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c The paper quantifies the electromechanical effects on the band structure of wurtzite quantum dots.
c Systematic study of intra-subband energies based on 2-, 6- and 8-bands k.p method has been performed.
c Non-parabolicity terms in the effective mass approximation theories have been analyzed in detail.
c The influence of the gate controlled electric fields on the intra-subband energy is explored.
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We quantify the influence of coupled electromechanical effects on the band structure calculations of

wurtzite AlN/GaN quantum dots with wetting layers (WLs). Based on a strain dependent fully coupled

8-band k � p method, we computed eigenvalues and wavefunctions of electrons in quantum dots with

WLs of different aspect ratios. These computed eigenvalues are compared to those obtained from the

method based on decoupled 2-conduction and 6-valence bands envelope functions. Previously, such

comparisons, accounting for the wetting layer, were systematically done only for models based on not

more than 4-bands. In addition, we apply gate potential along z-direction to bring the conduction and

valence bands closer so that we numerically estimate the influence of gate controlled electric fields on

the intra-subband energy in quantum dots. Due to the non-parabolicity term in the effective mass

approximation, our study shows that the intra-sub band energy (i.e., the energy difference between

ground and first excited states) is smaller for electrons and larger for holes in the 8-band k � p method

than those eigenvalues obtained from the decoupled 2-conduction and 6-valence bands envelope

functions method. In this paper, we show that the intra-sub band energy increases in presence of piezo-

electromechanical effects and externally applied gate potentials along z-direction. We numerically

estimate the distribution (i.e., the probability density) of electrons and holes wavefunctions in the dots

that is obtained from both the 8-band k � p method and the decoupled 2- and 6-bands envelope

functions method.

& 2012 Elsevier B.V. All rights reserved.
1. Introduction

Self-assembled semiconductor quantum dots (QDs) with wet-
ting layers, grown by Stranski–Krastanov growth process, are very
promising candidates to make optoelectronic devices such as light
emitting diodes, lasers and components of spintronic logic
devices [1–3]. The current state of the art in semiconductor
technology based on the use of Molecular Beam Epitaxy (MBE),
Metal Oxide Chemical Vapor Deposition (MOCVD), and other
ll rights reserved.

).
techniques allows us to precisely control the shape and size of
the self-assembled quantum dots [4,5].

It is well known that mechanical phenomena such as electro-
mechanical (EM) effects i.e., strain and piezoelectric fields have
major contributions in the band structure calculations of quan-
tum dots with WLs [6–18]. The strain is induced due to the lattice
mismatch at the interfaces of AlN/GaN quantum dots [19,20]. We
focus our study of the band diagram of experimentally grown GaN
quantum dots with wetting layers. In this case, the height of the
QDs, thickness of the WLs, temperatures during the growth
process can be treated as realistic physical parameters for the
design of optoelectronic devices [21,22]. The WLs have quite
significant influence on the strain and piezoeletric fields, leading
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to a modification of the band diagram [7,6]. Since GaN is a highly
piezoelectric material which brings the quantum states to the top
of the dot for electrons and to the bottom of the dot, near the
wetting layer, for holes, the influence of electromechanical effects
on the quantum dots should be treated based on coupled physics
considerations.

Electromechanical effects on the band structure calculations of
truncated pyramidal zinc-blende and wurtzite quantum dots
have been extensively studied by utilizing the envelope-
function method in the effective-mass approximation and in the
Kane model via both the atomistic calculations approach and the
k � p method [23–26]. Our study is different in that we employ
the finite element method to characterize the electronic proper-
ties of truncated pyramidal shape of wurtzite AlN/GaN quantum
dots of hexagon base with wetting layers, based on the fully
coupled strain dependent 8-band k � p method. We show that the
intra-sub band energy increases in the presence of piezo-
electromechanical effects and gate induced electric fields along
z-direction.

In this paper, based on the fully coupled strain dependent 8-
band k � p method, for the first time, we analyze in detail the
influence of electromechanical effects on the band structure
calculations of truncated pyramidal GaN quantum dots with
wetting layers in the presence of externally applied electric field
along z-direction. Such analysis has not been carried out before.
The eigenvalues for electrons and holes, obtained from the fully
coupled 8-band k � p method, are compared to the values
obtained from decoupled 2-conduction and 6-valence bands
envelope functions methods. Again, a systematic comparison of
this type, accounting for the wetting layer, was done only for
models based on not more than 4-bands (see Ref. [24,25]). We
show that the conduction and valence bands can be brought
closer with the application of piezo-electromechanical effects and
the externally applied gate controlled electric fields along z-
direction. In this case, our study shows that the intra-sub band
energy of electrons and holes in quantum dots increases.

The paper is organized as follows. In Section 2, we provide
details on the theoretical model for the electromechanical parts of
wurtzite AlN/GaN quantum dots. Based on our theoretical model,
we numerically calculate the material constants parameters in
Section 3. In Section 4, we focus on the Hamiltonian for the dots
based on the strain dependent 8-band k � p method in the
effective mass approximation. Finally, in Section 5, for the first
time in the literature, we present a detailed comparison study of
the influence of piezo-electromechanical effects on the band
structure of AlN/GaN quantum dots, accounting for the wetting
layer. We conclude in Section 6.
2. Theoretical model for piezo-electromechanical effects

Free elastic energy of a crystal of hexagon shape can be written
as [20]

F ¼

Z
V

dr
X
iklm

1

2
CiklmeikðrÞelmðrÞ, ð1Þ

where Ciklm are the elastic moduli constants and eik are the
components of strain tensors. The strain tensor components can be
obtained by minimizing the free elastic energy over the total volume
V. This can be generalized to the electroelastic energy and, as the
result, the coupled system of the Navier equations for stress and
Maxwel’s equations for piezoelectric fields can be written as [27]

@jsik ¼ 0, ð2Þ

@iDi ¼ 0: ð3Þ
The stress tensor components sik and the electric displacement
vector components Di can be written as

sik ¼ Ciklmelmþenik@nV , ð4Þ

Di ¼ eilmelm�Ê in@nVþPspdiz, ð5Þ

where eik is the piezoelectric constant, Ein is the permittivity, V is the
piezoelectric potential, Psp is the spontaneous polarization and
E¼� @V

@z is the built in piezoelectric field. Further details of the
analysis of Eqs. (2)–(5) can be found in Refs. ([28,27,29–31]). Here we
only notice that the coupled formulation of Eqs. (2)–(5) is essential
and the minimization of pure elastic energy of Eq. (1), rather than the
full electroelastic energy, may lead to substantial errors, when
applied to modeling of low dimensional nanostructures (see Ref.
[6] and references therein). It is also well known that the internal
strain may lead to a reduced band gap in such structures, influencing
the quantum confinement effect [32]. In what follows, we apply the
Lifshits–Rosentsverg theory that accounts for such a strain [33,34].
In this case, the standard Cauchy strain and the internal strain due to
lattice mismatch have the form:

eij ¼ eu
ijþe

0
ij , ð6Þ

where e0
ij are the local intrinsic strain tensor components due to

lattice mismatch and eu
ij is position dependent strain tensor compo-

nents. These two can be written as

e0
ij ¼ ðdij�dizdjzÞaþdizdjzc, ð7Þ

eu
ij ¼

1
2ð@juiþ@iujÞ, ð8Þ

where a¼ ða0�aÞ=a0 and c¼ ðc0�cÞ=c0 in the dot and zero in
the matrix. Here, a0, c0 and a, c are the lattice constants of the dot
and the matrix along a and c directions respectively.
3. Material parameters

The piezoelectric tensors eik can be written in the form of the
tensors of dil and the tensors of Ciklm ¼ Cil as [35,36]

eij ¼
X6

k ¼ 1

dikCil, ð9Þ

which can be transformed into the following expressions for
wurtzite:

e31 ¼ d31C11þd33C13, ð10Þ

e33 ¼ d31C13þd33C33, ð11Þ

e15 ¼ d15C55 ¼ d15C44: ð12Þ

Thus obtained components of the tensor e are summarized
in Table 1 for GaN and AlN.
4. Hamiltonian of Kane model for wurtzite quantum dots

The interaction of electrons in the conduction bands and holes
in the valence bands can be explained by the Kane Hamiltonian.
However, the effects of the remote bands on these conduction and
valence bands can be calculated by second order perturbation
theory [39,19,40–42]. The steady state Schrödinger equation of
the Kane model can be written as

Hw¼ Ew, ð13Þ

where

H¼
Hc Hcv

Hycv Hv

 !
, w¼

wc

wv

 !
, ð14Þ



Table 1
Lattice parameters of wurtzite GaN and AlN used in computation.

If not indicated differently, they are taken from Ref. [37].

Parameter GaN AlN

a0 (Å) 3.189 3.112

c0 (Å) 5.185 4.982

c11 (GPa) 390 396

c12 (GPa) 145 137

c13 (GPa) 106 108

c33 (GPa) 398 373

c44 (GPa) 105 116

d31 (pm/V) �1.6 �2.1

d33 (pm/V) 3.1 5.4

d15 (pm/V) 3.1 3.6

Psp (C/m2) �0.034 �0.090

e31 (C/m2) �0.30a
�0.25a

e33 (C/m2) 1.06a 1.79a

e15 (C/m2) 0.33a 0.42a

k1 10.06b 8.57b

k2 9.28b 8.67b

a Derived from expressions (10).
b Ref. [38].
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with wc ¼wcðrÞ being the position dependent conduction band
envelope function and wv ¼wvðrÞ being the position dependent
valence band envelope function. The total wave function W is [43]

W¼
X

j ¼ c,x,y,z
fjcj ¼/w, ð15Þ

where, /¼ ðfcfxfyfzÞ and w¼ ðcccxcyczÞ
T . The functions / are

spinless and w is a spinor

wj ¼
c1

j

c2
j

0
@

1
A, j¼ c,x,y,z: ð16Þ

Hence, the basis functions of the Hamiltonian (14) have the
following form [43]:

ðfcc
1
c fxc

1
x fyc

1
y fzc

1
z fcc

2
c fxc

2
x fzc

2
z fzc

2
z Þ

T :

We now turn to the description of the matrix Hamiltonian H of
(14). The diagonal element of the intra-conduction band Hamilto-
nian Hc can be written as

Hc ¼ A01k2
z þA02ðk

2
xþk2

y ÞþUc

þef zzþa1ezzþa2ðexxþeyyÞ, ð17Þ

where Uc ¼UcðrÞ is the position dependent edge of the conduction
band G1, which also includes an external scalar potential present, a1

and a2 are deformation potentials for the conduction band and, as
before, eij are the components of strain tensor. Here, fz is the
externally applied electric field along the z-direction. The para-
meters A01 and A02 are expressed via the components 1=mJ and 1=m?
of the tensor of the reciprocal effective masses for the conduction
band in the single-band approximation and the
Kane parameters P1 ¼�i_/fc9_kz9fzS=m0 and P2 ¼�i_/fc9_kx9
fxS=m0. They are given by

A01 ¼
_2

2mJ
�

P2
1

Eg
, ð18Þ

A02 ¼
_2

2m?
�

P2
2

Eg
, ð19Þ

where Eg is the band gap of wurtzite semiconductor materials.
The intra-valence-band Hamiltonian Hv can be written as

Hv ¼Hð0Þ þHðsoÞ
þHðeÞ þH0ðkÞ: ð20Þ
The Hamiltonian Hð0Þ entering Eq. (20) represents the position-
dependent potential energy of an electron

Hð0Þ ¼

Uv6 0 0

0 Uv6 0

0 0 Uv1

0
B@

1
CAþef zz, ð21Þ

where Uv6 ¼Uv6ðrÞ and Uv1 ¼Uv1ðrÞ are the position dependent
edges of the valence bands G6 and G1 respectively, which also
include an externally applied electric field, fz, along z-direction.

The spin-orbit Hamiltonian HðsoÞ in Eq. (20) can be treated as a
perturbation term. Based on first order perturbation theory, the
spin-orbit Hamiltonian HðsoÞ can be expressed in terms of Pauli
spin matrices [44] by neglecting small linear terms in the
momentum operator [19]. Hso can be written as

HðsoÞ
¼ i

0 �D2sz D3sy

D2sz 0 �D3sx

�D3sy D3sx 0

0
B@

1
CA, ð22Þ

where D2 ¼D2ðrÞ and D3 ¼D3ðrÞ are parameters of the valence-
band spin-orbit splitting [44], and sx, sy and sz are the Pauli
matrices

sx ¼
0 1

1 0

� �
, sy ¼

0 �i

i 0

� �
, sz ¼

1 0

0 �1

� �
: ð23Þ

The kinetic energy Hamiltonian H0ðkÞ in Eq. (20) can be written as [43]

H0ðkÞ ¼

L01k2
xþM1k2

yþM2k2
z N01kxky N02kxkz

N01kxky M1k2
xþL01k2

yþM2k2
z N02kykz

N02kxkz N02kykz M3 k2
xþk2

y

� �
þL02k2

z

0
BBBB@

1
CCCCA,

ð24Þ

where

L01 ¼ L1þ
P2

1

Eg
, L02 ¼ L2þ

P2
2

Eg
, ð25Þ

N01 ¼N1þ
P2

1

Eg
, N02 ¼N2þ

P1P2

Eg
: ð26Þ

For the interband block Hcv of the Hamiltonian (14) (Hycv is its
Hermitian conjugate) we have

Hcv ¼ ðHcx Hcy HczÞ, ð27Þ

where

Hcx ¼ iP2kx, Hcy ¼ iP2ky, Hcz ¼ iP1kz: ð28Þ

5. Results and discussions

We consider hexagonal GaN quantum dots of truncated pyrami-
dal shape with wetting layers. The quantum dots are embedded in
the matrix of AlN materials of hexagon base symmetry. The
schematic diagram of the geometry is shown in Fig. 1. We consider
b¼15 nm as a lateral size of the dot. The height of the dot (h) varies
from 3 nm to 5 nm with 1 nm thick wetting layer. These parameters
of the dot mimic the realistic shapes and sizes of the physical
structures that were reported experimentally in Refs. [21] and [22].
The constants for AlN and GaN materials are listed in Table 2.

In Fig. 2, we demonstrate the influence of piezo-
electromechanical effects on the flat bands and on the bands of
gate controlled electric fields f z ¼ 106 V/cm of the dot along
z-direction. In this figure, solid lines (black) represent the flat
bands and the dotted lines (red) represent the influence of piezo-
electromechanical effects on the flat bands of the dots. Also,
dashed lines (magenta) represent the effect of gate induced electric
fields, f z ¼ 106 V=cm on the flat bands and dashed-dotted lines



Fig. 1. Schematic diagram of a AlN/GaN quantum dot with the actual shape of

hexagonal truncated pyramid, mounted on a thin wetting layer. Here the

adjustable parameter, h, is the height of the dot and b is the side length of the

hexagon which is fixed in our computational work.

Fig. 2. Influence of piezo-electromechanical effects on the band diagram of AlN/

GaN quantum dots. Solid lines (black) represent the flat band diagram and dotted

lines (red) represent the piezo-electromechanical effects on the flat band diagram.

Also, dashed lines (green) represent the band diagram of gate induced electric

fields at f z ¼ 106 V=cm and dashed-dotted lines represent (blue) the piezo-

electromechanical effects on the band diagram of gate induced electric fields at

f z ¼ 106 V=cm. (For interpretation of the references to color in this figure caption,

the reader is referred to the web version of this article.)

Fig. 3. The influence of piezo-electromechanical effects on the wavefunctions of

electrons and holes of AlN/GaN quantum dots. (For interpretation of the references

to color in this figure caption, the reader is referred to the web version of this

article.)

Fig. 4. The influence of piezo-electromechanical effects on the wavefunctions of

electrons and holes on the bands of gate controlled electric fields at f z ¼ 106 V=cm

for AlN/GaN quantum dots. In the upper panel, we estimate the eigenvalues as

E0¼4.817677 eV, E1¼4.928222 eV and E2¼4.928253 eV for electrons in the

conduction band. In the middle panel, we estimate the eigenvalues as

E0¼1.273063 eV, E1¼1.271259 eV and E1¼1.264977 eV for holes in the valence

band. In the lower panel, we estimate the eigenvalues as E0¼4.425142 eV,

E1¼4.611962 eV and E2¼4.612804 eV for electrons in the conduction band and

E0¼1.96861 eV, E1¼1.957035 eV and E2¼1.945744 eV for holes in the valence

band. (For interpretation of the references to color in this figure caption, the reader

is referred to the web version of this article.)
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(blue) represent the piezo-electromechanical effects on the bands
of gate induced electric fields at f z ¼ 106 V=cm. Due to significant
piezo-electromechanical effects in wurtzite AlN/GaN quantum
dots, it can be seen that the minima of the conduction bands are
near the top of the dots, while maxima of the valence bands are
close to the bottom of the dots, near the wetting layers. In the
presence of externally applied electric field along z-direction, we
see that the minima of the conduction band goes further down. For
that case, we show that the effect of remote bands on the intra-sub
bands energy states computed from the 8-band k � p method is
significantly more profound than the effect obtained from the
decoupled 2-conduction and 6-valence bands envelope functions
method. This situation is interpreted by Fig. 9.

In Figs. 3 and 4, based on the strain dependent 8-band k � p
method, we computed the eigenvalues and plotted ground, first
and second excited states wavefunctions of electrons and holes in
the bands that are considered in Fig. 2. The upper panel from left
to right in Fig. 3 shows the wavefunctions of electrons in the flat
conduction bands. Here, the eigenvalues of three constitutive
states of electrons are E0¼5.014496 eV, E1 ¼ 5:091396 eV and
E2 ¼ 5:091424 eV. Middle panel from left to right in Fig. 3 shows
the wavefunctions of holes in the flat valence bands. Here,
the eigenvalues of three constitutive states of holes are E0 ¼

1:364575 eV, E1 ¼ 1:362555 eV and E1 ¼ 1:357227 eV. It can be
seen that the localization of electrons and holes is in the middle of
the dot, indicating that piezo-electromechanical effects are not
taken into account in the 8-band k � p method. Next, we consider
the influence of piezo-electromechanical effects on the eigenvalues
and wavefunctions of electrons and holes in the conduction and
valence bands respectively. Lower panel from left to right in Fig. 3
shows the wavefunctions of electrons and holes in the bands
(dotted-red) in Fig. 2. It can be seen that the minima of piezoelectric
potential for electrons are located at the top of the dot which brings
the electron wavefunctions near the top of the dot. However, for the
holes, maxima of piezoelectric potential are located at the bottom of
the dot, near the wetting layer, which again brings the hole
wavefunctions to the bottom of the dot near the wetting layer. For
electrons, we estimate E0 ¼ 4:74829 eV, E1 ¼ 4:920831 eV and
E2 ¼ 4:921646 eV. For holes, we estimate E0 ¼ 1:988498 eV,
E1 ¼ 1:97699 eV and E1 ¼ 1:965576 eV. In Fig. 4, we see the influ-
ence of piezo-electromechanical effects on the bands of gate con-
trolled electric fields, f z ¼ 106 V=cm. We plotted the electron and
hole wavefunctions in the bands of dashed line (magenta) and
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dashed-dotted line (blue) of Fig. 2. In Fig. 4, we also estimate the
eigenvalues of electrons and holes in the conduction and valence
bands (which are shown in the figure).
Table 2
Electron band structure parameters of wurtzite GaN and AlN

used in computation. If not indicated differently, they are

taken from Ref. [41].

Parameter GaN AlN

Eg (eV) 3.51 6.25

Dcr (eV) 0.034 �0.295

Dso (eV) 0.017a 0.019a

mJ 0.19m0

m? 0.21m0

A1 �5.947

A2 �0.528

A3 5.414

A4 �2.512

A5 �2.510

A6 �3.202

A7 (eVÅ) 0.046

P1 (eVÅ) 8.1

P2 (eVÅ) 7.9

a1 (eV) �4.9a
�3.4a

a2 (eV) �11.3a
�11.8a

D1 (eV) �3.7a
�17.1a

D2 (eV) 4.5a 7.9a

D3 (eV) 8.2a 8.8a

D4 (eV) �4.1a
�3.9a

D5 (eV) �4.0a
�3.4a

D6 (eV) �5.5a
�3.4a

a Ref. [37].

Fig. 5. Systematic study of the eigenvalues of electrons and holes with the variation of

the height of the dot in bands shown by solid lines (black) in Fig. 2. Solid lines (black)

and dotted lines (magenta) represent the ground state eigenvalues, while dashed lines

(red) and dashed-dotted lines (blue) represent the first excited states eigenvalues for

both electrons and holes in the dot. (a) Electrons and (b) Holes. (For interpretation of

the references to color in this figure caption, the reader is referred to the web version of

this article.)
From Figs. 5–9, we observe the influence of piezo-
electromechanical effects on the band structure calculations of
wurtzite AlN/GaN quantum dots with wetting layer. Note that, in
Figs. 5–9, the solid lines (black) and dashed lines (red) represent
the eigenvalues obtained from the 8-band k � p method while the
dotted lines (magenta) and dashed-dotted lines (blue) represent
the eigenvalues obtained from decoupled 2-conduction and
6-valence bands envelope functions method. Here, we compare
the eigenvalues of electrons in the conduction bands and holes in
the valence bands with the variation of height, h, of the dot,
keeping the lateral size constant. Due to a non-parabolicity term
in the effective mass approximation, considering the flat valence
band of AlN as a reference point to be zero, it can be seen that the
eigenvalues of electrons in the conduction bands, obtained from
the 8-band k � p are always smaller than those eigenvalues
obtained from the 2-conduction bands envelope functions
method. However, for holes, the eigenvalues in the valence bands,
obtained from the 8-band k � p method, are higher than those
eigenvalues obtained from the 6-valence bands envelope func-
tions method from the reference point. Indeed, due to the non-
parabolicity term in the effective mass approximation, the elec-
trons have þve effective mass in the conduction bands and holes
have �ve effective mass in the valence bands. Below, we quantify
the influence of non-parabolicity term in the effective mass
approximation by utilizing the fully-coupled strain dependent
8-band k � p method.

In Fig. 5, we plotted eigenvalues of electrons in the conduction
bands and holes in the valence bands with the variation of height
of the dots. Since AlN/GaN quantum dots are wide band gap
Fig. 6. Influence of piezo-electromechanical effects on the eigenvalues of elec-

trons and holes with the variation of the height of the dot in the bands shown by

dotted lines (red) in Fig. 2. Solid lines (black) and dotted lines (magenta) represent

the ground state eigenvalues while dashed lines (red) and dashed-dotted lines

(blue) represent the first excited states eigenvalues for both electrons and holes in

the dot. (a) Electrons and (b) Holes. (For interpretation of the references to color in

this figure caption, the reader is referred to the web version of this article.)



Fig. 7. Systematic study of the eigenvalues of electrons and holes with the

variation of the height of the dot in the bands for the case of gate induced electric

fields at f z ¼ 106 V=cm shown by dashed line (green) in Fig. 2. Solid lines (black)

and dotted lines (magenta) represent the ground state eigenvalues while dashed

lines (red) and dashed-dotted lines (blue) represent the first excited states

eigenvalues for both electrons and holes in the dot. (a) Electrons and (b) Holes.

(For interpretation of the references to color in this figure caption, the reader is

referred to the web version of this article.)

Fig. 8. Influence of piezo-electromechanical effects on the eigenvalues of electrons

and holes with the variation of the height of the dot in the bands shown by dashed-

dotted lines (blue) in Fig. 2. Solid lines (black) and dotted lines (green) represent the

ground state eigenvalues while dashed lines (red) and dashed-dotted lines (blue)

represent the first excited states eigenvalues for both electrons and holes in the dot.

(a) Electrons and (b) Holes. (For interpretation of the references to color in this figure

caption, the reader is referred to the web version of this article.)
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semiconductor materials, the effects from the remote bands on
the conduction and valence bands are very small and one can
adopt the method based on decoupled 2-conduction and 6-
valence bands envelope functions for the band structure calcula-
tion of wurtzite AlN/GaN quantum dots. However, the effects
from the remote bands can be well pronounced if we consider the
piezoelectric behavior of wurtzite AlN/GaN materials. The piezo-
electromechanical effect on the band structure calculations of
AlN/GaN quantum dot is shown in Fig. 6. As discussed earlier,
piezo-electromechanical effect brings the minima of the conduc-
tion band further down, while the maxima of the valence bands
are pushed further up by keeping the flat valence band of AlN as a
reference point to be zero.

One of the key results of this paper is shown in Figs. 7 and 8.
We apply the external gate induced electric field f z ¼ 106 V=cm
along z-direction to modify the flat bands. The bands of electrons
and holes in this case are shown in Fig. 2. Due to modification in
the bands in the presence of electric fields along z-direction, it can
be seen in Figs. 7 and 8 that we can precisely bring the
eigenvalues further down for electrons in the conduction bands
and further up for holes in the valence bands. In this case, the
minima of the conduction bands and maxima of the valence
bands come closer and the effects of the remote bands on the
eigenvalues significantly increase. It means that the gate con-
trolled electric fields along z-direction enhances the intra-sub
band energy in AlN/GaN QDs with WLs.

Now, we summarize the above results in Fig. 9. We plotted
intra-sub band energy of electrons versus the height of the dots.
The intra-sub band energy, obtained from the 8-band k � p
method (solid lines (black) and dashed lines (red)), is compared
to those values, obtained from 2-conduction bands envelope
functions methods (dotted line (magenta) and dashed-dotted line
(blue)). In Fig. 9(a), our study shows that the eigenenergy
difference, obtained from the 8-band k � p method in the flat
conduction bands, is very close to the value, obtained from the 2-
bands envelope functions method. In fact, the eigenenergy differ-
ence obtained from these two approaches (the 8-band k � p
method and 2-bands envelope functions methods) is approxi-
mately 6 meV. However, the energy difference increases to
30 meV if we consider the piezo-electromechanical effects on
the flat band of AlN/GaN quantum dots (see dashed and dashed-
dotted lines in Fig. 9(a)). In the presence of gate induced electric
fields along z-direction (solid and dotted lines in Fig. 9(b)), the
minima of the conduction bands and maxima of the valence
bands come closer. In that case, the effects of the remote bands on
the eigenstates increase. We estimate the energy difference
obtained from two different approaches (the 8-band k � p method



Fig. 9. Influence of piezo-electromechanical effects on intra-sub band energy i.e., the

energy difference, ne between ground to first excited states versus the variation of

the height of the dot in the conduction bands shown in Fig. 2. In Fig. 9(a), we did not

apply gate induced electric fields while in Fig. 9(b), we apply gate induced electric

fields f z ¼ 106 V=cm. (For interpretation of the references to color in this figure

caption, the reader is referred to the web version of this article.)

Fig. 10. Distribution (i.e., the probability density) of electrons and holes wave-

functions in AlN/GaN quantum dots versus distance along z-direction. In this plot,

we estimate the probability of electrons and holes present in the AlN barrier

materials and explain why the 8-band Kane model is important in the presence of

piezo-electromechanical (EM) effects (see further discussions in the text). (For

interpretation of the references to color in this figure caption, the reader is

referred to the web version of this article.)
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and 2-bands envelope functions method) as being approximately
6 meV. Keep in mind that this energy difference is approximately
in the same range for the case of electrons in the flat conduction
bands of the dots because the energy difference between the
minima and maxima points in the bands is still large enough and
the effects of the remote bands are still negligible. However, in
the case of piezo-electromechanical effects on the bands of gate
induced electric fields along z-direction, the energy difference
between these two points (minima and maxima) is small. It
means that the effects of the remote bands can be significantly
pronounced. Here, we estimate that the energy difference is
approximately 37 meV which is shown by upper panel in
Fig. 9 (b).

In Fig. 10, we estimate the distribution (i.e., the probability
density) of electrons and holes wavefunctions in AlN/GaN quan-
tum dots, obtained from the decoupled 2- and 6-bands envelope
functions method and 8-band Kane model. Solid lines (black)
represent the probability density of electrons, obtained from the
8-band k � p method and dashed lines (red) represent the results
obtained with the decoupled 2 and 6-band envelope functions
method. We consider the height of the dots as 3 nm and estimate
the piezo-electromechanical effects on the probability density of
electrons and holes wavefunctions of AlN/GaN quantum dot
with 1 nm thick wetting layers. In the absence of piezo-
electromechanical effects, our study shows that only 6% of
electrons and 0.4% of holes are distributed in the barrier materi-
als. However, in the presence of piezo-electromechanical effects,
probability density of electrons and holes in the barrier materials
increases. We found that 12% of electrons and 8% of holes in this
case are present in the AlN materials. In the presence of both
piezo-electromechanical effects and gate controlled electric fields
along z-direction, the probability density of electrons and holes in
the barrier materials increases. Below, we analytically estimate
the intra-sub band energy levels and compare them to the exact
values, obtained from the 2, 6 and 8-bands envelope functions
methods.

The analytical expression to estimate the intra-sub band
energy of the dots can be written as

nEestimate
¼

R
b9C92

d3rR
V 9C92

d3r

dEg

Eg

� �
9nE9c�c

, ð29Þ

nEexact
¼ 9nE9c�c

�9nE98�8
, ð30Þ

where C is the wavefunction, b is the integration over the AlN
barrier and V is the volume. nE is the intra-sub band energy, c� c

denotes 2�2 conduction bands or 6�6 valence bands. Eg is the
band gap of GaN and dEg ¼nEcþnEv. Here, nEc and nEv are the
band offsets in the conduction and valence bands of AlN/GaN
heterojunction respectively. We suppose dEg=Eg � 1 in our
study. Below, we calculate nEestimate and compare it to nEexact

for electrons and holes.
Without piezo-electromechanical effects:
For electrons:

nEestimate
� 0:069nE92�2

� 6 meV,

nEexact
¼ 9nE92�2

�9nE98�8
� 15 meV:

For holes:

nEestimate
� 0:0049nE96�6

� 0:01 meV,
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nEexact
� 0:4 meV:

With piezo-electromechanical effects:
For electrons:

nEestimate
� 0:12ð190 meVÞ � 22 meV,

nEexact
� 31 meV:

For holes:

nEestimate
� 0:08ð9 meVÞ � 0:7 meV,

nEexact
� 0:4 meV:

The above intra-sub band energy estimates, nEestimate, are in an
agrement with the exact value nEexact . However, in the absence of
piezo-electromechanical effects, the estimation of intra-sub-band
energy for holes is one order of magnitude less than the exact
value. This is because the effective masses of holes are large and
the penetration of holes wave functions in the barrier is very
small. As a result, it gives very close energy levels between the
inter sub-band states. The error in the nEestimate increases with the
increase of the height of the dot.
6. Conclusions

In Figs. 2–4, by using the fully coupled strain dependent 8-
band k � p method, we have analyzed the influence of piezo-
electromechanical effects and gate controlled electric field along
z-direction on the band structure calculations of wurtzite
AlN/GaN quantum dots with WLs. Here we have shown that the
piezo-electromechanical effect brings the localization of electron
wavefunctions to the top of the dots and the localization of hole
wavefunctions to the bottom of the dots near the WLs.
In Figs. 5–8, we have compared the intra-sub band energy of
electrons and holes. We demonstrated that, due to non-
parabolicity term in the effective mass approximations methods,
the eigenvalues for electrons obtained from the fully coupled 8-band
k � p method are always smaller than those value obtained from the
method based on 2-conduction bands envelope functions and vice-
versa for holes obtained from the method based on 6-band envelope
functions. Such a comparison for the quantum dots with WLs was
done for the first time for fully coupled 8-band models. We have
also shown that in the presence of externally applied electric fields
along z-direction with piezo-electromechanical effects, the intra-sub
band energy for electrons and holes increases. Finally, Fig. 10
demonstrates that the distributions of electrons and holes in the
barrier materials are approximately one order of magnitude smaller
in the flat band case than those values that were obtained with
taking the piezo-electromechanical effects into account.
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Laurier University and supported by the Natural Sciences and
Engineering Research Council (NSERC) and Canada Research Chair
(CRC) Program, Canada. The authors thank Dr. Eduard Takhta-
mirov for many helpful discussions.
References
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