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To optimize lattice parameters for arbitrary symmetry crystals under high temperature and high

pressure conditions, a new “geometry optimization method for arbitrary symmetry crystals” has been

proposed in this work. By minimizing non-equilibrium Gibbs energy functions for a series of

deformed crystal configurations, the components of deformation tensors have been obtained, and

allowing the optimized crystal lattice parameters to be determined. Based on our method and Zhao’s

method, a new method for calculating high temperature and high pressure elastic constants in arbitrary

symmetry crystals has been deduced. To verify the effectiveness of the new method, the high

temperature and high pressure lattice parameters and elastic constants of orthorhombic symmetry

MgSiO3 pv have been studied, and a good agreement between calculated and experimental results has

been obtained. VC 2013 American Institute of Physics. [http://dx.doi.org/10.1063/1.4794360]

I. INTRODUCTION

Due to a wide range of industrial applications of high

temperature alloys,1 as well as the important of research on

mineral physics of the Earth’s interior,2 high temperature, and

high pressure (HTHP) properties of crystals have been a sub-

stantial interest for researchers from early 1960s to the

present.3–7 Although many experimental methods have al-

ready been developed to study the HTHP properties of

crystals,8–14 it is still difficult and expensive to carry out ex-

perimental measurements of HTHP properties of crystals due

to complexity of sample preparation and maintaining the sam-

ple under high temperature conditions. With the development

of computing power, computational methods become an im-

portant alternative tool to study the HTHP properties of crys-

tals.15,16 The geometry optimization of crystals under HTHP

conditions is a basis and starting point of the study of HTHP

properties of crystals. As a result, this issue has become an

important research focus in this field and many geometry opti-

mization methods have been already developed.

To date, density functional theory combined with quasi

harmonic approximation (DFT-QHA) method is an effective

method for geometry optimization and properties study of

crystals under HTHP conditions.15–31 It has been success-

fully applied to predict temperature dependent crystal struc-

tures and thermal expansion for cubic symmetry

crystals.17–25 Compared with classical molecular dynamics

methods which rely on long enough computation times, large

enough systems, and accurate potential parameters, the DFT-

QHA method, not only accounts for quantum mechanical

effects but also accurately and quickly predicts the HTHP

crystal structure and some of its properties. In particular, we

mention that recently, Wu et al. have developed an effective

semi-empirical method to compute anharmonic free

energy,26,27 and to extend the DFT-QHA method to accu-

rately predict the HTHP crystals structure and its properties

even above its Debye temperature. For example, the compu-

tational Clapeyron slope for a�Mg2SiO4 and b�Mg2SiO4

phases at pressure ranges from 0 to 20 GPa and temperature

up to 2500 K can agree well with experimental ones.

Usually, the influence of thermal effects on crystal’s lat-

tice parameters is accounted in the DFT-QHA method by

minimizing the Gibbs energy as a function of volume at

given temperature,22,23 and this temperature dependent vol-

ume are taken as isotropic deformation or the same as the

pressure induced crystal cell deformation. For cubic crystals,

this hypothesis and treatment are realistic. However, for non-

cubic symmetry crystals, the influence of thermal effects on

crystal’s lattice parameters is not isotropic and also different

from the pressure induced deformation mode. Hence, this

hypothesis and treatment cannot be applied to non-cubic

crystal.24,25 To overcome this difficulty and to correct errors

from isotropic approximations for non-cubic crystals, in

2007, based on the calculation of crystal internal stress and

iterative computation, Carrier et al.28,29 relaxed the crystal

structure to get zero internal stress and obtained the final

optimized HTHP crystal structure. However, since Carrier’s

method needs internal stress calculation and iterative compu-

tation, its computational time increases drastically. To

address this problem, a new method has recently been pro-

posed by our group,32 providing a set of general computa-

tional formulas that allow to optimize arbitrary symmetry

crystals under HTHP conditions. However, no further details
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on the application of computational formulas to specific

crystals have been given. To fill this gap, a set of computa-

tional formulas specific to crystal geometry optimization has

been derived in this work, and a new “geometry optimization

method for arbitrary symmetry crystals” has been proposed

to perform lattice parameters optimization for arbitrary sym-

metry crystals under HTHP conditions. More specifically,

based on the geometry optimization, a computational method

for determining HTHP elastic constants for arbitrary symme-

try crystals has been developed. To illustrate its general

applicability, the crystal parameters and elastic constants for

orthorhombic MgSiO3 perovskite (MgSiO3 pv) have been

calculated by using this newly developed methodology.

MgSiO3 is one of the most important mineral composing

Earth’s structure, its phase diagram and thermodynamic prop-

erties have been extensively studied previously.33–68 MgSiO3

has three well known modifications: MgSiO3 ilmenite with

R�3c symmetry, MgSiO3 perovskite with Pbnm symmetry, and

MgSiO3 post-perovskite with Cmcm symmetry. MgSiO3 il-

menite is thermodynamically stable phase of MgSiO3 at

atmospheric pressure. When the pressure is above �30 GPa, a

high pressure phase of MgSiO3: MgSiO3 pv, becomes thermo-

dynamically stable phase.41,45,46 When the pressure is above

�83.7 GPa,47 MgSiO3 post-perovskite becomes thermody-

namically more stable than MgSiO3 pv.47,48

Besides of experimental studies for MgSiO3 pv’s

property,51–56 a number of theoretical work have been also

performed.25,28–30,59–68 For example, in 2000, Phonon dis-

persions of MgSiO3 pv has been calculated by Karki et al.
by using DFT-QHA, and the equation of state, heat capacity,

and entropy of MgSiO3 pv have been derived.25 In 2001, the

equation of state, thermal expansion coefficients (TEC),

Gruneisen parameter, and elastic constants of MgSiO3-pv

have been studied by using ab initio molecular dynamic sim-

ulation by Oganov et al.59,60 In 2004, isentropic elastic con-

stants of MgSiO3 pv at pertinent pressures and temperatures

have been predicted by using DFT-QHA by Wentzcovitch

et al.30 At the same year, Qin has predicted the structure dis-

tortion of MgSiO3 pv at high pressure.63 In 2012, Metsue

and Tsuchiya investigated the thermodynamic properties of

(Mg, Fe)SiO3 perovskite at the lower mantle pressures and

temperatures, iron is incorporated in the high and low spin

states for the first time in the calculation.68

Although the previous experimental and theoretical

work contributes a sound and steady progress, to the best of

our knowledge, the anisotropic temperature dependent linear

TEC of MgSiO3 has never been reported. Here, we would

like to report a systematically investigation on temperature

and pressure dependent lattice parameters, phonon disper-

sion curves, linear and volume TEC, isothermal, and isen-

tropic elastic constants of MgSiO3 pv.

The paper is organized as follows. Section II introduces

our crystal geometry optimization and elastic constant com-

putation for arbitrary symmetry crystals under HTHP condi-

tions. Section III discusses the results obtained by this

method for temperature and pressure dependent geometry

optimization and elastic constants for orthorhombic MgSiO3

pv. It also provides details of comparisons with experimental

results. Conclusions are given in Sec. IV.

II. THEORETICAL METHODOLOGY

A. Temperature and pressure dependent geometry
optimization method

In the following, we demonstrate our methodology

called the “geometry optimization method for arbitrary sym-

metry crystals” (the GOMASC method) to perform tempera-

ture and pressure dependent geometry optimization for

arbitrary symmetry crystals. Based on the linear algebra and

tensor analysis ideas and crystallographic theory,69,70 a

deformed crystal configuration tensor can be expressed as a

function of an initial crystal configuration tensor and a sec-

ond order strain tensor e. Therefore, the deformed crystal

configuration tensor X can be expressed as

X ¼
a01
a02
a03

0
@

1
A ¼

a1

a2

a3

0
@

1
A � ð1þ eÞ; (1)

where ai are the primitive vectors and

e ¼

exx
exy

2

ezx

2
exy

2
eyy

eyz

2
ezx

2

eyz

2
ezz

0
BBBB@

1
CCCCA
; (2)

where the strain components, eij, are defined in Cartesian

coordinates.

Further, the deformed configuration tensor induced by

temperature and pressure can be expressed as a function of

the initial crystal configuration tensor and a strain tensor

eðP; TÞ at pressure P and temperature T conditions.

XðP; TÞ ¼
a1ðP; TÞ
a2ðP; TÞ
a3ðP; TÞ

0
B@

1
CA ¼

a1

a2

a3

0
B@

1
CA � ½1þ eðP; TÞ�; (3)

where eðP; TÞ ¼

exxðP; TÞ
exyðP; TÞ

2

ezxðP; TÞ
2

exyðP; TÞ
2

eyyðP; TÞ
eyzðP; TÞ

2
ezxðP; TÞ

2

eyzðP; TÞ
2

ezzðP; TÞ

0
BBBBBB@

1
CCCCCCA
; (4)

where the strain component, eijðP; TÞ, is a function of both

temperature and pressure.

If the deformation is performed under isobaric condi-

tions, the Eq. (3) can be rewritten as

XPðTÞ ¼
aP

1 ðTÞ
aP

2 ðTÞ
aP

3 ðTÞ

0
B@

1
CA ¼

a1

a2

a3

0
B@

1
CA � ½1þ ePðTÞ�; (5)

where ePðTÞ ¼

exx
PðTÞ exy

PðTÞ
2

ezx
PðTÞ
2

exy
PðTÞ
2

eyy
PðTÞ eyz

PðTÞ
2

ezx
PðTÞ
2

eyz
PðTÞ
2

ezz
PðTÞ

0
BBBBBB@

1
CCCCCCA
; (6)
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where the strain component, eij
PðTÞ, is a function of only

temperature.

Because many crystals usually have thermal expansion

coefficients that do not vary significantly over the range of

temperatures,71 to simplify calculation process, in this work,

we assume that ratios eP
xyðTÞ, eP

zxðTÞ, aP
yyðTÞ, aP

yzðTÞ, aP
zzðTÞ,

to aP
xxðTÞ are constants. Therefore, the Eq. (5) can be

approximated by

XPðTÞ ¼
a1

a2

a3

0
@

1
A 1þ eP

xxðTÞ
1 f e
f b d
e d c

2
4

3
5

0
@

1
A; (7)

where b, c, d, e, and f are constants, independent of

temperature.

Therefore, on the basis of standard thermodynamics

arguments,72,73 for the deformed crystal configuration tensor

XPðTÞ in Eq. (7), its non-equilibrium Gibbs energy

G½XPðTÞ; T� is given by

G½XPðTÞ; T� ¼ EfXP½eP
xxðTÞ�g þ PVfXP½eP

xxðTÞg � TS; (8)

where XPðTÞ represents the deformed crystal configuration

tensor induced by pressure P and temperature T conditions.

EfXP½ep
xxðTÞ�Þ and VfXP½ap

xxðTÞ�Þ are the total energy and

volume of the unit cell for the deformed crystal configuration

tensor XPðTÞ, respectively. S is the total entropy.

If only vibrational entropy be considered here, the

Eq. (8) can be rewritten as

G½XPðTÞ; T� ¼ EfXP½eP
xxðTÞ�g

þ PVfXP½eP
xxðTÞg þ AvibfXP½eP

xxðTÞ�; Tg;
(9)

where AvibfXP½eP
xxðTÞ�; Tg stands for vibrational Helmholtz

free energy, which can be calculated from the QHA method

as the following formula:74,75

Avib ¼
1

2

X
q;v

�hwq;v � kBT
X
q;v

ln½1� expð��hwq;v=kBTÞ�; (10)

where x is the phonon frequency, T is the temperature, k and

�h are the Boltzmann constant and the reduced Planck con-

stant, respectively.

On the basis of Wang’s theory,76 if the deformation tensor

is symmetric, the equilibrium Gibbs energy can be obtained by

minimizing formula (9) with respect to variable eP
xx

G � ½ep;T
xx ;TÞ ¼min

ep
xx

fE½XðeP
xxÞ�þPV½XðeP

xxÞ�þAvib½XðeP
xxÞ;T�g;

(11)

and the corresponding equilibrium strain component eP;T
xx at

the given pressure P and temperature T can be obtained.

Then, if we want to obtain an equilibrium crystal configura-

tion at pressure P and temperature T conditions, we need to

obtain every component in the Eq. (7). It is well known that

the crystal configuration tensor at pressure P and temperature

T ¼ 0 K can be obtained by using a general first principle

calculation. Recall that there are six unknown components in

Eq. (7), which are eP
xxðTÞ, b, c, d, e, and f . Because b, c, d, e,

and f are not dependent on temperature, if they are deter-

mined in advance, eP
xxðTÞ can then be easily obtained by min-

imizing Eq. (9). Therefore, the focus of the problem is to get

reasonable values of b, c, d, e, and f .

In this work, we build a series of strain tensors to deter-

mine values of b, c, d, e, and f . For instance, taking strain

tensor

ep
xxðTÞ 0 0

0 0 0

0 0 0

2
4

3
5 and by minimizing non-equilibrium

Gibbs energy of the corresponding deformed configuration

tensor, the value of eP;T
xx at equilibrium state can be obtained,

according to Eq. (11). The value of eP;T
yy at equilibrium state

can also be obtained by minimizing non-equilibrium Gibbs

energy of the deformed configuration on deformation tensor

0 0 0

0 ep
yyðTÞ 0

0 0 0

2
4

3
5, and further the ratio of eP

yyðTÞ to eP
xxðTÞ,

that gives us constant b, can be obtained. By using the same

method, the others constants c, d, e, and f can also be

obtained.

After constants b, c, d, e, and f are determined, we reuse

the Eq. (11) to obtain a more accurate value of eP
xxðTÞ at equi-

librium state. At this step, a preliminary equilibrium HTHP

crystal structure is obtained. If we want to obtain even more

accurate results, we can recalculate the values of b, c, d, e,

and f by using the values of b, c, d, e, and f obtained at the

previous step. For example, eP
xxðTÞ and eP

yyðTÞ at equilibrium

state can be obtained by minimizing non-equilibrium Gibbs

energy of deformed configuration tensors

ep
xxðTÞ f1 e1

f1 b1 d1

e1 d1 c1

2
4

3
5

and

a1=b1 f1=b1 e1=b1

f1=b1 ep
xxðTÞ d1=b1

e1=b1 d1=b1 c1=b1

2
4

3
5, where b1, c1, d1, e1, and f1

are the values of b, c, d, e, and f , obtained at the previous step.

Further the ratio of eP
yyðTÞ to eP

xxðTÞ can be obtained, that is a

more accurate value of b. By the same way, the more accurate

values for the other constants c, d, e, and f can also be

obtained. By repeating iterative calculations, we can reach any

prescribed accuracy for predicting HTHP crystal structures.

It is worthy mentioning that for crystals with different

symmetry, the number of independent lattice parameters is

reduced. Therefore, the strain tensor can be simplified. The

details of strain tensors for crystals with different symmetries

have been listed in Table I.

B. Temperature and pressure dependent elastic
constants calculation

On the basis of the optimized HTHP crystal structure by

applying our GOMASC method, the HTHP elastic constants

can be calculated with help of Zhao’s method. In 2007, Zhao

et al. proposed a general methodology for calculating a com-

plete set of second order isothermal elastic constants for arbi-

trary symmetry crystals77 by combing first-principles

calculations and continuum elasticity theory.78,79 The details

of calculation processing can be described as follows.
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For a deformed HTHP crystal configuration XP;TðnÞ
obtained by a special strain tensor with strain n, its

Helmholtz free energy is

F½XP;TðnÞ; T� ¼ E½XP;TðnÞ� þ Avib½XP;TðnÞ; T�; (12)

where E½XP;TðnÞ� is the total energy and Avib½XP;TðnÞ; T� is

the vibrational Helmholtz free energy, which can also be cal-

culated from phonon density of states by using the QHA

method or a first principles molecular dynamics method.74,75

Therefore, under pressure P and temperature T condi-

tions, the Helmholtz free energy for a deformed HTHP crys-

tal configuration is a function of one variable n. Hence,

Eq. (12) can be expanded as a Taylor series in variable n at a

constant temperature

F½XP;TðnÞ; T� ¼ F½XP;Tð0Þ; T� þ dF½XP;TðnÞ; T�
dn

����
n¼0

n

þ d2F½XP;TðnÞ; T�
2!dn2

����
n¼0

n2

þ � � � þ dnF½XP;TðnÞ; T�
n!dn2

����
n¼0

nn þ RnðnÞ;

(13)

and the second order strain derivatives of the Helmholtz free

energy
d2F½XP;TðnÞ;T�

dn2 equals to a linear combination of

isothermal elastic constants (LCIEC). These relationships

between second order strain derivatives of the Helmholtz

free energy and LCIEC for different symmetries at different

deformation mode have been listed in Table II.80,81

Thus, in order to determine the elastic constants for a

crystal under HTHP conditions, a series of deformed crystals

need to be built and the corresponding second order strain

derivatives of the Helmholtz free energy need to be derived

by, e.g., the polynomial fitting technique. Further, the isother-

mal elastic constants can be obtained by solving a system of

linear equations giving the relationship between these second

order strain derivatives of the Helmholtz free energy and

LCIEC. It is worth mentioning that, to calculate the shear

elastic constants like c44, c55, and c66, volume conserving

deformations are applied. Since energy is a function of both

deformation strain and volume. Therefore, volume-conserving

deformation modes enable us to obtain elastic constants with

high accuracy since the energy of deformed unit cell depends

only on distortion.82,83

On the basis of isothermal elastic constants, isentropic

elastic constants can be calculated through the thermody-

namic relations proposed by Davies84

cS
ij ¼ cT

ij þ
TVkikj

CV
; (14)

TABLE I. Strain tensors used to perform geometry optimization for seven kinds of crystal symmetry.

Crystal system Crystal lattice Strain tensor

Number of

deformation

tensor used

Triclinic a 6¼ b 6¼ c

a1 a6 a5

a6 a2 a4

a5 a4 a3

2
4

3
5 6

a 6¼b 6¼ c

Monoclinic a 6¼ b 6¼ c

a1 0 0

0 a2 a4

0 a4 a3

2
4

3
5 4

a¼b¼ 90� 6¼ c

Orthorhombic a 6¼ b 6¼ c

a1 0 0

0 a2 0

0 0 a3

2
4

3
5 3

a¼b¼ c¼ 90�

Trigonal a¼ b¼ c

a1 a4 a4

a4 a1 a4

a4 a4 a1

2
4

3
5 2

a¼b¼ c 6¼ 90�

Tetragonal a¼ b 6¼ c

a1 0 0

0 a1 0

0 0 a3

2
4

3
5 2

a¼b¼ c¼ 90�

Hexagonal a¼ b 6¼ c

ffiffiffi
3
p

2
a1 � 1

2
a1 0

0 a1 0

0 0 a3

2
6664

3
7775 2

a¼b¼ 90� c¼ 120�

Cubic a¼ b¼ c

a1 0 0

0 a1 0

0 0 a1

2
4

3
5 1

a¼b¼ c¼ 90�
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ki ¼ �
X6

j¼1

ajc
T
ij; (15)

where T, V, and CV are temperature, volume, and heat capacity

for the unit cell at the given temperature T and pressure p. aj is

the linear thermal expansion coefficient along the direction of

deformation strain.

Since the heat capacity can be calculated by integrating

density of phonon, and the linear thermal expansion coefficients

along different directions can be obtained by our GOMASC

method, the isentropic elastic constants can be obtained.

III. APPLICATION

A. Temperature and pressure dependent geometry
optimization of orthorhombic MgSiO3 pv

To verify the effectiveness of the GOMASC method,

HTHP orthorhombic MgSiO3 pv crystal lattice parameters

have been calculated by using this method. Because MgSiO3

pv is orthorhombic,

exx 0 0

0 eyy 0

0 0 ezz

2
4

3
5 was chosen as the strain

tensor. Therefore, the Eq. (7) can be simplified as follow

XPðTÞ ¼
a1

a2

a3

0
@

1
A 1þ eP

xxðTÞ
1 0 0

0 b 0

0 0 c

2
4

3
5

0
@

1
A: (16)

There are three independent variables to be determined.

Hence, in this work, three strain tensors
eP

xxðTÞ 0 0

0 0 0

0 0 0

2
4

3
5,

0 0 0

0 eP
yyðTÞ 0

0 0 0

2
4

3
5, and

0 0 0

0 0 0

0 0 eP
zzðTÞ

2
4

3
5 were built to deter-

mine values of ep
xxðTÞ, b, c. By minimizing non-equilibrium

Gibbs energy of the corresponding three deformed configura-

tion tensors, three equilibrium values for variables ep
xxðTÞ,

ep
yyðTÞ, and ep

zzðTÞ, namely eP;T
xx , eP;T

yy , and eP;T
zz , can be

obtained, according to Eq. (11). Further, the constant b and c

can be calculated by calculating the ratio of eP;T
yy =eP;T

xx and

TABLE II. Strain tensors used to calculate the complete set of independent

second order elastic constants for all seven kinds of lattice symmetry.

LCIEC equal to second order strain derivatives of the Helmholtz free energy

under the corresponding deformation modes (or strain tensors).80,81

Crystal symmetry Strain tensor LCEC

Cubic symmetry [d,�d,d2=(1�d2),0,0,0] 2c11 � 2c12

[d2=(1�d2),0,0,2d,0,0] 4c44

[d,d,d,0,0,0] 3c11 þ 6c12

Hexagonal symmetry [d,d,d,0,0,0] 2c11 þ c33 þ
2c12 þ 4c13

[d,�d,d2=(1�d2),0,0,0] 2c11 � 2c12

[d,d,0,0,0,0] 2c11 þ 2c12

[d,d2=(1�d2),�d,0,0,0] c11 þ c33 � 2c13

[d2=(1�d2),0,0,2d,0,0] 4c44

Trigonal Symmetry [d,�d,d2=(1�d2),0,0,0] 2c11 � 2c12

[d,d2=(1�d2),�d,0,0,0] c11 þ c33 � 2c13

[d,d,0,0,0,0] 2c11 þ 2c12

[d,0,d,0,0,0] c11 þ c33 þ 2c13

[d,0,0,2d,0,0] c11 þ 4c44 þ 4c14

[d,0,0,�2d,0,0] c11 þ 4c44 � 4c14

Tetragonal Symmetry [d,�d,d2=(1�d2),0,0,0] c11 þ c22 � 2c12

[d,d2=(1�d2),�d,0,0,0] c11 þ c33 � 2c13

[d,d,0,0,0,0] c11 þ c22 þ 2c12

[d,0,d,0,0,0] c11 þ c33 þ 2c33

[d2=(1�d2),0,0,2d,0,0] 4c44

[0,0,d2=(1�d2),0,0,2d] 4c66

Orthorhombic

Symmetry

[d,d,0,0,0,0] c11 þ c22 þ 2c12

[d,0,d,0,0,0] c11 þ c33 þ 2c13

[0,d,d,0,0,0] c22 þ c33 þ 2c23

[d,�d,d2=(1�d2),0,0,0] c11 þ c22 � 2c12

[d,d2=(1�d2),�d,0,0,0] c11 þ c33 � 2c13

[d2=(1�d2),d,�d,0,0,0] c22 þ c33 � 2c23

[d2=(1�d2),0,0,2d,0,0] 4c44

[0,d2=(1�d2),0,0,2d,0] 4c55

[0,0,d2=(1�d2),0,0,2d] 4c66

Monoclinic Symmetry [d,d,d,0,0,0] c11 þ c22 þ c33 þ
2c12 þ 2c13 þ 2c23

[d,�d,d2=(1�d2),0,0,0] c11 þ c22 � 2c12

[d,d2=(1�d2),�d,0,0,0] c11 þ c33 � 2c13

[d,d,0,0,0,0] c11 þ c22 þ 2c12

[d,0,d,0,0,0] c11 þ c33 þ 2c13

[0,d,d,0,0,0] c22 þ c33 þ 2c23

[d2=(1�d2),d,�d,0,0,0] c22 þ c33 � 2c23

[d2=(1�d2),0,0,2d,0,0] 4c44

[d,0,0,0,2d,0] c11 þ 4c55 þ 4c15

[d,0,0,0,�2d,0] c11 þ 4c55 � 4c15

[0,d,0,0,2d,0] c22 þ 4c55 þ 4c25

[0,0,d,0,2d,0] c33 þ 4c55 þ 4c35

[0,0,0,d,0,d] c44 þ c66 þ 2c46

[0,0,0,d,0,�d] c44 þ c66 � 2c46

Trinclinic symmetry [d,d,d,0,0,0] c11 þ c22 þ c33 þ 2c12

þ 2c13 þ 2c23

[d,�d,d2=(1�d2),0,0,0] c11 þ c22 � 2c12

[d,d2=(1�d2),�d,0,0,0] c11 þ c33 � 2c13

[d,d,0,0,0,0] c11 þ c22 þ 2c12

[d,0,d,0,0,0] c11 þ c33 þ 2c13

[0,d,d,0,0,0] c22 þ c33 þ 2c23

[d2=(1�d2),d,�d,0,0,0] c22 þ c33 � 2c23

[d,0,0,�2d,0,0] c11 þ 4c44 � 4c14

[d,0,0,2d,0,0] c11 þ 4c44 þ 4c14

TABLE II. (Continued)

Crystal symmetry Strain tensor LCEC

[0,d,0,2d,0,0] c22 þ 4c44 þ 4c24

[0,0,d,2d,0,0] c33 þ 4c44 þ 4c34

[d,0,0,0,�2d,0] c11 þ 4c55 � 4c15

[d,0,0,0,2d,0] c11 þ 4c55 þ 4c15

[0,d,0,0,2d,0] c22 þ 4c55 þ 4c25

[0,0,d,0,2d,0] c33 þ 4c55 þ 4c35

[0,0,0,d,d,0] c44 þ c55 þ 2c45

[d,0,0,0,0,�2d] c11 þ 4c66 � 4c16

[d,0,0,0,0,2d] c11 þ 4c66 þ 4c16

[0,d,0,0,0,2d] c22 þ 4c66 þ 4c26

[0,0,d,0,0,2d] c33 þ 4c66 þ 4c36

[0,0,0,d,0,d] c44 þ c66 þ 2c46

[0,0,0,0,d,d] c55 þ c66 þ 2c56
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eP;T
zz =eP;T

xx . After that, the HTHP crystal configuration for

orthorhombic MgSiO3 pv can be determined from Eq. (16)

by using these calculated values of ep
xxðTÞ, b, c. It is worth

noticing that the error for MgSiO3 pv lattice parameters from

this step in our present calculations is on average 0.3%. Such

accuracy is sufficient, therefore, no further iterative calcula-

tions were carried out in this case.

B. Temperature and pressure dependent elastic
constants of orthorhombic MgSiO3 pv

After the optimized lattice parameters have been

obtained by using the GOMASC method, the HTHP elastic

constants of orthorhombic MgSiO3 pv have been further

studied in this work. Since there are 9 independent elastic

constants for orthorhombic MgSiO3 pv, 9 independent

strain tensors have been applied here. The details on strain

tensors for crystal with different symmetry have been listed

in Table II.

By using the polynomial fitting technique, second order

strain derivatives of the Helmholtz free energy have been

obtained, and a series of functional relationships between

second order strain derivatives of the Helmholtz free energy

and LCIEC have been built. The isothermal elastic constants

for orthorhombic MgSiO3 pv have finally been obtained by

solving the resulting system of linear equations.

Based on the Eqs. (14) and (15), and the calculated iso-

thermal elastic constants, isentropic elastic constants for

orthorhombic MgSiO3 pv have also been calculated.

C. Details of first principles calculations

In this work, first-principles calculations have been car-

ried out by the Vienna ab initio simulation package

(VASP).85–87 The MgSiO3 pv conventional cell used in the

calculation has 20 atoms; it belongs to the space group

pbmn. The local density approximation (LDA) has been used

for describing the exchange-correction functional.88,89 Full

potential frozen-core projector augmented wave (PAW)

describes ion-electron interactions with cutoff energy of

400 eV.90 The Brillouin zone of the unit cells has been

sampled by 3� 3� 2 k-point mesh. Density of phonon state

calculation have been carried out by PHONOPY codes,91,92

and the supercell approach93 has been employed, and

1� 1� 1 MgSiO3 pv supercells are used in this work. In the

phonon frequency calculation, a set of supercells is built

with different displacements of the inner atoms. Then, in the

supercells, after one atom is displaced, the forces on the

atoms are calculated. According to the collected sets of

forces, phonon frequencies are obtained. For the elastic con-

stants calculation, 5 strains with maximum strain value of

1.5% is applied for each deformation mode.

D. Results and discussion

Phonon dispersion curve is important for that by calcu-

lating phonon dispersion curve, the Helmholtz free energy

and other thermodynamic properties can be derived. We cal-

culated the phonon dispersion curve and partial density of

FIG. 1. Phonon dispersion curves and density of states for MgSiO3. (a) Phonon dispersion curves at 0 GPa, (b) phonon density of states at 0 GPa, (c) phonon

dispersion curves at 25 GPa, and (d) phonon density of states at 25 GPa.
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state (PDOS) of MgSiO3 pv at 0 GPa and 25 GPa, respec-

tively. For the MgSiO3 pv unit cell, the 20 atoms in the unit

cell corresponding to the 60 vibration modes including 3

acoustic modes and 57 optical modes in the Billouin zone.

As shown in Figure 1(a), the phonon band spectra of

MgSiO3 pv at 0 GPa accords well with Karki et al.25 and

Metsue and Tsuchiya work.67,68 At 25 GPa, as shown in

Figure 1(c), the phonon vibration frequency shift to the

higher frequency. At C point, the highest optic mode fre-

quency is 1039.88 cm�1 for MgSiO3 pv at 0 GPa which

agrees with 1032.65 cm�1 in Metsue and Tsuchiya work. At

25 GPa, the highest optical mode frequency at C point

increase up to the 1104.96 cm�1. The pressure has similar

effects on phonon dispersion curve compared to Karki

et al.’s work. In the Figures 1(b) and 1(d), the phonon den-

sity of state for MgSiO3 pv at 0 GPa and 25 GPa are shown,

respectively. Since the O, Mg, and Si have similar atom

weight, due to the highest percent of O atom in the unit cell,

the O atom contribute the majority vibration states to the

total PDOS at both 0 GPa and 25 GPa.

Based on the obtained phonon dispersion curve, accord-

ing to Eqs. (9) and (10), the Gibbs function and Helmholtz

free energy are obtained. Although LO-TO splitting is

ignored by the direct method in our work, the obtained

Helmholtz free energy are essentially unaffected by compar-

ing with linear response method,94,95 therefore the lattice pa-

rameter, TEC and elastic constants calculation on the basis

of Helmholtz free energy is almost unaffected by neglecting

LO-TO splitting in the direct method.

In this work, the lattice parameters of MgSiO3 pv have

been calculated by using our newly developed GOMASC

method under pressures of 0, 10, 25, 50, 100, and 150 GPa

and the temperature range between 0 and 3500 K, and these

results have been compared to available experimental

values,50–55 as shown in Figure 2. It can be seen in Figure 2

that the calculated lattice parameters are in a good agreement

with the available experimental values, and lattice parame-

ters a, b, and c increase with the increase of temperature but

decrease with the increase of pressure. To compare the dif-

ference between our present calculated and available experi-

mental values of lattice parameters, we present details on all

such values in Table III. As can be seen from Table III, the

difference between calculated and experimental values is

quite small. By statistical analysis, the average error of our

calculated values in comparison with experimental values is

about 0.3%, and the maximum error is about 0.6% for the

FIG. 2. Comparisons of calculated lattice constant a (a), lattice constant b (b), lattice constant c (c), and cell volume (d) with experimental values.50–54

103501-7 Wen et al. J. Appl. Phys. 113, 103501 (2013)

Downloaded 15 Sep 2013 to 129.97.58.73. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jap.aip.org/about/rights_and_permissions



TABLE III. Comparison of predicted temperature and pressure dependent lattice parameters of MgSiO3 pv with experimental values.

a (Å) b (Å) c (Å) V (Å3)

T (K) P (GPa) Calc.a Expt.b Devi.c Calc.a Expt.b Devi.c Calc.a Expt.b Devi.c Calc.a Expt.b Devi.c Refs.

298 0 4.7682 4.782 �0.00289 4.9281 4.931 �0.00059 6.9016 6.904 �0.00035 162.6 162.81 �0.00129 50

238 0 4.7654 4.781 �0.00326 4.9262 4.93 �0.00077 6.8990 6.902 �0.00043 162.38 162.68 �0.00184 50

203 0 4.7641 4.779 �0.00312 4.9252 4.933 �0.00158 6.8978 6.898 �0.00003 162.27 162.63 �0.00221 50

166 0 4.7630 4.779 �0.00335 4.9243 4.932 �0.00156 6.8966 6.897 �0.00006 162.18 162.58 �0.00246 50

123 0 4.7620 4.776 �0.00293 4.9236 4.931 �0.00150 6.8957 6.897 �0.00019 162.14 162.42 �0.00172 50

77 0 4.7615 4.773 �0.00241 4.9232 4.93 �0.00138 6.8951 6.896 �0.00013 162.06 162.26 �0.00123 50

293 10 4.7054 4.7148 �0.00199 4.9023 4.8741 0.00579 6.8020 6.8051 �0.00046 156.9 156.38 0.00333 52

600 25 4.6303 4.6488 �0.00398 4.822 4.8134 0.00179 6.6976 6.7131 �0.00231 149.53 150.22 �0.00460 53

900 25 4.6422 4.6555 �0.00286 4.8318 4.8152 0.00345 6.7104 6.7166 �0.00092 150.52 150.57 �0.00033 53

1700 25 4.6769 4.6823 �0.00115 4.8604 4.8402 0.00417 6.7475 6.7638 �0.00241 153.39 153.29 0.00065 53

293 50 4.5067 4.5368 �0.00663 4.7281 4.726 0.00044 6.5390 6.5532 �0.00217 139.34 140.51 �0.00833 54

Average deviation 0.00314 0.00209 0.00086 0.00254

Maximum deviation 0.00663 0.00579 0.00241 0.00460

aCalc. is the data from the calculations in the present work.
bExpt. is the data from the experimental work, the reference where experimental data is taken from is listed in the right column.
cDevi. represents the deviation of the calculated results from the experimental ones, calculated according to the formula

dCalc:�dExpt:

dExpt:
, where dCalc:and dExpt: are the

calculated and experimental lattice parameter values, respectively.

FIG. 3. Comparisons of linear TEC along lattice a direction (a), lattice b direction (b), lattice c direction (c) and volume TEC (d) with experimental

values.50,52,54
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given values of lattice a and lattice b. But for the lattice con-

stant c, the average error is about 0.1%, and the maximum

error is about 0.3%. For the calculated volume values, the

average error is about 0.25%, the maximum error is about

0.5%. These results indicate that our GOMASC method,

even without further iterative calculations, provide sufficient

accuracy for HTHP crystal geometry optimization. As a

result, the computational time is economized to optimize

HTHP crystal structures by using our GOMASC method.

In Figure 3, linear TEC for MgSiO3 pv along different

lattice directions are displayed and the dotted lines are the

inflection points of TEC which represent the boundary for

the validity of the QHA model. These calculated results

imply that orthorhombic MgSiO3 pv thermal expansion is

anisotropic. They also indicate that the temperature domain

of validity of QHA widens with the increase in pressure. In

our computation, it is found that the ratios of eP
yyðTÞ, eP

zzðTÞ
to eP

xxðTÞ do not vary significantly over a wide range of

FIG. 4. Isothermal elastic constants of MgSiO3 pv at 0 GPa ((a), (b), (c)) and 25 GPa ((d), (e), (f)).

TABLE IV. Calculated linear thermal expansion coefficient of MgSiO3 pv and Beryllium.a

Material T(K) P(GPa) aa 10�5 K�1 ab 10�5 K�1 ac 10�5 K�1 Material T(K) Expt.75 aa 10�5 K�1 ac 10�5 K�1 T(K) Calc.32 aa 10�5 K�1 ac 10�5 K�1

MgSiO3 pv 1000 0 1.10 1.51 1.04 Beryllium 573 1.57 1.21 200 0.886 0.665

2000 0 1.28 1.76 1.21 673 1.65 1.28 400 1.77 1.35

3000 0 1.47 2.01 1.38 773 1.72 1.33 600 2.05 1.62

1000 25 0.717 0.905 0.669 873 1.78 1.38 800 2.15 1.77

2000 25 0.772 0.975 0.721 973 1.83 1.43 1000 2.19 1.87

3000 25 0.806 0.102 0.753 1073 1.87 1.48 1200 2.20 1.95

aThe calculated data for Beryllium is from the Ref. 32; the experimental data for Beryllium is from the Ref. 96.
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temperatures, indicating that our hypothesis is sound to

describe the anisotropic thermal expansion behavior of mate-

rials. This can been found in Table IV, with the variation of

temperature, the ratio of linear thermal expansion coeffi-

cients aP
b ðTÞ and aP

c ðTÞ versus aP
a ðTÞ for orthorhombic lattice

MgSiO3 pv and the ratio of aP
c ðTÞ versus aP

a ðTÞ for hexago-

nal lattice Beryllium32,96 do not change largely with the tem-

perature. Figure 3(d) shows the temperature dependent

volume TEC compared with the available experimental TEC

values.50,52,54 It can be seen that the calculated volume TECs

agree well with the experimental ones. These results further

imply that our calculating method is sound.

In this paper, both isothermal and isentropic elastic con-

stants of orthorhombic MgSiO3 pv have been calculated, as

shown in Figures 4 and 5, respectively. Details of compari-

sons between the calculated, Oganov et al.’s ab initio

FIG. 5. Comparisons of calculated isentropic elastic constants of MgSiO3 pv at 0 GPa ((a), (b), (c)) and 25 GPa ((d), (e), (f)) with available experimental values

(solid circles).56

TABLE V. Comparison of calculated isentropic and isothermal elastic constants of MgSiO3 pv with experimental values56 and ab initio calculated values.60

T(K) P(GPa) Method c11 C12 c13 c22 c23 c33 c44 c55 c66

298 0 Expt.56 482 144 147 537 146 485 204 186 147

0 0 Calc.60 492 550 472 142 148 160 213 187 154

0 0 cij
S/cij

T 455.6 131.5 131.4 520.5 144.8 438.9 187.4 162.1 144.8

1500 0 cij
T 326.9 61.5 101.1 374.8 121.3 311.6 139.3 95.5 88.0

1500 0 cij
S 345.4 79.0 118.0 391.4 137.3 327.1 139.3 95.5 88.0

0 25 cij
S/cij

T 600.0 229.2 193.1 591.0 210.7 622.1 233.8 193.1 189.5

1500 25 cij
T 505.8 188.7 142.9 591.0 210.7 545.4 193.6 142.9 116.0

1500 25 cij
S 520.5 204.4 156.7 607.8 225.4 558.4 193.6 142.9 116.0
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calculation work60 and experimental elastic constants are

listed in Table V.56 As shown in Figures 4, all isothermal

elastic constants decrease with the increase in temperature at

both pressures, 0 and 25 GPa. But for isentropic elastic con-

stants, as shown in Figure 5, at pressure 0 GPa, with the

increase in temperature from 0 K to 1500 K, the isentropic

elastic constants c11, c12, c44, c22, c13, c55, c33, c23, c66 soften

by 24.2%, 39.9%, 25.7%, 24.8%, 10.2%, 41.1%, 25.5%,

5.2%, and 39.2%, respectively. At pressure of 25 GPa, with

the increase in temperature from 0 K to 1500 K, the decreas-

ing magnitude for isentropic elastic constants c11, c12, c44,

c22, c13, c55, c33, c66, c23 are 13.2%, 10.8% and 17.2%

11.0%, 18.9%, 26.0%, 10.2%, 38.8%, and �1.1% respec-

tively. These results indicate that with the increase of pres-

sure, the isentropic elastic constants resistance toward the

increase in temperature is increasing. In Figure 5, the com-

parisons between the calculated and experimental elastic

constants indicate that our calculated isentropic elastic con-

stants are in a good agreement with the experimental ones.

These results further confirm that our GOMASC method is

effective and sound.

In addition, the c23 was observed to be abnormally

strengthened by 1.1% with the increase of the temperature

from 0 K to 1500 K. The c23 in this work describe the resist-

ance of the unit cell against the deformation which rotates

around the z axis. With the increase of temperature, due to

the change of the c/a or c/b in MgSiO3 pv structure, c23

might increase with the temperature. The c23’s abnormal

increase behavior with the increase of temperature was also

found in other works.30,57 Also, it was predicted that the elas-

tic constant c11 and c12 of hcp iron of the Earth’s inner core

also increased with the increase of temperature.97

IV. CONCLUSIONS

In conclusion, we have proposed a methodology called

the “geometry optimization method for arbitrary symmetry

crystals” to perform HTHP lattice parameters optimization

for crystals of arbitrary symmetry. In this method, a series of

deformation tensors have been applied, and the correspond-

ing non-equilibrium Gibbs energy functions have been con-

structed. By minimizing non-equilibrium Gibbs energy

functions, the components of deformation tensors, describing

deformation, can be determined, and the high temperature

and high pressure crystal lattice parameters can be obtained.

On the basis of our optimized crystal lattice parameters at

high temperature and high pressure conditions, the new com-

putational method for determining the HTHP elastic con-

stants for arbitrary symmetry crystals has been deduced by

using Zhao’s method. To verify the effectiveness of the

developed “geometry optimization method for arbitrary sym-

metry crystals,” we have applied our method to orthorhom-

bic symmetry MgSiO3 pv, and a good agreement between

calculated and experimental results has been obtained.
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