrations imparted from
different-order initial mode. The plots in Fig. 3 demonstrate the
snapshots of the transverse vibrations of the axially deploying beam
with different-order initial mode. The snapshot shape of the beam
released from the first-order initial condition holds the same shape as
the first-order mode. While imparted from the second- and third-
mode initial conditions, the second-and the third-mode vibrations
will dominate respectively.

In every plot in Fig. 3, the contour shape is like being stretched
while the overall mode shape holds the same as the beam is being
deployed.

C. Energy Variation

By close inspection of the truncated ordinary differential Eq. (4), we
obtain the kinetic energy Ek, potential energy Ep, and total energy Et:

Ep � 1

2
fT �� _U∕L�A − �U∕L�2�A� B� � Λ�f ;

Ek �
1

2
_fT _f ;

Et � Ep � Ek (6)

Based on Eq. (6), the change of energy with time is described in
Fig. 4. Without deploying velocity, the total energy is a constant as
presented in Fig. 4a, which is well known for the free vibrations of
undamped linear systems. For the deploying case, U � 1.0 m∕s, the
change of the energy is depicted in Fig. 4b. If the beam is pushed out
with a constant velocity, the pushing force should be zero when the
transverse vibration does not occur and the damping is neglected.
However, if transverse vibrations exist, the beam may be in tension.
Hence, the “pushing” force is actually “pulling” force in some cases to
keep the deploying velocity constant. One can conclude that when the
beam is pushed out, the boundary must do negative work to remove
energy from the beam. It can be found numerically that the rate of
decrease in the energy varies when the beam is decreasing in length
with a constant speed. Chen and Ferguson [43] found similar
conclusions when investigating the string with varying length. They
also verified that the change in total energy, when the length is varying,
has a linear relationship with the fundamental natural frequency of the
string system, but it is not linear as a function of time. Inspired by the
relationship between the total energy and the instantaneous natural
frequency, the adiabatic invariant will be discussed in Sec. IV.
Equation (6) provides the total energy variation of all the modes

with respect to time. Now we will study the energy variation of each
assumed mode with different initial conditions. Because Eq. (4)
couples all the assumed modes, we cannot obtain the explicit
expressions for the total energy. However, we can use a numerical
method to study the variation of the generalized coordinates f . As
before, we use the Runge–Kutta method with error control to obtainFig. 2 Transient natural frequencies vs time.

Fig. 3 Contour shapes of the axially moving beam with different initial mode.
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solutions numerically. The response to the first-order initial condition
is plotted in Fig. 5. The generalized coordinates of all modes are
increasing with time from the first-order mode initial condition

ff1; f2; : : : ; fNgt�0 � f0.1; 0; : : : ; 0g
f _f1; _f2; : : : ; _fNgt�0 � f0; 0; : : : ; 0g (7)

in which the first mode initial generalized deflection is set to a
nonzero value while the other mode deflections and the initial
generalized velocities are all set to zero.
The first mode initial condition rises gradually the response of

other assumedmodeswith increasing time, the first order initialmode
condition gradually increases the response of other assumed modes,
as can be seen in Fig. 5. The increasing coordinates of the other mode
imply an “energy leakage” from the initially excited first-order mode
to the other order modes. By studying the responses of the first six
assumed modes due to the different initial modes of orders, it can be
concluded that the energy leakage occurs for every case and that the
vibration energy, due to the initial mode, is spreading to the other
order modes. From the variations of the generalized coordinates, it
also can be found that the modes more adjacent to the initial excited
mode absorb more energy than those that are farther away.

By inspection of Eq. (4), one finds that the phenomenon of energy
transfer among assumed modes is caused by the velocity-dependent
term −�U∕L�2�A� B� for the constant velocity case. Matrix A is
skew symmetric, and matrixB is symmetric. Numerical integrations
show that the summation matrix (A� B) is diagonally dominant,
which indicates that the coupling of the assumedmodes isweakwhen
the axially deploying velocity is low. By assuming the deploying
velocity to be zero, we can obtain a decoupled equation governing the
transverse vibrations of the cantilever beam with constant length.

IV. Adiabatic Invariant of the Decoupled System

The first-order truncation is usually effective for the case of the
first-order mode initial condition. Now we study the first-order
truncation of Eq. (4) with constant velocity

�f1 � �−�U∕L�2B11 � Λ11�f1 � 0 (8)

It should be noted that the diagonal elements ofmatrixA in Eq. (4)
are zero.

Fig. 4 Energy variationwith time. Black solid lines denote total energyEt, reddashed-dotted lines denote kinetic energyEk, and blue dashed lines denote

potential energy Ep.

Fig. 5 Truncated generalized coordinates with the first initial mode.
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A. Averaging Method

Because B11 ≪ Λ11, for low deploying velocities, Eq. (8) can be
rewritten as an oscillator with slowly varying frequency

�f1 � ω2�t�f1 � 0 (9)

in which

ω2�t� � −
�
U

L

�
2

B11 � Λ11 (10)

Nowwe employ the averagingmethod to the truncated system.We
put _f1 � ω�t�g1 and transform f1, g1 → r, φ by

f1 � r sin φ; g1 � r cos φ (11)

Substituting Eqs. (11) and their derivatives into Eq. (9), after some
manipulations we obtain

_r�−
1

ω�t�
dω

dt
rcos2φ

_φ�ω�t��t
1

ω�t�
dω

dt
r sinφcosφ (12)

By integrating the right side of the first equation of (12) with
respect to φ over �0; 2π�, the averaged expression can be obtained as

dra
dt

� −
1

2ω�t�
dω

dt
ra (13)

After integration of Eq. (13), we get

ra
���������
ω�t�

p
� C (14)

with constant C determined by initial conditions. In the original
variables x and _x, Eq. (14) gives

ω�t�f21 �
1

ω�t�
_f21 � C (15)

The energy-like quantity defined by Eq. (15) is reserved in a finite
time. This quantity, conserved with a varying parameter, is called an
adiabatic invariant [44]. An adiabatic invariant is a property of a
physical system that stays constant when changes occur slowly.
Figure 6a presents the phase map calculated numerically with the

Runge–Kutta method based on the truncated governing Eq. (4) from
the first-order mode initial condition. The phase map depicts the
curve from the initial point A, where t � 0, to the end point B, where
t � 4.8 s. Apparently, the transverse deflection is increasing while
the transverse velocity is decreasing.
The ellipses inFig. 6b are calculated based onEq. (15)with the same

initial conditions for every 0.3 s from t � 0 to 4.8 s. Because the
adiabatic invariant (15) holds for the time-varying parameter system,
all the ellipses share the same area determined by the initial condition.

B. Bessel Equation Method

With the assumption of constant deploying speed

L � Ut (16)

the decoupled time-varying parameter Ordinary Differential
Equation (ODE) (8) can be cast into a standard Bessel equation.
Tabarrok et al. [6] andKalaycioglu andMisra [9] derived the solution
to Eq. (8)

f1 �
��
t

p �
D1Jν

�
κ

t

�
�D2J−ν

�
κ

t

��
(17)

in which J is a Bessel function of order ν and the constants D1 andD2
depend on the initial conditions. The new parameters are defined as

κ �
������������
Λ11t

4

q
�

����������������������������
�EI∕ρAU4�λ41

q

ν �
�����������������
B11 �

1

4

r
(18)

The qualitative behavior of the deploying beam for small and large
values of t can be determined by the asymptotic values of the Bessel
function

Fig. 6 Comparison of variables determined by numerical method and adiabatic invariant.
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t → 0;

�
κ

t

�
→ ∞; J�v →

������
2t

πβ

s
cos

sin

�
κ

t
−
π

4
−
νπ

2

�
(19)

and

t → ∞;

�
κ

t

�
→ 0; J�v →

�κ∕2t��ν

Γ�1� ν� (20)

in which Γ is the gamma function. The asymptotic values imply that,
at the initial stage of the axial deployment, the oscillatory motions
will be dominant. At a later stage, an unbounded motion will
dominate the lateral motion [6].
Now we pay attention to the earlier stage of deployment to check

the energy-like invariant. Substituting functions (19) into Eq. (17)
yields

f1 �
���
2

p
Ut������
πκ

p
�
D1 cos

�
κ

t
−
π

4
−
νπ

2

�
�D2 sin

�
κ

t
−
π

4
−
νπ

2

��

� t���
κ

p A cos

�
κ

t
� ψ

�
(21)

in which the constants A and ψ can be determined from the initial
condition and the velocity.
Considering the asymptotic condition when t→0, the first

derivative of f1 can be obtained approximately as

_f1 �
−

���
κ

p
t

A sin

�
κ

t
� ψ

�
(22)

The readers can refer to Eqs. [6] for detained discussion of the
Bessel function method. Comparing Eq. (21) and Eq. (22), we have
the following equation for

κ

t2
f21 �

_f1
κ∕t2

� C (23)

Substituting Eq. (16) into Eq. (10) and using the first equation of
(18), we find

t → 0; ω�t� → κ

t2
(24)

Apparently, the adiabatic invariant (23) obtained by the Bessel
function method, agrees with the one obtained by the averaging
method (15) in the earlier stage of deploying.

V. Conclusions

In this study, the linear time-varying parameter system of
deploying beams has been investigated by the assumed-mode
truncation method. The configurations of the assumed-modes have
been studied for different initial-order modes. The transfer of energy
among different mode orders has been discussed. The energy-like
invariant for the transient response have been proposed. The main
conclusions are as follows.
1)When set free from one given initial mode, the contour shape of

the corresponding mode will be held. The contour shape is being
stretched during deploying, while the overall mode shape holds the
same configuration as the initial mode.
2) During deployment, the vibration energy due to the initial mode

is spreading to the other order modes. It also can be found that the
modes more adjacent to the initial excited mode absorb more energy
than those that are farther away.
3) For the truncated first-order time-varying system, an energy-like

invariant, the adiabatic invariant, was derived by both the averaging
method and the Bessel function method. When the beam is being
deployed with constant speed, the adiabatic invariant may be kept a
constant.
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