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Abstract. We provide an alternative means of electric field control for spin manipulation in the absence of
magnetic fields by transporting quantum dots adiabatically in the plane of two-dimensional electron gas.
We show that the spin splitting energy of moving quantum dots is possible due to the presence of quasi-
Hamiltonian that might be implemented to make the next generation spintronic devices of post CMOS
technology. Such spin splitting energy is highly dependent on the material properties of semiconductor.
It turns out that this energy is in the range of meV and can be further enhanced with increasing pulse
frequency. In particular, we show that quantum oscillations in phonon mediated spin-flip behaviors can be
observed. We also confirm that no oscillations in spin-flip behaviors can be observed for the pure Rashba
or pure Dresselhaus cases.

1 Introduction

Several novel ways of spin manipulation in spintronic de-
vices have been considered by different authors [1–9], hav-
ing in mind their applications in the next generation op-
toelectronic devices that might be implemented for the
realization of solid state quantum computing and quan-
tum information processing [4,7,10,11]. Longer coherent
times caused by phonon or electromagnetic radiation field
in physical systems, such as quantum dots, quantum wells
and quantum wires, are sought for getting high fedility
quantum gates for the implementation in quantum infor-
mation processing [2,12–14]. However, physical systems
interact with the environmental noise and thus one can
expect an exponential decay of the coherent time that
might lose the behaviors of quantum phenomena, and
hence might not be considered for applications in quantum
information processing. Thus, several different techniques
for different physical devices (quantum dots, cavity quan-
tum electrodynamics and others) have been proposed to
enhance the decoherence time [11–13,15]. Quantum cir-
cuits made from quantum dots in particular have poten-
tial interest because quantum dots with two ferromagnetic
contacts can be efficiently used to inject electron spin in
quantum dots with tuning gate controlled electric field
along z-direction [7,10,11]. Contact-induced effective elec-
tric fields might be able to inject electron spin and to add
switchable strong coupling to the cavity photons by using
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a standard technique known as cavity quantum electrody-
namics [15]. Electric and magnetic field control of effective
g-factor in isotropic and anisotropic semiconductor quan-
tum dots is still considered to be the best choice by many
researchers around the world because it is easy to grow
and manipulate the spin in quantum dots with existing
semiconductor state-of-the-art technology [7,9]. In these
devices, one can tune the g-factor of electron and hole
states with spin-orbit coupling coefficients in presence of
externally applied magnetic and electric fields. Spin-orbit
coupling in semiconductor consists of the Rashba and lin-
ear Dresselhaus couplings due to lack of structural inver-
sion symmetry along the growth direction and bulk in-
version symmetry in the crystal lattice. In this case we
neglect the cubic Dresselhaus spin-orbit coupling due to
its negligible contribution to the band structure of the
unperturbed Hamiltonian in quantum dots [16,17]. How-
ever, for the case of quantum dots epitaxially grown in
growth direction with no magnetic fields, spin-orbit cou-
pling can modify some level of energy states but might
become impossible to split the bands unless one can ap-
ply some level of trick to rotate the Hamiltonian opera-
tors in such a way that either Pauli x or y components
of spin matrix couples to the z-component [18,19]. Then
one might immediately argue that the spin-orbit couplings
of the rotated Hamiltonian operator of quantum dots are
not significantly strong to break the in-plane rotational
symmetry and it might be impossible to induce Zeeman
type spin splitting energy. Thus in this paper, we pro-
pose a more robust novel method to find the splitting
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of the orbital states in quantum dots in the absence of
magnetic fields. Here we apply the time dependent con-
trol field through gate potential in gated semiconductor
quantum dots that allows us to investigate the spin ma-
nipulation in such structures. We assume that the quan-
tum dots are transported adiabatically with the appli-
cation of time dependent gate controlled electric fields
and show that such moving quantum dots induce a quasi-
Hamiltonian that breaks the in-plane rotational symmetry
and induces spin-splitting energy even in the absence of
magnetic fields. Then, we apply the Fermi Golden rule
and estimate the spin relaxation time caused by piezo-
phonons in moving quantum dots for applications in solid
state quantum computing and quantum information pro-
cessing. Although spin manipulation through geometric
phases and realization of quantum gates by transport-
ing III-V semiconductor quantum dots adiabatically have
been studied in previous works [20,21], our goal here is to
diagonalize the quantum dots Hamiltonian by degenerate
and non-degenerate perturbation scheme and analyze the
importance of the quasi-Hamiltonian on the bandstruc-
tures of quantum dots. Further realization of two-qubit
quantum gates for holonomic quantum computers in solid
state systems with and without magnetic fields has been
studied in reference [21]. However, our work is different
in that we may find resonant behaviors with the esti-
mated decoherence rate (Γ ≈ (2T1)−1 ∼ μs−1) (see also
Ref. [20]).

2 Theoretical model

For a moving semiconductor quantum dot (QD) in the
plane of two-dimensional electron gas, we consider the to-
tal Hamiltonian H = H0 +Hso [21–23]. Here

H0 =
p2

x + p2
y

2m
+

1
2
mω2

o

{
(x− x0)

2 + (y − y0)
2
}
, (1)

Hso = HR +HD

=
α

�
(σxpy − σypx) +

β

�
(−σxpx + σypy) . (2)

In equation (1), p = −i�(∂x, ∂y, 0) is the canonical mo-
mentum, m is the effective mass of an electron, ω0 =
�/m�20 is the confining potential with �0 being the QDs
radii, x0 = r0 cos θ, y0 = r0 sin θ and θ = ωt. Here r0
is the orbit radius and ω is the frequency of the con-
trol pulse. By varying θ very slowly, QD is adiabatically
transported along the circular trajectory in the 2D plane.
Equation (2) is the spin-orbit Hamiltonian consisting of
the Rashba and the linear Dresselhaus couplings. In equa-
tion (2) α = αReE and β = 0.78γc

(
2me/�2

)2/3
E2/3. Now

we assume relative coordinate R = r− r0 = (X,Y, 0) and
the relative momentum P = p− p0 = (PX , PY , 0), where
p0 is the momentum of the slowly moving quantum dot
that might be classically given by mṙ0. Thus we write the

total Hamiltonian H in the form:

H (P,R) = H0 (P,R) +H ′
0 (x0, y0)

+H ′′
0 (P,R;x0, y0)+Hso (P,R)+Hq,

(3)

H0 (P,R) =
P 2

X + P 2
Y

2m
+

1
2
mω2

o

(
X2 + Y 2

)
, (4)

H ′
0 (x0, y0) =

1
2
mω2

(
x2

0 + y2
0

)
(5)

H ′′
0 (P,R;x0, y0) = −ω (y0PX − x0PY ) , (6)

Hso (P,R) =
α

�
(σxPY − σyPX)

+
β

�
(−σxPX + σyPY ) , (7)

Hq (x0, y0) =
αmω

�
(σxx0 + σyy0)

+
βmω

�
(σxy0 + σyx0) . (8)

We may also express Hso (P,R) and Hq in terms of the
raising and lowering spin operators,

Hso (P,R) = α

√
mω0

�
(σ+a+ − σ−a−)

+ βi

√
mω0

�
(σ−a+ + σ+a−) +H.c.. (9)

Hq =
mω

�
[α (x0 − iy0) + β (y0 − ix0)]σ+ +H.c,

(10)

where σ± = (σx ± iσy)/2 and H.c. corresponds
to Hermitian conjugate. We diagonalize Hamiltonian
H0 (P,R) on the basis of the number states |n+, n−〉 as:

H0 = (N+ +N− + 1)�ω0, (11)

where N± = a†±a± are the number operators with eigen-
values n± ∈ N0. Here,

a± =
1√

4m�ω0

(iPX ± PY ) +
√
mω0

4�
(X ∓ iY ) , (12)

a†± =
1√

4m�ω0

(−iPX ± PY ) +
√
mω0

4�
(X ± iY ) , (13)

provided that
[
a±, a

†
±
]

= 1. Now we considerH ′
0,H

′′
0 ,Hso

and Hq as perturbation terms of H0 and thus we write the
eigenenergy of H as:

εn+n− = ε(0)n+n− + ε(1)n+n− + ε̃(1)n+n− + ε(2)n+n− + ε̃(2)n+n− , (14)

where the unperturbed energy eigenvalues of H0 are

ε(0)n+n− = (n+ + n− + 1) �ω0, (15)

and the first order energy corrections are

ε(1)n+n− = 〈n+n−|H ′
0|n+n−〉 = mω2r20/2 = G, (16)

ε̃(1)n+n− = 〈n+n−|Hq|n+n−〉
=
mω

�
[α (x0 − iy0) + β (y0 − ix0)]σ+ +H.c.,

(17)
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∣∣∣∣∣∣
ε
(0)
n+n− + ε

(1)
n+n− + ε

(2)
n+n− + ε̃

(2)+
n+n− − εn+n−

αmω
�

(x0 − iy0) + βmω
�

(y0 − ix0)

αmω
�

(x0 + iy0) + βmω
�

(y0 + ix0) ε
(0)
n+n− + ε

(1)
n+n− + ε

(2)
n+n− + ε̃

(2)−
n+n− − εn+n−

∣∣∣∣∣∣
= 0 (22)

and the second order energy corrections are

ε(2)n+n− =
∑

m+m− �=n+n−

|〈m+m−|H ′′
0 |n+n−〉|2

ε0n+n− − ε0m+m−
, (18)

ε̃(2)n+n− =
∑

m+m− �=n+n−

|〈m+m−|Hso|n+n−〉|2
ε0n+n− − ε0m+m−

, (19)

where

〈m+m−|H ′′
0 |n+n−〉 = ω

√
m�ω0

4

×
{

(iy0 + x0)
√
n+δm+m−,(n+−1)n−

+ (−iy0 + x0)
√
n+ + 1δm+m−,(n++1)n−

+ (iy0 − x0)
√
n−δm+m−,n+(n−−1)

+ (−iy0 − x0)
√
n− + 1 δm+m−,n+(n−+1)

}
, (20)

〈m+m−|Hso|n+n−〉 =
√
mω0

�

×
{

(ασ+ + iβσ−)
√
n+δm+m−,(n+−1)n−

+ (ασ− − iβσ+)
√
n+ + 1δm+m−,(n++1)n−

− (ασ− − iβσ+)
√
n−δm+m−,n+(n−−1)

− (ασ+ + iβσ−)
√
n− + 1 δm+m−,n+(n−+1)

}
. (21)

Note that the matrix element (21) multiplied with its
Hermitian conjugate provides us the terms containing ei-
ther σ+σ− or σ−σ+ which are the elements of the diagonal
matrix (see Appendix A. Finally, we express (14) as

see equation (22) above,

where ε̃(2)±n+n− correspond to the energy correction terms of
the upper and lower elements of the diagonal matrix (for
details, see Appendix A). Now it is straight forward to
find the energy eigenvalues of (22) as:

2εn+n−± = En+n− ±
[
E2

n+n− − 4
{

˜̃ε2n+n−

+ ˜̃εn+n−

(
ε̃(2)+n+n− + ε̃(2)−n+n−

)
+ ε̃(2)+n+n− ε̃

(2)−
n+n− − ω2κ2

}]1/2

,

(23)

where s = ± correspond to the eigenvalues associated to
spin up and down states and

En+n− = 2˜̃εn+n− + ε̃(2)+n+n− + ε̃(2)−n+n− , (24)

˜̃εn+n− = ε(0)n+n− + ε(1)n+n− + ε(2)n+n− , (25)

κ =
m

�

[
(αx0 + βy0)

2 + (αy0 + βx0)
2
]1/2

. (26)

We noticed from (23) that the bandstructures of quan-
tum dots explicitly depend on the adiabatic parameters,
x0 and y0 that induce resonant behaviors on the energy
eigenvalues of spin splitting during the adiabatic move-
ment of the dots in the plane of 2-dimensional electron
gas. Also, from (26) either for the pure Rashba case (i.e.,
β = 0), we find k = mα/� or for the pure Dresselhaus
case (i.e., α = 0), we find k = mβ/� which is completely
independent from the periodic potential that we apply
electrically to let the dots to move in a circular trajectory.
Thus either for the pure Rashba or Dresselhaus cases (i.e.,
only one type of spin-orbit interaction present), we might
not find any resonant behaviors. The distribution of the
charge density is expected to be constant along the trans-
ported route (circular trajectory) of the dots either for
the pure Rashba or pure Dresselhaus cases [24]. Hence
the resonant peaks can only be observed for the cases of
the interplay between the Rashba and Dresselhaus spin-
orbit couplings that might provide an evidence of bro-
ken in-plane rotational symmetry in quantum dots. For
�ω0 >> G, we may express Δ ∝ κω (see Appendix A
for details) and for a special case, α = β, we may also
write Δ ∝ mαr0 sin 2θ/� (see also Ref. [24]). Therefore,
large spin-orbit coupling strengths lead to strong local-
ization of electrons (anisotropic effect) along z-direction
at the heterojunction and the spin splitting energy differ-
ence exhibits minima at the valleys of the sin 2θ poten-
tial (i.e., at θ = 3π/4 or 7π/4) or maxima at θ = π/4
or 5π/4 (see Fig. 1). Similar kind of periodic potential
term Δ ∝ sin θ may also appear for the case of quantum
dots whose axis of orientation is considered at the origin
(i.e., r0 = 0 in our theoretical model) where interplay be-
tween Rashba-Dresselhaus spin-orbit couplings break the
rotational symmetry and persistent spin current may be
observed (see Ref. [24] for details).

Now we estimate the spin relaxation time caused by
the emission of one piezo-phonon at absolute zero tem-
perature between two lowest energy states in III-V semi-
conductor QDs [25]. Hence, the coupling between an
electron and a piezo-phonon with mode qα (q is the
phonon wave vector and the branch index α = l, t1, t2
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Fig. 1. Spin splitting energy difference vs. rotation angle in
III-V semiconductor quantum dots. Here we chose r0 = 50 nm,
ω = 100 GHz, �0 = 32 nm and E = 105 V/cm. Other material
constants are chosen from reference [4].

for one longitudinal and two transverse modes) is given
by [4,25,26]:

uqα
ph (r, t) =

√
�

2ρV ωqα
ei(q·r−ωqαt)eAqαb

†
qα +H.c., (27)

where ρ is the crystal mass density, V is the volume of
the QD and Aqα = q̂iq̂keβijke

j
qα is the amplitude of the

electric field created by phonon strain. Here q̂ = q/q and
eβijk = eh14 for i 
= k, i 
= j, j 
= k. Based on the Fermi
Golden Rule, the phonon induced spin transition rate in
the QDs is given by [25,26]

1
T1

=
2π
�

∫
d3q

(2π)3
∑

α=l,t

|M (qα) |2δ (�sαq −Δ) , (28)

where Δ = ε00+ − ε00+ (see Appendix A) and the matrix
element M (qα) = 〈ψi|uqα

ph (r, t) |ψf 〉 has been calculated
perturbatively [4,9,27]. Here |ψi〉 and |ψf 〉 correspond to
the initial and finial states of the Hamiltonian H . Based
on second order perturbation theory, the spin relaxation
time caused by phonon is given by:

1
T1

=
4 (eh14)

2
Δ3

35π�5ρ

(
1
s5l

+
4
3

1
s5t

)
G2
(
α2 + β2

)
[
(�ω0)

2 −G2
]2 . (29)

Clearly, relaxation rate depends on Δ which is propor-
tional to the periodic potential term sin θ and cos θ (also
see Appendix A). Thus, we expect quantum oscillations
(see Fig. 3) in the relaxation rate during the adiabatic
transport of the quantum dots.

3 Results and discussions

By analyzing equation (23) (see also Eq. (A.13)), we find
that the quasi-Hamiltonian induces spin splitting energy

in a moving QD which is similar to the Landau levels in
the presence of magnetic fields. In Figure 1, we plot the
spin splitting energy difference vs. rotation angle of III-
V semiconductor quantum dots. Such spin splitting en-
ergy is highly dependent on the Rashba-Dresselhaus spin-
orbit coupling coefficients and on the control frequency
ω. In Figure 2, at any fixed time interval, the quantum
dots, displaced from its center, also allows us to investi-
gate the interplay between the Rashba-Dresslhaus spin-
orbit couplings on the energy spectrum of the dots. We
clearly see that for the case of InSb QDs, large spin orbit
couplings induce large gaps over other materials (GaAs,
GaSb, InAs). Since spin-orbit couplings themselves induce
an anisotropy effect (see Refs. [24,27]), the enhancement
in the spin splitting energy difference by tuning both the
Rashba-Dresselhaus spin-orbit couplings may provide an
evidence of broken in-plane rotational symmetry. For the
case of 100 GHz, the spin splitting energy is comparable to
the Landau energy levels at large spin-orbit coupling coef-
ficients (see Fig. 2) and might be utilized to break the in-
plane rotational symmetry. The splitting of s- and p-states
of quantum dots due to the presence of quasi-Hamiltonian
allows us to investigate several physical phenomena by
estimating the decoherence time (current motivation of
our work), as well as to robustness of spin manipulation
through Berry phase for topological quantum computing
and other spintronics [20–23,28]. In Figure 3, we plot the
spin relaxation rate caused by piezo-phonon vs. time in
a moving quantum dot. It can be seen that the behav-
ior of spin relaxation is a sinusoidal function due to the
fact that the spin relaxation explicitly depends on sin(2θ)
(see Eq. (29)). Here we find that at t = 0, the spin relax-
ation does not vanish because at θ = 0, the QD displaced
from center r0 = 0 to r0 and thus the quasi-Hamiltonian
(i.e. the off diagonal terms of Eq. (22)) induces apprecia-
ble values of spin splitting energy. In Figure 4, we plot
phonon mediated spin relaxation vs. QDs radii. Here we
find that the cusp-like structure can be observed with the
accessible values of the QDs radii due to the accidental de-
generacy point in equation (29). Cusp-like structure can
be found exactly with the expression: �0 = 1.42�/(mωr0).
At or near the cusp-like structure, the spin-relaxation rate
is greatly enhanced that reduces the decoherence time. As
a result, accidental degeneracy point may not be consid-
ered as an ideal location for the design of spintronic de-
vices for quantum information processing. This avoided
ideal location is similar to the spin hot spot that was de-
scribed in references [2,4,27,29] but differs in that even in
the absence of the magnetic field, quasi-Hamiltonian due
to time dependent electric field control parameter also in-
duces the accidental degeneracy point in the energy spec-
trum of electron in a moving QD.

4 Conclusion

We have proposed a theoretical model for the spin split-
ting of electron in semiconductor quantum dots without
applying any source of magnetic fields. In Figures 1 and 2,
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Fig. 2. Spin splitting energy difference vs. electric field in III-V semiconductor quantum dots. Note that applied electric field
determine the strength of the Rashba and Dresselhaus spin-orbit couplings. Interplay between the Rashba and Dresselhaus
spin-orbit couplings induce large gaps in the energy spectrum of quantum dots that may provide an evidence of broken in-plane
rotational symmetry (see also Ref. [24]).

Fig. 3. Relaxation rate mediated by phonon vs. time in III-
V semiconductor quantum dots. Here we chose r0 = 100 nm,
ω = 10 GHz, �0 = 32 nm and E = 105 V/cm. Other material
constants are chosen from reference [4].

we have shown that the spin splitting energy of III-V semi-
conductor quantum dots is possible even in the absence of
magnetic fields. The spin splitting is observed due to the
presence of quasi-Hamiltonian that does not depend on
momentum and position operators but depends on the
Pauli spin operator in a moving QD. In Figure 3, we
have shown that the quantum oscillations and dips in the
phonon mediated spin relaxation are observed in a fixed
time interval. Finally, in Figure 4, we have shown that the
cusp-like structure due to accidental degeneracy in the en-
ergy spectrum of quantum dots in the phonon mediated
spin relaxation is seen and one might need to avoid such a
location for the design of spintronic devices for quantum
information processing.

Fig. 4. Relaxation rate mediated by phonon vs. QDs radii in
III-V semiconductor quantum dots. Here we chose θ = 0, r0 =
100 nm, ω = 700 GHz, and E = 104 V/cm. Other material
constants are chosen from reference [4].

This work was supported by NSERC and CRC programs,
Canada.

Appendix A: Estimation of spin splitting
of lowest energy eigenvalues

For the lowest state, we assume the quantum num-
bers n+n− = 00 and write the eigenvalues from (15)
and (16) as:

ε
(0)
00 = �ω0, (A.1)

ε
(1)
00 =

1
2
mω2r20 = G. (A.2)

To find ε
(2)
00 and ε̃

(2)
00 from (18) and (19), we notice that

unperturbed energy ε(0)m+m− (m+m− 
= n+n−) for 01 or 10
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are degenerate. Thus, we apply degenerate perturbation
theory and write

ε
(0)
01 = ε

(0)−
01 = 2�ω0 −G, (A.3)

ε
(0)
10 = ε

(0)+
10 = 2�ω0 +G. (A.4)

Next we write ε(2)00 from (18) as:

ε
(2)
00 =

|〈01|H ′′
0 |00〉|2

ε000 − ε
(0)−
01

+
|〈10|H ′′

0 |00〉|2
ε000 − ε

(0)+
10

, (A.5)

= − G (�ω0)
2

(�ω0)
2 −G2

. (A.6)

Also we write ε̃(2)00 from (19) as:

ε̃
(2)
00 =

|〈01|H ′′
so|00〉|2

ε000 − ε
(0)−
01

+
|〈10|H ′′

so|00〉|2
ε000 − ε

(0)+
10

. (A.7)

By considering

|〈01|Hso|00〉|2 =
mω0

�

(
α2σ+σ− + β2σ−σ+

)

=
mω0

�

(
α2 0

0 β2

)
, (A.8)

|〈10|Hso|00〉|2 =
mω0

�

(
α2σ−σ+ + β2σ+σ−

)

=
mω0

�

(
β2 0

0 α2

)
, (A.9)

we write ε̃(2)00 from (A.7) as:

ε̃
(2)
00 =

⎛
⎝ ε̃

(2)+
00 0

0 ε̃
(2)−
00

⎞
⎠ , (A.10)

where

ε̃
(2)+
00 = −mω0

�

[
α2

�ω0 −G
+

β2

�ω0 +G

]
, (A.11)

ε̃
(2)−
00 = −mω0

�

[
β2

�ω0 −G
+

α2

�ω0 +G

]
. (A.12)

Considering n+n− = 00, we re-write (23) as:

ε00σz = (1 − δ) �ω0 + ωκσz, (A.13)

where δ(<1) = (mω0/�)(α2
R + α2

D)/[(�ω0)2 − G2].
In (A.13), we have neglected the term associated to
ε̃
(2)+
00 · ε̃(2)−00 � 1. The perturbation scheme to diagonal-

ize total H works for the case when the perturbed en-
ergy eigenvalues are smaller than the unperturbed energy
eigenvalues. For example, the parameters chosen in Fig-
ure 1 for GaAs case at θ = 0, we estimate ε(0)00 ≈ 1.1 meV,

ε
(1)
00 ≈ −ε(2)00 ≈ 4.7 μeV, ε̃(2)+00 ≈ −1.81 μeV and ε̃

(2)−
00 ≈

−1.83 μeV. Evidently, the perturbed energy eigenvalues
depend on the control pulse frequency ω, and orbit ra-
dius r0, where quantum dots move adiabatically along the
circular trajectory. For larger values of ω and r0, the per-
turbation scheme to diagonalize the total H may not work
and the adiabaticity theorem may not be valid (see below).

The quantum dots must be transported very slowly so
that we can apply the adiabatic theorem. The criteria of
the adiabaticity puts a limit on the classical velocity v = ṙ
of the moving quantum dot in order to keep the electron
in its ground state. By considering the spin-orbit length
λR,D = �

2/mαR,D, we need to satisfy Γλso � |v| � �dω0

at any moment in time. Here R,D correspond to the
Rashba and Dresselhaus cases, Γ ≈ (2T1)−1 is the deco-
herence rate, �d = 2�0 is the size of the dot. By considering
the parameters chosen in Figure 3 at θ = 0 for GaAs, we
find Γ = 8 μs−1, λR = 2.6 μm, λD = 0.83 μm (the values
approximately match to Refs. [20,21]) and estimate that
Γλso = 0.014 nm/s and �dω0 = 1014 nm/s. Finally, we
find v =

√
v2

x + v2
y = r0ω = 1012 nm/s at θ = 0 which

is in the range of adiabaticity condition mentioned above.
In other words, ω � ω0 to satisfy the adiabatic condition
for the movement of the quantum dots. For experimental
set up, we expect similar to references [7,30] but the QDs
must be transported very slowly by obeying the criteria
of the adiabaticity (also see Refs. [20,21,23,28]).
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