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a b s t r a c t

In this paper, we propose the new one- and three- dimensional models for the description
of hysteretic phenomena in shape memory alloys (SMAs). These thermodynamic models
are non-isothermal and allow to account for the thermo-mechanical material properties
of both austenite and martensite phases based on the local phase value of the order param-
eter. They are based on the Ginzburg–Landau free energy and the phase field theory. The
core of the models is a phase evolution governed by the time dependent Ginzburg–Landau
(TDGL) equation and the conservation balance laws with nonlinear coupling between
stress, strain and the phase order parameter. The models account for the gradient energy
and have been tested in the study of material properties evolution under harmonic stress
loading for all important practical cases. The representative numerical simulations have
been carried out here without the gradient energy term. The developed models account
for the phase dependent properties based on the compliance tensor as a function of the
order parameter and stress. We also compared the results obtained with these models
and observed differences in homogeneous and inhomogeneous situations due to the
change in compliance. In this way, the description of quasiplastic and pseudoelastic behav-
iors in SMA specimens is improved and becomes in an agreement with existing
experiments.

� 2013 Elsevier B.V. All rights reserved.
1. Introduction

There has been an increasing interest in studying SMA properties due to both theoretical challenges and practical appli-
cations. These properties include the ability of these materials to produce large strains, nonlinear hysteretic behaviors and
recoverable (memory) shapes. They arise due to the underlying phenomenon caused by phase transformations. These trans-
formations are due to an atomic reordering phenomenon caused by the displacement of atoms from a high symmetry
arrangement (known as the austenite phase) to low symmetry arrangements (known as the martensite phases) with dis-
placements less than an atomic distance. The atomic rearrangements can be induced by stress or temperature loadings.
There is a finite number of atomic rearrangements from austenite to martensite variants in the sense of point group theory
(for example, three tetragonal martensitic arrangements from the cubic austenite NiAl crystals, twelve monoclinic-I mar-
tensitic arrangements from the cubic austenite NiTi crystals, etc.). The martensitic phases (or variants) are accommodated
da M5S-
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in different orientations to minimize the strain energy [1]. Although the transformation strain (or Bain strain) causing such
transformations is small, the effects over large numbers of atomic crystals are added to get a macroscopic deformation in
SMA samples. These atomic rearrangements cause temperature and stress hysteresis and give rise to two unique properties
namely, the shape memory effect and superelasticity [2].

Although the first SMA material was discovered in 1932 (by Ölander in Au-Cd alloy [3]), up until today their mathematical
modeling remains a challenging task in science and engineering. The main reasons behind that is the inherent nonlinear
thermo-mechanical coupling and the austenite to martensite phase transformations. A number of different modeling ap-
proaches, developed over last few decades to capture SMA properties, have been extensively discussed in the literature
[4–13].

While some of these approaches led to the development of efficient generic multiscale numerical procedures that can be
applied to a wider class of models of nonlinear thermoelasticity [4,6], the others can be broadly classified as (a) microme-
chanical models [14,15] based on the microstructures and homogenization techniques, (b) phenomenological models [16]
based on plasticity theory, and (c) phase field (PF) models [17–19] based on the first order kinetic TDGL theory. It is the latter
group of models that are of particular interest in the present paper. The PF models have been widely used to study the solid-
to-solid phase transformations [20,21] and SMAs at various length scales [22–28]. It is a unified framework that describes
stress and temperature induced phase transformations. The research works based on PF models differ in the choice of order
parameter (order parameter (OP) describes the different phases in a domain), thermodynamic potentials, model formulation,
and numerical approaches [25,17,29,22,4,10].

Falk [30] proposed a free energy based on the Landau-Devonshire theory using higher-order polynomial potential with
shear strain as an OP to describe the shape memory effect. Wang and Khachaturyan [31] modeled martensitic transforma-
tions taking into account transformations induced elastic strain OPs and time dependent Ginzburg–Landau (TDGL) equa-
tions. Curnoe and Jacobs [32], Lookman et al. [23], Bouville and Ahluwalia [24,33] used Landau theory using elastic strain
components and their gradients to describe the dynamics of phase transformations. One of the previous notable works in
the PF theory is the model developed by Levitas and Preston [17–19]. The major feature of the model is that it incorporates
the material properties of both austenite and martensite phases based on the local phase value, and defines the different
phase transformations between austenite and martensite variants. The number of phase evolution equations in a model
equals the number of martenstic variants considered in a system. The elastic compliances are dependent on OPs are used
in the model, at larger strains. Later, Mahapatra and Melnik [34,35] derived a non-isothermal model based on the free energy
developed by Levitas and Preston [17–19] by modifying the multivariant framework to obtain strongly coupled thermo-
mechanical models with essential properties of frame indifference and material symmetry. A series of computational results
were reported for various dimensional reductions of the model (e.g. [13] and references therein). The PF models have also
been used to study stress induced phase transformations properties under the influence of anisotropy and disorder [36],
as well as studies of interface propagation and microstructure evolution in SMAs (e.g. [37,38] and references therein).

More recently, Berti et al. [29,39], Fabrizio [40,41], Grandi et al. [26], and Maraldi et al. [27] developed a non-isothermal
thermodynamic framework for dealing with one dimensional and three dimensional phase transformations in SMAs. Their
studies were based on a simplified version of the free energy developed by Levitas and Preston [17]. One of the important
features of the 3D model within this framework is the use of a scalar phase OP instead of the tensorial phase OP [29]. The
application of this approach reduces the problem size by limiting the evolution equation to one, instead of considering sep-
arate equations for each crystallographic variant as described in [17–19]. This results in simple and efficient implementation.
The basic model within this framework is the first order phase kinetic TDGL evolution equation complemented by the con-
servation balance laws of momentum and energy transfer. In addition, the model contains appropriate constitutive equa-
tions coupling the stress, strain and phase order parameter. The model is consistent with the laws of thermodynamics.
The above models describe the pseudoelastic and shape memory effects in SMAs under the assumption of equal elastic com-
pliances of austenite and martensite phases. However, experimental results [2,3] demonstrate that this assumption cannot
be justified as material properties are different for austenite and martensite phases. Note, for example, that the stiffness of
austenite phase in NiTi is almost four times that of its martensite variants. Hence, it is very important to incorporate the
material properties of austenite and martensite variants in this promising model, one of the tasks which we will undertake
in the present paper.

In this paper, we modify the one dimensional and three dimensional PF models proposed in [39] to account for the mate-
rial properties of both austenite and martensite phases by introducing a compliance tensor that depends on the material
properties via the local phase OP and stress value. The one dimensional model is appropriate for describing properties of
the typical SMA wire specimen, and the three dimensional model is used in a general sense. The dependence on phase
and stress is essential in our newly developed models for capturing the realistic properties of SMAs. This leads to a set of
tasks that have been completed in this contribution. First, the results obtained with the newly developed one dimensional
model, that uses the modified compliance variable, have been compared with the homogeneous material properties (equal
compliances) of both phases. Here, a point to be noted that the homogeneous and non-homogeneous material properties
used during the simulations do not refer to the incorporation of domain wall (gradient energy term) as described in [25],
but rather they correspond to the compliance of the material. All the numerical simulations have been carried out in this
paper, using the stress loading of a SMA domain in the absence of gradient energy term. However, since the model accounts
for gradient energy term explicitly, this can be extended in future. The one dimensional non-isothermal model, with equal
compliances of both phases, has been used to study the SMA response to stress- and strain- induced loadings by incorporat-
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ing the gradient energy [27,26]. Next, a new generalized 3D model for austenite–martensite phase transformations has also
been proposed and its consistency with the laws of thermodynamics has been discussed. Finally, we carry out the numerical
simulations for simplified pseudo-2D specimens and compare the results with the one dimensional model. We demonstrate
that the models capture typical SMA properties using the dimensionless material properties. The model is implemented to
capture the SMA properties of NiTi specimen in [26,27].

Based on the above tasks, the paper is organized as follows. In Section 2, a one dimensional model and numerical simu-
lations are discussed in different practically important cases. The key feature of this model is its ability to account for the
properties of both austenite and martensite phases by incorporating the stress and order parameter dependent compliance
variable. The generalized three dimensional model is presented in Section 3 where we also discuss the thermodynamic con-
sistency of the model, carry out numerical experiments and compare the models. Conclusions are given in Section 4.

2. One dimensional model

We develop the one dimensional model to study the response of the SMA wire specimen, which find wide practical appli-
cations. We start from a new model of the Gibb’s free energy function, accounting for the compliance tensor to accommodate
nonlinear thermo-mechanical properties of both phases. Then, we move to a one-dimensional model developed in [39] (see
also [29,40,41]) and modify it to incorporate the material properties of both austenite and martensite variants depending on
the local phase (/) and stress values. The resulting model can deal with the austenite phase (/ ¼ 0) and two martensite vari-
ants M� denoted by / ¼ �1. We demonstrate the basic capabilities of the developed model on a series of numerical exam-
ples, covering all most important practical cases.

2.1. Mathematical model

The model is developed with Gibb’s free energy functional G to describe austenite–martensite phase transformations by
using the 2-4-6 order polynomial potentials. In particular, we generalize the model considered in [39] by means of the free
energy function having the following form:
Gðh;r;/;r/Þ ¼ G0ðhÞ �
1
2

k r;/ð Þr2 þ j
2
j r/j2 þ h0Fð/Þ þ ½ĥ� �0rsignð/Þ�Gð/Þ; ð1Þ
where G0 represents the thermally dependent part (being a function of the absolute temperature h),j; h0; �0 are constants,
the potentials Fð/Þ and Gð/Þ are defined as
Fð/Þ ¼ 1
6

/6 � 1
2

/4 þ 1
2

/2; Gð/Þ ¼
1
4 if j/jP 1;

� 1
4 /4 þ 1

2 /2; if j/j < 1;

(
ð2Þ
and
ĥ ¼ maxfaðh� hAÞ;aðh0 � hAÞg; a > 0; hA > h0: ð3Þ
The temperature hM is defined in relation with temperatures h0; hA, and the slope a of the r�0 � h space as h0 ¼ aðhA � hMÞ.
In the works of Berti et al. [29,39] and Fabrizio [40,41], the equal elastic compliances of austenite and martensite phases

are assumed in the model. As stated earlier, the elastic compliances of austenite and martensite phases of SMA materials
could be different, hence it is important to incorporate the different elastic compliances for each phase. In this work, we
modify the compliance tensor k in Eq. (1) to accommodate the thermo-mechanical properties of austenite and martensite
phases based on the OP value and stress [17]. It is defined as
kðr;/Þ ¼ k2ð/Þ þ k3ð/Þrþ k4ð/Þr � r; ð4Þ
where k2; k3; k4 are the tensor of 4th , 6th, and 8th order, respectively.
The phase diagram r�0 � h can be obtained with the procedure outlined in [39]. The plots of the free energy potentials F(/

), G(/) and phase diagram are shown in Fig. 1(a) and (b) respectively. The temperatures h0; hM ; hA are adjustable parameters
(h0 < hM < hA) used to tune the phase diagram. It should be noted that hM refers to the average temperature of martensite
start (Ms) and martensite finish (Mf) temperature, and hA refers to the average temperature of austenite start (As) and aus-
tenite finish (Af) temperature.

The phase evolution in SMA is governed by the first-order kinetic TDGL equation as
c
@/
@t
¼ � @G

@/
þr � @G

@ðr/Þ

� �
: ð5Þ
On substituting Eq. (1) in Eq. (5), we obtain
c
@/
@t
¼ j

@2/
@x2 � h0

@

@/
Fð/Þ þ b½/þ signðrÞ�

� �
� ½ĥ� �0rsignð/Þ� @

@/
Gð/Þ; ð6Þ
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where b is introduced as a small perturbing term (0 < b� 1) incorporated to prevent the arrest of / value at / ¼ 0 and
/ ¼ �1 as described in [39]. This is complemented with a suitable constitutive equation that couples the stress, strain,
and OP / in the domain. We define the constitutive equation in the one dimensional case, considered in this section, as
� ¼ kðr;/Þrþ �0signð/ÞGð/Þ: ð7Þ
The strain in Eq. (7) is decomposed into the elastic and phase transformation strains [17,29]. The elastic strain is related to
the stress via phase dependent compliance. The transformation strain is related to the potential G as a function of local phase
value.

2.2. Numerical experiments

Numerical methodologies for phase field and coupled thermo-mechanical models describing SMA dynamics have been
developed extensively in recent years. Both finite element [42,34,35] and finite difference techniques [25,43] were applied.
In the latter case, fully conservative numerical approximations were also developed [44] including various spectral and low-
dimensional approximations [8,45,13]. Finally, an efficient method based on finite volume approximation was reported in
[46]. In what follows, all numerical experiments in the 1D case have been carried out using the Matlab ODE solver. We solve
the phase evolution equation Eq. (6) and then calculate the material response using Eq. (7). The transformation response is
calculated at a single material point.

The simulations were performed for the following dimensionless material parameters:
c ¼ 1
100

; h0 ¼ 1; hM ¼ 2; hA ¼ 3; �0 ¼ 30; r0 ¼ 3; b ¼ 1
1000

; E ¼ 1; k ¼ 1 and a ¼ 1:
The mechanical properties and phase evolution have been studied in the absence of gradient energy term (j ¼ 0). The sim-
ulations have been carried out under three cases with different initial conditions of SMA wire in the austenite, intermediate,
and martensite phase. We simulate the above three cases under two different scenarios. Firstly, we consider a situation
where the material parameters are homogeneous for both austenite and martensite (equal elastic compliances), and sec-
ondly, we consider the situation with the material parameters of martensite is different from austenite (different elastic
compliances) and dependent on the phase and stress value. We hereby refer these scenarios as linear k, and nonlinear k sce-
narios, respectively. The compliance tensor in the linear k case is k2 ¼ E; k3 ¼ 0 and k4 ¼ 0, and in the nonlinear k case is
k2 ¼ Eþ 1

10 E/2; k3 ¼ 0, and k4 ¼ 1
10 E/4.

2.2.1. Case 1: Austenite phase (hð20Þ > hAð3Þ)
This case refers to the point A in Fig. 1(b). Fig. 2(a) and (b) show the phase evolution and material behavior (r� � curve)

for linear k and nonlinear k scenarios. The phase evolution / for both scenarios follows the same trend as it is governed by
the harmonic stress r ¼ r0 sinðktÞ. It is observed from Fig. 2(a) that austenite phase (/ ¼ 0) switches to the martensite var-
iant / ¼ 1 after it crosses a critical stress value at the particular temperature. The stress–strain curve behaves elastically
along the path o-a-b for linear k scenario. The phase change from austenite to favored martensite variant (A! Mþ) occurs
along the path b-c at constant stress and elastic loading resumes along the path c-d. During the positive unloading part of the
sinusoidal cycle, the elastic unloading occurs along the path d-c-e. The martensite transformation to austenite (Mþ ! A) oc-
curs when the stress level falls below the critical stress value. The specimen is unloaded to zero stress–strain state by elastic
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unloading along the path a-o. The phase transformations A! Mþ and Mþ ! A take place at the positive stress value creating
the pseudoelastic response. In the negative part of the sinusoidal cycle, the M� variant of martensite is favored and r-� curve
follows the path o-f-g-h-i-j-f-o.

For the nonlinear k scenario, the r–� curve behaves in the same way as during the elastic loading along the path o-a-b,
however the difference is observed during the phase transformation (A! Mþ) which follows the path b-c0. The elastic load-
ing of Mþ phase resumes along the path c0-d0 following the unloading along the path d0-c0-e-a-o. The r-� curve follows the
path along o-f-g-h0-i0-h0-j-f-o during the negative part of the sinusoidal cycle.

The deviation of r-� curve in the nonlinear k from the linear k happens due to the increase in compliance of martensitic
phase as per Eq. (4) (i.e. the decrease in stiffness of the martensitic phase). The deviation of the r-� curve causes the increase
in the area of stress hysteresis, leading to more energy dissipation. The decrease in the stiffness of martensite phase is attrib-
uted to the atomic arrangements where the nonsymmetric atomic structure can be easily distorted as compared to the reg-
ular symmetric atomic arrangements (where such a distortion requires higher energy).

2.2.2. Case 2: Intermediate phase (hMð2Þ < hð2:5Þ < hAð3Þ)
This case refers to the point B in Fig. 1(b). We have considered two subcases here depending upon the initial phase in

material.
Subcase 1: SMA specimen initially at austenite phase /ð0Þ ¼ 0.
The phase evolution and r–� curve at the intermediate temperature with SMA specimen initially at austenitic state

(/ ¼ 0) is shown in Fig. 3(a) and (b) respectively. One difference is observed that the Mþ ! A transformation takes place
at the negative value of stress. This is because the phase transformation lags the stress cycle during the unloading. Hence
it creates the hysteresis loop along the path o-a-b-c-d-e-f-g-h-i-j-a for the linear k case and along the path o-a-b-c0-d0-e-
f-g-h0-i0-j-a for the nonlinear k case.
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A point of observation that once deformed the curve does not return to the zero strain state. The separation between
points a and f is small and depends on the temperature. Thus at the intermediate temperature, the r–� curve behaves like
semi-quasiplastic material.

Subcase 2: SMA specimen initially at martensite phase /ð0Þ ¼ 1.
The phase evolution and the r–� curve at the intermediate temperature with SMA specimen initially at martensite state

(/ ¼ 1) are shown in Fig. 4(a) and (b) respectively. As the material is initially in the martensite state, the elastic loading in
r� � curve does not start from zero stress, rather it starts from point a. The material response (r–� curve) is similar to
Fig. 3(b). The material behavior for the linear k and the nonlinear k cases as shown along a-b-c-d-e-f-g-h-i-j-a and a-b-c0-
d0-e-f-g-h0-i0-j-a paths, respectively.
2.2.3. Case 3: Martensitic phase (hð1Þ < hMð2Þ)
This case refers to the point C in Fig. 1(b). In this case, the simulations were performed with the same dimensionless

material parameters with the following modifications:
Fig. 4.
c ¼ 1
10

; �0 ¼ 100; r0 ¼ 30; k2 ¼ Eþ 1
10

E/2; k4 ¼
1

1000
E/4during the nonlinear k simulations:
The phase evolution and r–� curve at the martensite state are shown in Fig. 5(a) and (b), respectively. The quasiplastic
response of the material at lower temperature is observed. The bigger hysteresis loops, indicated by the path o-a-b-c-d-e-f-g-
h-i-j-a for the linear k case and indicated by the path o-a-b-c0-d0-e-f-g-h0-i0-j-a for the nonlinear k case, are formed. The stress
jumps from a-b and f-g are observed due to small elastic loadings during switching between martensite variants from
M� ! Mþ and Mþ ! M� respectively.
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Thus, the one dimensional model captures the essential SMA properties of pseudoelasticity, semi-quasiplasticity, and
quasiplasticity at higher, intermediate, and lower temperatures, respectively.

3. Three dimensional model

In this section, we develop a generalized three dimensional model for the description of SMA dynamics. The model is
developed with free energy potentials based on 2-3-4 polynomials. Unlike the one dimensional model considered in the pre-
vious section, this model describes the austenite–martensite transformation with no distinction between martensite vari-
ants. In contrast to the multivariant models developed in [17–19,34,35], where each martensitic variant is described by a
separate phase evolution equation, this model has a simplified representation with scalar order parameter from the interval
½0;1� with / ¼ 0 being the austenite and / ¼ 1 being the martensite phase. This lead to a simpler model of PTs and thermo-
mechanical dynamics with only one order parameter, which is computationally tractable, but at the expense of distinction of
two martentic variants phases individually. Similar to Section 2, we incorporate the material properties of both austenite and
martensite phases based on the compliance tensor. The numerical simulations to study a few illustrative one dimensional
and quasi-2D specimens have been carried out and the results are discussed below.

The model describes the evolution of scalar OP based on the TDGL equation. The first order kinetic TDGL equation is com-
plemented with conservation laws of momentum and energy transfer. The developed model for SMA evolution is strongly
coupled with structural, thermal, and phase evolution equations.

3.1. Mathematical model

The model consists of structural and thermal parts complemented with the appropriate constitutive equations coupling
stress, strain and phase evolution order parameter. We start with the structural part of the model. The balance equation is
given by the conservation law of momentum. It reads as
q0 €u ¼ r � rþ q0f ; ð8Þ
where q0 is the density, u is the displacement, r is the stress tensor, f is the body force. The strain tensor � is defined as
� ¼ 1
2
½ruþruT �: ð9Þ
We choose the 2-3-4 polynomials free energy having minimas at / ¼ 0, and / ¼ 1 with no distinction of martensitic vari-
ants. The free energy based Ginzburg–Landau potential is given as
U ¼ j
2
jr/j2 � 1

2
ðrk � rÞ þ h0Fð/Þ þ ðĥ� �0

r � r
jrj ÞGð/Þ: ð10Þ
The phase evolution in SMA can be described by the first-order kinetic TDGL equation as follows:
c
@/
@t
¼ jD/� h0

@Fð/Þ
@/

� ĥ� �0
r � r
jrj

� �
@Gð/Þ
@/

; ð11Þ
where c and h0 are constants and the potentials Fð/Þ and Gð/Þ are defined as
Fð/Þ ¼ 1
4

/4 � 2
3

/3 þ 1
2

/2 þ bð/2 � /Þ; Gð/Þ ¼
0 if / < 0;
� 1

4 /4 þ 1
2 /2 if 0 6 / 6 1;

1
4 if / > 1;

8><
>: ð12Þ
the constant b is the perturbing term added to accommodate slope variations in the regime of instability (0 < b� 1) as de-
scribed in [39]. Finally
ĥ ¼
h� hA if h > hA;

0 if h 6 hA;

�
ð13Þ
where hA > h0. The temperature hM is defined as hM ¼ hA � h0.
The free energy potentials F(/) and G(/) and the phase space diagram jrj�0 � h are plotted in Fig. 6(a) and (b),

respectively.
The definition of the structural model (excluding the thermal part) is completed by defining the suitable constitutive

equation coupling the r, �, and /. To account different forms of dependencies of compliance on / and r, we define the con-
stitutive equation as rate of change of strain, stress and / parameters as follows
_� ¼ k1=2ðr;/Þ @
@t
ðk1=2ðr;/ÞrÞ þ �0

r
jrj

_Gð/Þ: ð14Þ
The k in Eq. (14) is the compliance tensor added to accommodate the thermo-mechanical properties of both austenite and
martensite phases based on the OP value and stress [17]. In the general 3D case, it is defined as
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kðr;/Þ ¼ k2ð/Þ þ k3ð/Þrþ k4ð/Þr � r; ð15Þ
where k2, k3, k4 are the tensor of 4th;6th, and 8th order, respectively.
Now the structural field model and the phase evolution model can be complemented with the thermal field model. The

governing equation of the thermal field is now defined by the first law of thermodynamics as
q0 _eðr;/; hÞ ¼ Pi
m þPi

/ þPi
h; ð16Þ
where e denotes the internal energy, Pi
m is the internal mechanical power, Pi

/ is the internal order structure power, and Pi
h is

the internal heat power. They are defined as
Pi
m ¼ r � _�;

Pi
/ ¼ c _/2 þ j

2
d
dt
ðjr/j2Þ þ h0

_Fð/Þ þ ĥ� �0
r � r
jrj

� �
_Gð/Þ;

Pi
h ¼ q0h; ð17Þ
where h is the rate at which heat is absorbed per unit mass. The Pi
/ is obtained by multiplying Eq. (11) by _/ and following the

approach in [29,40,41]. (The Frobenius inner product of two second rank tensors A and B is defined as A � B ¼
P

i

P
jAijBij.)

By using Eq. (14), the Pi
m can now be written as
Pi
m ¼ r � _� ¼ 1

2
d
dt
ðkðr;/Þr � rÞ þ �0

r � r
jrj

_Gð/Þ: ð18Þ
Assuming the Fourier constitutive law for the heat flux (see [4,5] for the models based on the Cattaneo-Vernotte relation-
ship), the energy balance equation is written as (q0 ¼ 1)
h ¼ �r � qþ r; ð19Þ
where q is the heat flux, r is the heat supply, and the heat flux is q ¼ �kðhÞrh, with kðhÞ > 0.
Now, we prove consistency of the above model with the second law of thermodynamics. By using the Clausius–Duhem

inequality, we have
_g P �r � q
h

� �
þ r

h
: ð20Þ
Using Eqs. (16), (17) and (19), the inequality yields
h _g P
q
h
� rhþ _e�Pi

m �Pi
/: ð21Þ
The free energy w is defined in the terms of internal energy e and entropy g as
w ¼ e� hg: ð22Þ
Now, the inequality Eq. (21) is reduced to
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_wþ _hg�Pi
m �Pi

/ þ
q
h
� rh 6 0: ð23Þ
Substituting Eqs. (17) and (18), the last inequality is reduced to
_wþ _hg 6 �q
h
� rhþ 1

2
d
dt
ðkðr;/Þr � rÞ þ c _/2 þ jr/ � r _/þ h0

_Fð/Þ þ ĥ _Gð/Þ: ð24Þ
We assume that the free energy w depends on the variables /;r/;r; h, so that Eq. (24) can be written as
gþ @w
@h

� �
_hþ @w

@/
� h0F 0ð/Þ � ĥG0ð/Þ

� �
_/þ @w

@r/
� jr/

� �
� r _/þ @w

@r
� kðr;/Þr

� �
� _r� c _/2 þ q

h
� rh 6 0: ð25Þ
Usual arguments of thermodynamics based on the arbitrariness of _/;r _/; _r; _h allow to prove that Eq. (25) implies the
relations
g ¼ � @w
@h

;
@w
@/
¼ h0F 0ð/Þ þ ĥG0ð/Þ; @w

@r/
¼ jr/;

@w
@r
¼ kðr;/Þr; ð26Þ
where F 0 and G0 are derivatives with respective to OP /.
Substituting Eq. (26) in Eq. (25) leads to
kðhÞ
h
jrhj2 þ c _/2 P 0; ð27Þ
thus the thermodyamic consistency follows from the positivity of the thermal conductivity k.
The relations in Eq. (26) enforce the following representation of the free energy:
w ¼ w0ðhÞ þ
1
2
ðkðr;/Þr � rÞ þ j

2
jr/j2 þ h0Fð/Þ þ ĥGð/Þ: ð28Þ
Using Eqs. (26)–(28), we obtain the expression of the entropy as
g ¼ � @w
@h
¼ �w00ðhÞ � ĥ0Gð/Þ; ð29Þ
where w00 and ĥ0 are the derivatives with respect to temperature h.
Next, the internal energy can be simplified as
e ¼ wþ hg ¼ e0ðhÞ þ
1
2
ðkðr;/Þr � rÞ þ j

2
jr/j2 þ h0Fð/Þ þ ðĥ� hĥ0ÞGð/Þ; ð30Þ
where e0 ¼ w0 � hw00.
On differentiating Eq. (30) with respect to time and equating to the right hand side of Eq. (16), we obtain the heat equa-

tion as
_e0ðhÞ � h½Gð/Þĥ00 _hþ ĥ0 _Gð/Þ� � c _/2 ¼ �r � qþ r: ð31Þ
3.2. Numerical experiments

This section provides details of numerical experiments based on the newly developed three dimensional model. The
phase evolution and stress–strain properties are studied for simplified 1D and pseudo-2D specimens. The results for pseu-
do-2D specimen are compared with numerical simulation results obtained with the one dimensional model from Section 2.
Here, we only solve the phase transformation kinetic equation and structural constitutive equation to demonstrate the
concept.

3.2.1. Simplified one dimensional specimen
For this case, the Eq. (11) is reduced to
c
@/
@t
¼ j

@2/
@x2 � h0

@

@/
Fð/Þ � ½ĥ� �0 j r j�

@

@/
Gð/Þ: ð32Þ
The numerical simulations have been carried out by using Eqs. (14) and (32) with the sinusoidal stress input
r ¼ r0 sinðktÞ in the finite element software Comsol Multiphysics. The dimensionless material parameters used for the sim-
ulations were as follows:

c ¼ 1
100 ; j ¼ 0; h0 ¼ 1; hM ¼ 2, hA ¼ 3; �0 ¼ 30; r0 ¼ 6; b ¼ 1

1000, E ¼ 1, and h ¼ 5.
The stress tensor components in the one dimensional case are reduced for the linear k case to k2 ¼ E; k3 ¼ 0 and k4 ¼ 0,

and for the nonlinear k case to k2 ¼ Eþ 1
10 E/2; k3 ¼ 0, and k4 ¼ 1

100 E/4.
The phase evolution and r–� curve of SMA specimen are shown in Fig. 7(a) and (b), respectively. The / evolves from initial

austenite phase (/ ¼ 0) to the martensite phase (/ ¼ 1). There is no distinction of martensitic variants at / ¼ 1. The figure
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captures the pseudoelastic r–� response and the stress hysteresis. The hysteresis loop followed during the harmonic loading
is represented by the path o-a-b-c-d-e-a-o-f-g-h-i-j-f-o for the linear k case and by the path o-a-b-c0-d0-e-a-o-f-g-h0-i0-j-f-o
for the nonlinear k case, respectively.

3.2.2. Quasi-2D model
The three dimensional model is now applied to the following quite illustrative quasi-2D case. The stress r and strain �

tensors are defined as
r ¼
r11 0
0 r22

� �
¼ A sinðktÞ r1 sin2ðt þ #Þ 0

0 r1 cos2ðt þ #Þ

" #
; ð33Þ

� ¼
�11 0
0 �22

� �
¼ BðtÞ

g1ðtÞ 0
0 g2ðtÞ

� �
; ð34Þ
with the additional condition
g1ðtÞ þ g2ðtÞ ¼ 1; ð35Þ
where A; k and # are constants.
The rate dependent constitutive equation can be defined to establish a relationship between r;� and / as
@�
@t
¼ k

@r
@t
þ �0signð/Þ @

@t
Gð/Þ; ð36Þ
while the phase evolution equation can be written as
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c
@/
@t
¼ j

@2/
@x2 � h0

@

@/
Fð/Þ � ½ĥ� �0 � r�

@

@/
Gð/Þ: ð37Þ
By using the definitions of stress and strain tensors given by Eqs. (33)–(37) can now be simplified and solved for /;BðtÞ,
and g1ðtÞ.

The simulations have been carried out with the dimensionless material parameters as follows:
c ¼ 1
100

; j ¼ 0; h0 ¼ 1; hA ¼ 3; �0 ¼ 30; r1 ¼ 10; b ¼ 1
1000

; E ¼ 1; A ¼ 1; h ¼ 8:5; # ¼ 0; k

¼ 1; and h ¼ 8:5:
The compliance tensor coefficients for the linear k case are k2 ¼ E; k3 ¼ 0 and k4 ¼ 0, and for the nonlinear k case are
k2 ¼ Eþ 1

100 E/2; k3 ¼ 0, and k4 ¼ 1
100 E/4.

The phase evolution and r11–�11 properties are shown in Fig. 8(a) and (b), respectively. It is observed that the r11–�11

curve produces the pseudoelastic response. The hysteresis loop followed during the harmonic loading is represented by
the path o-a-b-c-d-e-a-o-f-g-h-i-j-f-o for the linear k case and by the path o-a-b-c0-d0-e-a-o-f-g-h0-i0-j-f-o for the nonlinear
k case, respectively. Fig. 9(a) and (b) show the r22–�22 properties and evolution of strain components with time.
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We now compare the results based on the one dimensional model from Section 2.1 with the results obtained with the
pseudo-2D model from Section 3.2.2. The results of one dimensional simulations (using equations given in the Section 2)
have been obtained with the following coefficients:
c ¼ 1
100

; j ¼ 0; h0 ¼ 1; hM ¼ 2; hA ¼ 3; �0 ¼ 30; b ¼ 1
1000

; E ¼ 1; a ¼ 1; and h ¼ 6:4:
Fig. 10(a) and (b) show the phase evolution and stress–strain plot for the linear k case. We observe that the stress–strain
curve qualitatively matches with the one dimensional results.

4. Conclusions

New non-isothermal thermodynamic models of SMA dynamics have been developed for the one-dimensional and gener-
alized three dimensional case. An intrinsic feature of the developed models is their ability to account for nonlinear thermo-
mechanical material properties via the compliance variable as the function of local phase and stress state. The models cap-
ture the SMA properties by coupling the phase evolution equation with the conservation laws of momentum and energy.
They allow simple and efficient implementations. The model developed for the one dimensional case can deal with two dis-
tinct martensitic variants, and the nonlinear material properties are accounted for in this model via the phase and stress
state and the corresponding compliance variable. The numerical simulations have been carried out, in the absence of gradi-
ent energy, to study such nonlinear material properties for all most important practical cases under stress induced loading. It
has been observed that the stiffness of the stress–strain curve is reduced for the martensitic variants, which is in agreement
with the experimental results. The three dimensional model has been developed with a scalar order parameter and rate
dependent constitutive equations. The model describes the phase transformation using one order parameter at the expense
of description of martensitic variants individually. It has been shown that the model is consistent with thermodynamics
laws. Numerical simulations with this model have been carried out for quasi-2D specimens and the results have shown qual-
itative agreement with the results obtained with the one dimensional model.

The developed models can be applied to higher dimensional cases, as well as to the analysis of hysteresis phenomena
coming from other application areas. This analysis is currently underway, and the results will be published elsewhere.
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