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We investigate the evolution of spin dynamics in graphene nanoribbon superlattices (GNSLs) with

armchair and zigzag edges in the presence of a drift field. We determine the exact evolution

operator and show that it exhibits spin echo phenomena due to rapid oscillations of the quantum

states along the ribbon. The evolution of the spin polarization is accompanied by strong beating

patterns. We also provide detailed analysis of the band structure of GNSLs with armchair and

zigzag edges. VC 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4836395]

Manipulation of electron spins using gate potentials in

low dimensional semiconductor nanostructures is of interest,

among other things, in which it provides a promising

approach for the practical realization of robust qubit

operations.1–10 In recent years, experimental and theoretical

research has sought a better understanding of the underlying

physics of electrostatically defined quantum dots formed in

two-dimensional electron gases for applications to solid state

based quantum computing.11–17 In these devices, the spin-

orbit interaction gives rise to decoherence due to the cou-

pling of the electron spins to lattice vibrations. Hyperfine

interactions between electron and nuclear spins are also a

factor in some systems. Much work has focused on III-V sys-

tems although Si quantum dots18 are also of interest because

of their relatively long decoherence times due to weak spin-

orbit and hyperfine interactions.10 In another promising

approach, experimentalists have succeeded in fabricating

and testing a low operation voltage organic field effect tran-

sistor (FET) using graphene as the gate electrode placed over

a thin polymer gate dielectric layer.19 Graphene is promising

because it exhibits extremely weak spin orbit coupling and

hyperfine interactions.1,20–28 In this paper, we present a theo-

retical investigation of the spin echo phenomena in graphene

nanoribbon superlattices (GNSLs) under an externally

applied drift field. We find that the spin echo is accompanied

by a strong beating pattern in the evolution of spin dynamics

along the GNSLs with armchair and zigzag edges. We show

that with a particular choice of the period and drift field, the

spin polarization can be controlled to propagate on the sur-

face of the Bloch sphere in a desired fashion.

The effective mass Hamiltonian for single layer GNSLs

elongated along either armchair or zigzag direction (see Fig. 1)

near the K point of the Brillouin zone can be written as

H ¼ vFr � pþ Drz þ Uðr; tÞ. Here vF is the Fermi velocity, D
is the miniband width, riði ¼ x; y; zÞ are the Pauli spin matri-

ces, and U r; tð Þ is the confining potential.

For GNSLs with zigzag edge, we consider Uðr; tÞ
¼ U0 yþ yðtÞð Þ2=‘2

0, and the wave function of the above

Hamiltonian H is w x; yð Þ ¼ exp ikxxð Þ/ yð Þ (see Ref. 29 for

details). Now, we define the relative coordinate Y ¼ y� yðtÞ
and relative momentum PY ¼ py � py tð Þ and formulate the

total Hamiltonian in the form: H ¼ H PY ; Yð Þ þ Hqz. Here

H PY ; Yð Þ ¼ vFryPY þ U0Y2=‘2
0; (1)

Hqz ¼ C1rx þ C2 sin kxað Þry þ Drz; (2)

where C1 ¼ �hvFkx and C2 ¼ vFmy0a0a. Under an externally

applied drift field (ED), we write the equation of motion for

kx as: �h@tkxðtÞ ¼ eED (see Ref. 25 for details). Thus we can

write kxðtÞ ¼ a0t with a0 ¼ eED=�h. In Eq. (2), we have writ-

ten the quasi momentum pyðtÞ ¼ m _y ¼ �my0a0a sin kxðtÞað Þ.
We have used the finite element method and solved the cor-

responding eigenvalue problems for (1) and (2) and plotted

the band structures of GNSLs with zigzag edge in Fig. 2(a).

In addition to the localized states (Fig. 2(b)), we also see the

presence of edge states (Fig. 2(c)) in GNSLs.

The Hamiltonian HðPY ;YÞ associated to the relative

coordinates and relative momentum does not couple to the

lowest spin states. Only the quasi-Hamiltonian Hqz induces

Bloch oscillations in the evolution of spin dynamics in

GNSLs.25 For convenience, we write Eq. (2) as

FIG. 1. Schematic diagram of graphene sheet with armchair along x-axis

and zigzag along y-axis. Spin orientation shown by arrow sign in Figs. 1(a)

and 1(b) moves rapidly between �x0 and þx0 for armchair and between

�y0 and þy0 for zigzag GNSLs that induce spin echo under an externally

applied drift field.a)Electronic mail: sprabhakar@wlu.ca. URL: http://www.m2netlab.wlu.ca.
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HqzðtÞ ¼ Csþ þ C?s� þ 2Dsz; (3)

where C ¼ C1 � iC2 sin kxðtÞað Þ, C? ¼ conjðCÞ, and

s6 ¼ sx6isy. The band structures of quasi electron-hole

states described by the Hamiltonian (3) can be written as

d ¼ 6 jCj2 þ D2
� �1=2

: (4)

The band structure of electron and hole states in the first

Brillouin zone ½�p=a; p=a� with the specific choice of the pa-

rameters is shown in Fig. 3.

We construct a normalized orthogonal set of eigenspi-

nors of the quasi-Hamiltonian (3) as

vz
þ tð Þ ¼ d� D

jCj2 þ d� Dð Þ2
h i1=2

C

d� D
1

0
@

1
A; (5)

vz
� tð Þ ¼ d� D

jCj2 þ d� Dð Þ2
h i1=2

�1
C?

d� D

0
@

1
A: (6)

The above spinors (5) and (6) satisfy hvz
þjvz
þi ¼ hvz

�jvz
�i ¼ 1

and hvz
þjvz
�i ¼ hvz

�jvz
þi ¼ 0.

With the use of the Feynman disentangling technique,

the exact evolution operator of Hamiltonian (3) can be writ-

ten as (see also supplementary material30),

Uðt; 0Þ ¼ T exp � i

�h

ð
HðtÞdt

� �
;

¼ exp aðtÞsþð Þexp bðtÞs0ð Þexp cðtÞs�ð Þ; (7)

where T is the time ordering operator. At present, the time de-

pendent functions a; b; c are unknown and can be found by

the Feynman disentangling scheme as discussed below.7,9,31,32

For a spin-1/2 particle, the exact evolution operator (7)

can be written as

UðtÞ ¼
exp

b
2

� �
þ ac exp � b

2

� �
a exp �b

2

� �

c exp �b
2

� �
exp �b

2

� �
0
BBB@

1
CCCA; (8)

which can be seen to satisfy U22 ¼ conjðU11Þ and U12

¼ �conjðU21Þ due to the fact that U(t) is unitary.

At t¼ 0, we use the initial condition vz 0ð Þ ¼ 0 1ð Þ>,

where > denotes transpose and write vz tð Þ ¼ Uðt; 0Þvz 0ð Þ as

vz tð Þ ¼ a exp �b=2f g exp �b=2f gð Þ>: (9)

Next, we find the functional form of aðtÞ, bðtÞ, and cðtÞ
of GNSLs with zigzag edge by utilizing the Feynman disen-

tangling scheme.7,9,31,32

The exact evolution operator of Hamiltonian (3) can be

written as

UðtÞ ¼ exp aðtÞsþ
� �

T;

exp � i

�h

ðt

0

C� xð Þs0þ þ C?s0� þ 2Ds00
� �

dt0
� 	

; (10)

where

a tð Þ ¼ � i

�h

ðt

0

xðtÞdt0; (11)
FIG. 3. Quasi-eigen energy of GNSLs with zigzag and armchair edges.

The material parameters are chosen to be the same as in Fig. 2 but

ED ¼ 105 V=cm.

FIG. 2. Band structure of GNSLs with

zigzag edge. Localized and edge states

wave function squared are plotted in

Figs. 2(b) and 2(c) at k ¼ 0:1 nm�1.

Here we chose U0 ¼ þ60 meV for

electron-like state and U0 ¼ �60 meV

for hole-like state. Also we chose

D ¼ 60 meV, vF ¼ 104 cm=s, ED ¼
106 V=cm; y0 ¼ 100 nm, ‘0 ¼ 150 nm,

m ¼ 0:007me, and a ¼ 5 nm.
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s0l tð Þ ¼ exp �asþð Þsl exp asþð Þ: (12)

Differentiating Eq. (12) with respect to a, we find

ds0l tð Þ
da
¼ �exp �asþð Þ sþsl � slsþð Þexp asþð Þ: (13)

By utilizing initial condition s0l 0ð Þ ¼ sl, the primed opera-

tors are determined

s0þ ¼ sþ; s00 ¼ sþaþ s0; s0� ¼ s� � sþa
2 � 2s0a: (14)

By substituting Eq. (14) into Eq. (10) and equating the coef-

ficient of sþ to zero, we find the following Riccatti equation:

da
dt
¼ � i

�h
C� C?a2 þ 2Daf g: (15)

Hence the dependence on sþ in Eq. (10) has been disen-

tangled. By following the above procedure and by disentan-

gling s0 and s�, another set of the Riccatti equations for the

time dependent functions bðtÞ and cðtÞ can be written as

db
dt
¼ � 2i

�h
D� C?af g; (16)

dc
dt
¼ � i

�h
C? exp bf g: (17)

In a similar way, for armchair GNSLs, we write the total

Hamiltonian H ¼ H PX;Xð Þ þ Hqa, where

H PX;Xð Þ ¼ vFrxPx þ U0X2=‘2
0; (18)

Hqa ¼ �C02 cos kyðtÞa

 �

rx þ C01ry þ Drz: (19)

Here C01 ¼ �hvFkyðtÞ and C02 ¼ vFmx0a0a. We construct a nor-

malized orthogonal set of eigenspinors of the quasi-

Hamiltonian (19) as

va
þ tð Þ ¼ d� D

jC0j2 þ d� Dð Þ2
h i1=2

�1
�iC0?

D� d

0
@

1
A; (20)

va
� tð Þ ¼ d� D

jC0j2 þ d� Dð Þ2
h i1=2

iC0

D� d
1

0
@

1
A; (21)

where C0 ¼ C01 � iC02 cos aa0tð Þ. At t¼ 0, we use the initial

condition

va 0ð Þ ¼ d� D

C022 þ d� Dð Þ2
h i1=2

C02
D� d

1

0
@

1
A (22)

and find va tð Þ ¼ Uðt; 0Þva 0ð Þ. The three coupled Riccatti

equations for the quasi-Hamiltonian of GNSLs with armchair

edge can be written as

da
dt
¼ � i

�h
~C � ~C

?
a2 þ 2Da

� �
; (23)

db
dt
¼ � 2i

�h
D� ~C

?
a

� �
; (24)

dc
dt
¼ � i

�h
~C
?

exp bf g; (25)

where ~C ¼ �iC0. We have solved the three coupled Riccatti

equations for zigzag and armchair GNSLs numerically and

found the exact evolution operator (8). The supplementary

material provides an additional example of finding exact

evolution operator for a spin-1/2 particle in presence of tilted

magnetic field.30

In Fig. 4, we have plotted the fidelity vs time for several

different values of the applied drift field. As expected from

the analytical solutions (see Eqs. (6) and (9)), with the

increasing drift field, the fidelity becomes enhanced because

the amplitude of the spin polarization increases as the magni-

tude of the applied drift field is increased while the spatial

frequency of the propagating waves is reduced. These effects

cause dips in fidelity at an early stage with increasing magni-

tude of the drift field.

In Fig. 5, we study the evolution operator in graphene

under a drift field. The components of Uij are superposed

leading to constructive and destructive interferences. We

observe Hahn echo patterns in a constructive interference re-

gime of the evolution of spin dynamics.33,34 This will be sep-

arately discussed with reference to Fig. 7. Spin flip occurs

when the localized states in GNSLs with armchair and zigzag

FIG. 4. Fidelity, F ¼ jhv�jv tð Þij, vs time in GNSLs with zigzag edge. Here

we chose y0 ¼ 100 nm, a ¼ 3 nm, and D ¼ 10 meV.

FIG. 5. Components of the evolution operator (exact results) for zigzag

GNSLs under an applied drift field ED ¼ 1 mV=nm. The material constants

are chosen to be the same as in Fig. 4.
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edges move rapidly along the ribbon with the application of

the time dependent gate controlled electric field. Such spin

flip probabilities are plotted in Fig. 6 for both the armchair

and zigzag GNSLs at different values of the period of the

superlattices. As can be seen, the spin-flip probabilities in

both the armchair and zigzag GNSLs are enhanced with

increasing value of the period of the superlattice. This is due

to the fact that the enhancement in the amplitude of the spin

waves occurs with increasing value of the period of the

superlattice.

In Fig. 7, we have plotted the expectation values of the

Pauli spin matrices vs time under an externally applied drift

field in both GNSLs with zigzag and armchair edges. For

t > 0, the components of the spin waves fluctuate rapidly,

and thus we observed Hahn echo patterns in GNSLs. In this

regime, where the spin echo can be observed, the spin waves

are superposed which induce constructive interference.

When the superposed spin waves induce destructive interfer-

ence, we find strong beating patterns. The Hahn echo accom-

panied by strong beating patterns can be seen at different

intervals of time in GNSLs with zigzag (solid line with

circles) and armchair (solid lines with diamond) edges due to

the fact that the spin waves in both kinds of superlattices

travel with different velocities. Note that the Hahn echo pat-

terns in hrxi of zigzag edge resemble to the hryi of armchair

edge. This is due to the fact that the coefficients of rx and ry

of the quasi-Hamiltonian of the GNSLs with zigzag and arm-

chair edges Eqs. (2) and (19) interchanges during the evolu-

tion of spin dynamics.

To conclude, we have shown that the quasi-Hamiltonian

of the GNSLs with zigzag and armchair edges can be used to

investigate the evolution of spin dynamics under an exter-

nally applied drift field. We have shown that the exact evolu-

tion operator can be found for such Hamiltonian via the

Feynman disentangling technique. With a particular choice

of the period and drift field, the spin polarization can be con-

trolled to propagate on the surface of the Bloch sphere in a

desired fashion. During the transportation of the spin on the

surface of the Bloch sphere, the Hahn echo, accompanied by

strong beating patterns, is observed. The authors in Ref. 19

have fabricated a FET using graphene where the gate elec-

trode was placed over a thin polymer gate dielectric layer.

Such devices show excellent output and transfer characteris-

tics (mobility �0:1cm2=Vs) for gate and drain operations

(see Fig. 4(b) in Ref. 19). The present work was motivated in

part by these experimental studies and our results (e.g., Figs.

1–7) might provide useful information for the design of

quantum logic gates based on the application of the exter-

nally applied drift fields in GNSLs with both the armchair

and zigzag edges.

This work was supported by NSERC (Canada) and

Canada Research Chair programs.
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