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In this paper, the dynamics of martensitic transformations in shape memory alloy (SMA) constrained
finite nanostructures is studied using a phase field model with the Ginzburg–Landau free energy. The
nonlinear coupled thermo-mechanical properties in SMAs have been extensively studied in the bulk case.
However at the nanoscale the thermal physics has been usually neglected in a study of SMA properties,
and most of the model developments have been carried out under the assumption of isothermal phase
transformations. The main aim of this paper is to develop a model that couples the thermal physics
and the mechanical dynamics to study the influence of such coupling on the mechanical properties of
SMA nanostructures. The developed model is solved using the finite element method. Analyzing FePd
alloy nanowires, we observe a steeper slope of the stress–strain curve in the coupled thermo-mechanical
case due to temperature evolution during the loading–unloading cycle of such nanostructures. We also
observe the martensitic suppression phenomenon in constrained nanowires and nanograins on cooling.
We have developed a semi-analytical model to predict a critical size at the onset of martensitic suppres-
sion. The semi-analytical model predicts a critical size which is in a good agreement with the numerical
results for FePd nanograins.

� 2012 Elsevier B.V. All rights reserved.
1. Introduction

Shape memory alloys (SMAs) possess important characteristics
of shape recovery upon thermal and mechanical loading. Such
shape recovering characteristics give rise to two complex behav-
iors known as shape memory effect and superelasticity. These
behaviors differ in a way the SMA specimen can recover its shape
at the end of the loading–unloading cycle. Both these behaviors are
hysteretic, highly non-linear and strongly temperature dependent.
They have been studied extensively in the literature (see e.g. books
by Lagoudas [1], Bhaatacharya [2], etc.).

SMAs exhibit their properties due to the underlying phenome-
non of martensitic transformations (MT) [2]. The MT is a first order
solid-to-solid diffusionless phase transformation (PT) from the
high temperature austenite phase to the low temperature martens-
ite phases or between martensite phases. MTs are caused due to
atomic rearrangements, with movement of atom less than an
atomic distance, with an instantaneous strain. The austenite and
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martensite phases differ in their atomic arrangements by distor-
tion or dimension change. These phases are elastically accommo-
dated to produce complex microstructures to minimize the energy.

Several modeling approaches have been used to describe the
hysteretic behavior and mechanical properties of SMAs. An exten-
sive review of the models are found in [1,3,4]. Phase field (PF) mod-
els have emerged as a powerful computational approach for
modeling microstructures of ferroelectric [5–9] and ferroelastic
systems [10–14]. This approach has a unified framework that de-
scribes stress and temperature induced phase transformations in
the variational nature of the model. The PF models have been used
largely to study microstructures and mechanical properties of
meso- and nano-scale SMA specimens.

Bouville and Ahluwalia [15] used the PF model to study the ef-
fect of size and shape on the microstructure evolution and the
mechanical properties of martensite in the case of constrained
nanostructures. Ahluwalia et al. [14] investigated the effect of
strain loadings on the microstructure evolution and its influence
on mechanical properties of 3D cubic-to-tetragonal PTs in nano-
scale samples. Idesman et al. [16] studied the effect of inertial
forces on the microstructure evolution in 2D and 3D PTs using
the advanced dynamic formulation developed by Levitas and Pres-
ton [17]. All the above studies reviewed so far, have been limited to
the SMA nanostructure behaviors accounting for the structural (or

http://dx.doi.org/10.1016/j.commatsci.2012.05.060
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mechanical) dynamics (or uncoupled structural physics) only, un-
der a strong hypothesis of isothermal phase transformations.

The isothermal hypothesis is valid in the environment where
temperature is carefully controlled (e.g. for a SMA specimen in air-
flow with high velocity) and loading is quasi-static, allowing heat
transfer to the environment. Pieczyska et al. [18–20] experimen-
tally studied the temperature evolution in SMA specimen surface
subjected to dynamic loading–unloading using infrared thermog-
raphy. They observed temperature increase–decrease during load-
ing–unloading of the SMA specimen. The temperature variation
influence on the stress–strain behavior of the material was clearly
demonstrated. The stress–strain curves during phase transforma-
tions become steeper in the environment without temperature
control (the coupled thermo-mechanical case) compared to the
temperature controlled environment (isothermal conditions, the
uncoupled case) during the dynamic loading.

The isothermal hypothesis in the PF models [14,15] puts some
limitations on getting further insight into the inherent thermo-
mechanical properties in SMAs. The importance of coupled ther-
mo-mechanical effects in modeling has recently been demon-
strated also for low dimensional nanostructures by Melnik and
Mahapatra [21]. So far, there has been a very limited discussion
about the coupled thermo-mechanical behavior of SMA nanostruc-
tures. For a better understanding of the dynamics of phase trans-
formations in SMA structures at the nanoscale, the coupled
thermo-mechanical effects need to be accounted in the modeling.
In this work, we use a computationally inexpensive low dimen-
sional model developed in our earlier work for the mesoscale
[22,23] and extend it to study the microstructure and mechanical
properties of finite size SMA nanostructures.

The novel property of MT suppression has been observed in
SMA nanostructures below a critical dimension (or size) on cooling.
This phenomenon has been confirmed earlier by experimental
observations [24] and numerical simulations [15,25]. The knowl-
edge of impact of crystal size on the martensitic PT is crucial for
engineering purposes. Several models have been reported to pre-
dict the critical size in SMAs (e.g. [26] and references therein). Por-
ta et al. [27] showed the dependence of MT suppression
phenomenon on the elastic free energy, temperature and size of
the martensite domain within an austenite host matrix. Waitz
et al. [24] analytically calculated the critical size in the NiTi nano-
grains by accounting the transformation barrier due to chemical
and mechanical driving forces. Eliseev and Morozovska [28] pro-
posed a general analytical approach for the description of size ef-
fects in ferroelectric nanosystems based on the variational
method and the Landau–Ginzburg–Devonshire (LGD) phenome-
nology. In this work, we develop a semi-analytical model to predict
the critical size in square SMA nanograins based on the LGD
phenomenology.

The rest of the paper is organized as follows. In Section 2, we
present a general mathematical framework for modeling the
dynamics of SMA and develop a coupled thermo-mechanical mod-
el for 2D square-to-rectangular PTs. The development of a semi-
analytical model for predicting the critical size of SMA nanostruc-
tures on cooling is described in Section 3. Section 4 describes the
numerical experiments carried out on FePd SMA nanowires and
nanograins using the coupled thermo-mechanical model devel-
oped in Section 2. Finally, Section 5 provides conclusions and dis-
cuss a scope for future work.
2. Mathematical model for SMA dynamics

The mechanical properties of SMAs are dependent on the micro-
structures of austenite and martensite phases and their combina-
tions. The mathematical framework for modeling microstructures
can be described by a variational problem [2,29,30]. The total en-
ergy of a SMA specimen in reference configuration X, subjected
to deformation Y at a temperature h is given by

WðYÞ ¼
Z

t

Z
X
uðY ; hÞdV dt; ð1Þ

where uðY; hÞ is the non-convex free energy function, t is time, and V
is the volume. The microstructures correspond to the minimization
of Eq. (1) [31]. Using appropriate boundary conditions, the energy
of the structure can be minimized over the whole domain. This pro-
cedure in general case may produce infinitely many minimizers and
extremely fine twins, thus raising several difficulties mentioned in
the literature [29,30,32]. In solving Eq. (1), there are several numer-
ical challenges connected with local minima, resulting from phase
mixtures under low and moderate temperature regimes, and non-
convexity of the problem [29,30,33]. These problems can be solved
with a more precise definition of the free energy by incorporating
the strain gradient energy terms that maintain the finite twins in a
domain. In this paper, we construct a mathematical model for the
simulation of microstructures and mechanical properties in SMAs
on the basis of the phase field (PF) model and the LGD theory.

2.1. Mathematical model formulation on the basis of the Landau–
Ginzburg–Devonshire theory

The PF models have been used in the past to study the micro-
structures and mechanical properties of SMA nanostructures
[14,15,34,35]. In the PF model, the SMA dynamics is described by
modeling the appropriate free energy F of the PT. As the SMA is
a first order solid-to-solid PT, it is described with a good approxi-
mation by the phenomenological Landau theory. The Landau the-
ory leads to a coarse-grained model of the PT phenomenon under
the assumption that an average order parameter (OP) (OP distin-
guishes different phases in the domain) must be small as compared
to OP itself [36]. The theory expresses the free energy in a polyno-
mial expansion of average OPs using the lattice dynamics, elasticity
theory, and group theory. The free energy is based on the symme-
try change of a crystallographic PTs [37].

In PF models, the order parameter is used to differentiate differ-
ent phases in a domain. The strains are used to describe different
phases in the SMA domain [38]. The strains, which directly contrib-
ute to the phase transformation are called OPs, and the others are
called as non-OPs (nop). The free energy F is derived on the basis
of symmetric strain tensor [32,38]. A generalized form of the free
energy F is written as

F ¼Fop þFnop þFgradient; ð2Þ

where Fop is the energy part due to the OPs, which contributes to
MT as per the Landau–Devonshire theory, F nop is the energy part
due to non-OPs, which contributes to the bulk and shear energy,
and Fgradient is the gradient energy which contributes to the energy
cost required for maintaining different phase domains in a structure
and interface formed between physical boundaries and domain. The
gradient energy term (or Ginzburg energy) maintains a non-zero
width in austenite–martensite and martensite–martensite inter-
faces, and prevents the system from creating an infinite number
of interfaces [29]. This term also introduces the nanoscale length
in the PF model [15,36,39,40]. The Fgradient can be mathematically
split into the surface and volume energy terms by using the diver-
gence theorem. The surface energy is analogous to the surface ten-
sion in the superconducting and magnetic films. In the bulk
systems, the surface energy is often neglected because of the peri-
odic boundary conditions or negligible variation of OP at the surface
for larger length scales. However, the effect of surface energy be-
comes increasingly important in a finite size nanosystem [36].
The LGD theory has been applied previously to nanoferroelastic
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Fig. 2. Free Energy of square-to-rectangular PT as the function of temperature. The
square (green color) box represents Austenite ðAÞ phase, and rectangles (red and
blue colors) represent Martensite variants (Mþ and M�).
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and nanoferroelectric systems to study the dynamic behavior of
nanostructures [15,36,41,42].

2.2. Square-to-rectangular transformations

To make the computations tractable, we study the behavior of
nanowires using the simplified 2D square-to-rectangular phase
transformations, a representative phase transformations of the
3D cubic-to-tetragonal phase transformations, under the assump-
tion of negligible strain contribution in the third direction. Here
the square represents the austenite phase A and the rectangles rep-
resent the martensitic variants Mþ and M� (with rectangle length
aligned along two perpendicular axes) as shown in Fig. 1. The devi-
atoric strain e2 is used as the order parameter to characterize the
austenite and martensite phases. We use the 2—4—6 polynomial
free energy function F developed in the earlier works (see [43–
45] and references therein, as well as [15]):

Fop ¼
a2

2
h� hm

hm

� �
e2

2 �
a4

4
e4

2 þ
a6

6
e6

2;

Fnop ¼
a1

2
e2

1 þ
a3

2
e2

3;

Fgradient ¼
kg

2
@e2

@x

� �2

þ @e2

@y

� �2
" #

;

ð3Þ

where a1 is the bulk modulus, a3 is the shear modulus, a2; a4; a6 are
the Landau constants, kg is the Ginzburg coefficient, h is the material
temperature, and hm is the austenite–martensite transformation
temperature, which depends upon the alloy concentration and
manufacturing process.

The strains for square-to-rectangular phase transformations are
defined as:

e1 ¼ ð�xx þ �yyÞ=
ffiffiffi
2
p

; e2 ¼ ð�xx � �yyÞ=
ffiffiffi
2
p

; e3 ¼ ð�xy þ �yxÞ=2;

ð4Þ

where e1; e2; e3 are the hydrostatic, deviatoric, and shear strain
respectively, the Cauchy–Lagrange strain tensor is defined as
�ij ¼ ½ð@ui=@xjÞ þ ð@uj=@xiÞ�=2 (using the repeated index convention)
with �xy ¼ �yx, and ui, i ¼ 1;2 are the displacements along x, and y
direction, respectively. The model is developed based on an isotro-
pic material properties within the small strain framework.

As per the Landau theory, the free energy is defined in such a
way that it accounts for temperature dependency. When the tem-
perature is higher than the phase transformation temperature hm,
the Landau energy function has a minimum corresponding to the
austenite phase. When the temperature is lower than hm, the en-
ergy has several minimum corresponding to the variants of mar-
tensite. When the temperature is near hm, the Landau free energy
have minima corresponding to the austenite and the martensite
variants. Fig. 2 shows the dependence of free energy on tempera-
ture in square-to-rectangular PTs.

The SMA may exhibit ferroelastic, pseudoelastic and elastic
behavior at low, intermediate and high temperatures [38,46].
These wide ranges of qualitative behaviors are captured in the sim-
Fig. 1. Square-to-rectangular transformations (value of OP e2 denotes different
phases).
ulations by accounting for the coupling effects between the struc-
tural and thermal field dynamics. A mathematical model that
accounts for this coupling is developed based on the three funda-
mental laws: conservation of mass, conservation of linear momen-
tum, and energy balance [47].

The governing equations for the mechanical, and thermal field
are obtained by minimizing the total energy in the domain. The ki-
netic energy K of the system is expressed as

KðtÞ ¼ q
2

_u2
1 þ _u2

2

� �
; ð5Þ

where q is the mass density, and _u1 and _u2 are the velocities in x,
and y directions, respectively.

We assume the dissipation functional R as

Rðu1;u2; tÞ ¼
g
2

_u2
1;1 þ _u2

1;2 þ _u2
2;1 þ _u2

2;2

� �
; ð6Þ

where g is the dissipation coefficient, _ui;j refers to the velocity of ui

in j direction, with i; j ¼ 1;2 [48].
The Lagrangian L of the system is defined as

Lðu1;u2; h; tÞ ¼KðtÞ �Fðu1;u2; hÞ �Rðu1;u2; tÞ: ð7Þ

Then, the Hamiltonian H of the system is

H ¼
Z t

0

Z
X
ðLðu1;u2; hÞ � f1u1 � f2u2ÞdXdt; ð8Þ

where f1 and f2 are mechanical loadings in x, and y direction, respec-
tively, X is the SMA domain, and ½0; t� is the time span.

According to the Hamiltonian principle, the first variation of the
total energy in the domain is zero, provided the displacement ui

give the solution to the structural part of the problem. The
Euler–Lagrange equations associated with Eq. (8) can be obtained
by solving

dui :
@L

@ui
�
X @

@xi

@L

@ui;i

� �
þ
X @2

@xi@xj

@L

@ui;ij

� �
� @

@t
@L

@ _ui

� �
� @L
@ _ui;j
¼0;

ð9Þ

where ui;i and ui;ij are the first and second order partial differential
terms with respect to spatial variables.

On substituting Eqs. (2)–(8) in Eq. (9), we obtained the mechan-
ical (or structural) dynamics equilibrium equations

q
@2ui

@t2 ¼
X @rij

@xj
þ rgi

þ gr2 _ui þ fi; ð10Þ
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where rij ¼ @
@�ij
ðFop þFnopÞ and rgi

¼ @
@�ij
ðF gradientÞ.

With the assumption that the deformation in the third direction
is zero for 2D square-to-rectangular transformations, the stress
tensor rij components are simplified to

r11 ¼
1ffiffiffi
2
p a1e1 þ a2

h� hm

hm

� �
e2

2 � a4e3
2 þ a6e5

2

	 

; ð11:1Þ

r12 ¼
1
2

a3e3; ð11:2Þ

r21 ¼ r12; ð11:3Þ

r22 ¼
1ffiffiffi
2
p a1e1 � a2

h� hm

hm

� �
e2

2 þ a4e3
2 � a6e5

2

	 

; ð11:4Þ

and the rgi
components to

rg1
¼ kg

@4u1

@x4
1

þ @4u1

@x2
1@x2

2

� @4u2

@x3
1@x2

� @4u2

@x1@x3
2

" #
; ð12:1Þ

rg2
¼ kg �

@4u1

@x3
1@x2

� @4u1

@x1@x3
2

þ @4u2

@x2
1@x2

2

þ @
4u2

@x4
2

" #
: ð12:2Þ

Eq. (11) defines the material behavior in square-to-rectangular PTs.
The equations for rij are highly non-linear (quintic non-linearity al-
lows us to capture the PT properties like shape memory effect and
pseduoelasticity as a function of temperature). The 4th order differ-
ential terms in Eq. (12) represent domain walls between different
phases of martensites.

The governing equation of the thermal field is obtained by the
conservation law for internal energy e [47] as

q
@e
@t
� rT : rv þr � q ¼ g; ð13Þ

where q ¼ �jrh is the Fourier heat flux vector, j is the heat con-
ductance coefficient of the material, and g is a thermal loading.
The internal energy is connected with the potential energy con-
structed above via the Helmholtz free energy W as

e ¼ Wðh; �Þ � h
@Wðh; �Þ

@h
;

Wðh; �Þ ¼Lðu1;u2; hÞ � cvh ln h;
ð14Þ

where cv is the specific heat of a material.
On substituting the above relationship in Eq. (13), the governing

equation of the thermal field is formulated as

qcv
@h
@t
¼ j

@2h
@x2 þ

@2h
@y2

 !
þ a2

h
hm

e2
@e2

@t
þ g: ð15Þ

The second term on the right-hand side of Eq. (15) is a non-linear
term, which couples temperature, deformation gradient (strain),
and rate of deformation gradient (strain rate). Hence the overall
system equations (Eqs. (10) and (15)) constitute the thermo-
mechanical physics by creating the two-way coupling via h; e2

and _e2.
As both the structural dynamics equations (Eq. (10)) and ther-

mal dynamics equation (Eq. (15)) are derived from the same free
energy F of PT, the equations for SMA dynamics are intrinsically
coupled. This approach is a direct extension of the one dimensional
Falk approach analyzed numerically and discussed extensively in
our earlier work [13,22,23,45]. In this paper, we have introduced
the nanoscale length implicitly in the model via the Ginzburg coef-
ficient. We do not consider the effects of plasticity and explicit
incorporation of surface effects on the properties of constrained
SMA nanostructures (as the constrained boundary conditions used
in the simulations override the surface stresses observed in
nanosize specimens [49]). The details of these effects are discussed
elsewhere in the literature [1,50].
The analysis of SMA dynamics in Eqs. (10) and (15) is very in-
volved due to strong material non-linearity and interactions
between mechanical and thermal fields (see [51] for the one-
dimensional analysis). In this paper, we use the finite element
method as a numerical tool to study the MTs. To model the MTs
at the nanoscale using the finite element method, two main chal-
lenges were observed. Firstly, the length scale in the nanometer
range ð10�9 mÞ causes numerical difficulties in using material
properties in kg-m-s-K (SI) unit system. Secondly, the time step
needed for nanoscale dimensions in SI unit system is very small
(in the range of 1 ps). These challenges create numerical difficulties
to simulate the highly nonlinear coupled thermo-mechanical phys-
ics. To circumvent these difficulties, the equations have been re-
scaled (non-dimensionalized) in the spatial and temporal
domain, as described in Appendix A. The fourth order partial differ-
ential terms were expressed as two second order partial differen-
tial terms. The rescaled equations were converted into the
generalized form compatible with the Comsol Multiphysics� soft-
ware. The generalized forms of equations have been implemented
by defining the strains, constitutive relations and equilibrium
equations. The equations were solved in dimensionless form and
the results were converted back to physical units. The microstruc-
tures and mechanical properties of nanowires and nanograins for
2D square-to-rectangular PTs are presented in Section 4.

In the following section, we derive a semi-analytical model to
predict the onset of martensitic transformation suppression phe-
nomenon observed experimentally [52] and numerically [15] in
SMA nanoscale samples upon cooling. We base our consideration
on the developed PF model for square-to-rectangular phase
transformations.
3. Analytical prediction of the martensitic transformation
suppression phenomenon

The MT is characterized by the formation of martensitic twin
microstructure in the SMA system on cooling, below the martens-
itic transformation temperature. The number of martensitic twins
decrease with decreasing nanograin size. The microstructure com-
pletely disappears below a certain size of the nanostructure called
the MT suppression limit (which is characterized by the critical
size of the nanostructure). The experiments showed the MT sup-
pression phenomenon below 50 nm grain size in NiTi nanocrystals
[24]. The MT suppression is caused by a change in the strain distri-
bution due to the increase in surface-to-volume ratio in the con-
strained SMA nanosystems. We have also observed the MT
suppression during the numerical simulations (described in detail
in Section 4.1). It is important to predict the MT suppression size at
the operating temperature for application developments. The mod-
el will also assist in predicting the MT suppression in nanosystems
that is observed during their microstructure evolution.

The MT suppression is exemplified using a simple simulation of
microstructure evolution in square nanograins of size 80 nm, as well
as 60 nm. The material properties, initial and boundary conditions
used during the microstructure evolution are given in Section 4.1.
The evolved microstructures in square nanograins cooled to 250 K
are shown in Fig. 3. The martensitic variants are represented in
Fig. 3a by two oriented rectangles and the austenite phase by a
square near the boundaries in the 80 nm nanograin. However, in
Fig. 3b, the austenite (square) phase is stabilized with no nucleation
of martensite, indicating the influence of constrained boundaries on
the microstructure evolution in the 60 nm nanograin.

The LGD phenomenology has been used before to derive the
critical size of ferroelectric systems [53,54] and nanostructures
[28,55,56]. We also use the LGD phenomenology for the analytical
description of the critical size. Since here we are interested in PTs



Fig. 3. Evolution of microstructure in square nanograins of size (a) 80 nm, (b) 60 nm. The square box represents austenite phase, and rectangles represent martensite variants.
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and critical size, the contributions due to Fnop are neglected in free
energy Eq. (2). As the nanostructure is cooled and kept below the
transformation temperature (in a temperature controlled environ-
ment), the coupled thermo-mechanical physics is reduced to
purely mechanical (or structural) physics. The free energy in Eq.
(2) is reduced to the free energy FPT of PT as

FPT ¼Fop þFgradient: ð16Þ

By using Eq. (3), for square-to-rectangular transformation, the free
energy of PT takes the form

FPT¼
Z

X

a2

2
h�hm

hm

� �
e2

2�
a4

4
e4

2þ
a6

6
e6

2þ
kg

2
@e2

@x

� �2

þ @e2

@y

� �2
" #( )

dxdy;

ð17Þ

where, as before, e2 is the deviatoric strain.
The critical size of SMA nanosystems is derived by defining an

appropriate energy functional and determining the minimum of
that functional using the calculus of variations. The model for the
free energy in Eq. (17) is simplified with the following assumptions
(refer to Fig. 4) for a nanostructure close to the critical size:

� there exists no twin boundaries in the nanostructure,
� the deviatoric strain e2 distribution is symmetric along the cen-

ter line in x and y directions in the square nanograin,
� the deviatoric strain e2 is a function of distances x and y from

the centerline of the square nanograin, and
� the deviatoric strain e2 is a one dimensional function (with

respect to ~x direction).
Fig. 4. Schematic of a nanograin for size effect prediction.
The free energy is rescaled (non-dimensionalized) in the spatial
dimension as described in Appendix B. Assuming ~e2 ¼ ~e, we define
the functional eIð~eÞ in the interval ð�el=2;el=2Þ as

eIð~eÞ ¼ ZeX fFPTð~x; ~e; ~e~xÞd~x ¼
Z

~X

1
2

~a2~e2 � 1
4

~e4 þ 1
6

~e6 þ 1
2

d~e
d~x

� �2
( )

d~x:

ð18Þ

The functional eIð~eÞ represents the free energy of phase transforma-
tions as a continuous function of space ~x, strain ~e, and its derivative.
The solution to the eIð~eÞ leads to an extremum of the functional. The
minimum of the functional eIð~eÞ can be determined by using the
Euler–Lagrange equation as in [57]

dfFPT

d~e
� d

d~x
dfFPT

d~e~x

 !
¼ 0: ð19Þ

On solving Eq. (19), we obtain

d2~e
d~x2 ¼ ~a2~e� ~e3 þ ~e5: ð20Þ

For h < hm, Eq. (20) has five roots: a trivial root ~e ¼ 0, two symmet-
ric imaginary roots, and two symmetric real roots. The size effects in
ferroelectric particles are obtained by incorporating slope boundary
condition as a function of extrapolation length [54]. In the absence
of experimental values of extrapolation length for FePd nanoparti-
cles, we apply the following boundary conditions:

d~e
d~x

����
~x¼0
¼ 0; ~ej~x ¼

el
2
¼ 0:8~e

�����
~x¼0

: ð21Þ

As the distribution of the deviatoric strain ~e is symmetric, Eq. (20) is
solved for only half width of the nanograin with zero strain gradient
at the center ð~x ¼ 0Þ of nanograin. The strains are non-zero at the
boundaries because of the constrained boundary conditions ui ¼ 0.
We carried out the simulations for different values of strains at the
boundary. Here we present the results for strain at the boundary
ð~x ¼ el=2Þ to be equal to 0.8 times the strain at center ð~x ¼ 0Þ of a con-
strained nanograin [54].

Eq. (20) is solved numerically using Maple™ software with the
boundary conditions in Eq. (21). The ~emax is the bulk strain that rep-
resent the positive real root of the right-hand side of Eq. (20). In the
constrained nanograin, the deviatoric strain ~e is equal to ~emax at the
centre. The deviatoric strain distribution is uniform within a do-
main and varies near a boundary. We consider the deviation of
strain ~e from ~emax at the centre and variation of strain in the whole
domain as an onset of MT suppression phenomenon. We have
studied the spatial distribution of deviatoric strain and effect of
temperature on nanograins of different sizes.
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Fig. 5 shows the normalized deviatoric strain distribution
ð~e=~emaxÞ in nanograins of varying sizes ð~x=eLÞ at temperature 250 K
ðeL ¼ elÞ. It is apparent that the deviatoric strain distribution in larger
nanograins ð> 171 nmÞ is uniform within a domain and varies dras-
tically near the boundary at ~x ¼ el=2. As the nanograin size decreases,
the variation of strain is observed throughout the nanograin. It is ob-
served that the value of ~e starts deviating from value of ~emax around
57 nm. At nanograin size smaller than 57 nm, there are drastic vari-
ations in the deviatoric strain distribution. The variation of strain in
smaller nanograins indicates the increased influence of boundaries.
The critical size obtained at temperature 250 K is around 57 nm in
this case, which is in close agreement with the numerical simulation
results (60 nm) during microstructure evolution.

The numerical experiments were carried out for nanograins of
different sizes at a fixed temperature to obtain the critical size.
The experiments were repeated to obtain critical sizes at different
temperatures. Fig. 6 shows the effect of temperature on the critical
size in a square nanograin. It is apparent that the decrease in tem-
perature inhibits the MT in nanograins of smaller sizes. Hence, the
reduction in temperature and size is favorable for the MT
suppression.

In summary, we have developed a semi-analytical model to
predict the onset of MT suppression phenomena based on the
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Ginzburg–Landau energy. The deviation of deviatoric strain (at
the centre of nanograin) from the bulk value and variation of devi-
atoric strain in the whole domain is considered as an onset of MT
suppression. The predicted critical size is in good agreement with
the numerical results. The model can be improved by incorporating
boundary conditions based on extrapolation length obtained from
the experiments. The modeling methodology can be extended to
other PTs for quick prediction of critical sizes.

4. Numerical simulations of SMA nanostructures

In this section, we provide the details of the numerical experi-
ments on SMA nanowires and nanograins to study the effect of
thermo-mechanical coupling on microstructures and mechanical
properties. The SMA dynamics is modeled by solving the coupled
thermo-mechanical model developed for square-to-rectangular
transformations in Section 2.2. The governing equations are 4th or-
der partial differential equations in space. Numerical methodolo-
gies like finite difference [14,32,58], finite volume [45], or
spectral methods [7,11,59] have been traditionally used for higher
order equations. These methodologies are usually limited to simple
geometries. The finite element method (FEM) allows us to simulate
wide varieties of loadings and boundary conditions on complex
geometries. In the context of SMA, the FEM was initially applied
to the analysis of one dimension phase transformation dynamics
(e.g. [60,61]). More recently the FEM has been used by other groups
[16,62,63] for 2D and 3D simulations. In what follows, all numeri-
cal experiments have been carried out by using the finite element
methodology. The mechanical and thermal field equations have
been solved simultaneously. It is well known that the strong inher-
ent non-linearities and coupling between mechanical and thermal
fields present non-trivial difficulties in the solution of the corre-
sponding equations [45,47].

In the following subsections, we first study the microstructure
evolution subjected to constrained boundaries and then perform
the tensile test to study mechanical properties of these evolved
microstructures.

4.1. Microstructures

The microstructures were evolved in nanowires and nanograins
of different sizes. In general, a cylindrical nanowire is reduced to
two dimensional rectangular geometry (e.g. [15]). A nanostructure
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in the austenite phase ðh > hmÞwas allowed to evolve into the mar-
tensitic microstructures below the transformation temperature
ðh < hmÞ. The simulations were conducted for nanowires of
2000 nm in length and varying widths, as well as for square nano-
grains of varying sizes from 200 nm to 50 nm. The nanostructure
domains were modeled with sides parallel to ½01� and ½10� direc-
tions of the parent austenite phase as shown in Fig. 7. The nano-
structures were mechanically constrained and thermally
insulated on all the boundaries ð1—4Þ during the microstructure
evolution. The microstructure has been evolved by allowing the
nanostructures in the austenite phase h > hmð265 KÞ to evolve by
quenching to temperature h ¼ 250 K with the following boundary
and initial conditions:

uijð@X¼1�4;tÞ ¼ 0; hjðX;t¼0Þ ¼ hinit; rui � njð@X¼1�4;tÞ ¼ 0;

rh � njð@X¼1�4;tÞ ¼ 0;

u1jðX;t¼0Þ ¼ xðl� xÞyðh� yÞ � 10�8; u2jðX;t¼0Þ ¼ 0;
ð22Þ

where l and h are the length and width of a nanosystem, and n is the
normal vector to the boundary.

The simulations were performed for homogeneous single crys-
tal FePd material with the following material parameters found
in [15,64]:

a1 ¼ 140 GPa; a3 ¼ 280 GPa; a2 ¼ 212 GPa; a4 ¼ 17� 103 GPa;

a6 ¼ 30� 106 GPa; hinit ¼ 250 K; hm ¼ 265 K;

cv ¼ 350 J kg�1 K�1; j ¼ 78 W m�1 K�1; and q ¼ 10;000 kg m�3:

The spatial and temporal domains have been rescaled (non-dimen-
sionalized) by constants 1:808� 10�9 m, and 1:842� 10�12 s,
respectively (see Appendix A).

The mesh sensitivity of the numerical solution was investigated
on a square nanograin of size 200 nm by evolving the microstruc-
tures with different finite element meshes. Fig. 8 shows the distri-
bution of evolved deviatoric strain e2 for three different meshes: (i)
1600 elements (73 k degrees of freedom (DOF)), (ii) 2500 elements
(114 k DOF), and (iii) 4225 elements (192 k DOF). The microstruc-
ture distribution is identical for all meshes. The error has been
evaluated for deviatoric strain e2 along the cut-line O� O0 for mesh
(i) and (ii) w.r.t. the mesh (iii) and plotted in Fig. 9. The errors due
to the discrete mesh (i) and (ii) are very small (less than 2� 10�3),
indicating that the numerical results are practically mesh
independent.

The numerical simulations were performed on the Linux work-
station with Intel Xeon 2.0 GHz CPU, eight processors, and 32 GB
RAM. We have used cubic Lagrangian elements to mesh the do-
main. The stabilized microstructures were observed in approxi-
mately 2 h with the finest mesh (mesh (iii)). The simulation was
completed in 3.5 h for 5000 time units (equivalent to 9.2 ns). The
memory usage of 4 GB was required with the finest mesh. The rel-
ative error criterion of 1� 10�6 has been used for numerical con-
vergence. The simulations were performed with an adaptive time
stepping. The evolution of timestep for mesh (iii) is shown in
Fig. 10. It took more than 6000 total time steps for complete sim-
ulation. Initially, the nonlinear solver took smaller time steps dur-
ing the microstructure formation, but eventually it took larger
timesteps upon microstructure stabilization.
4.1.1. Thermal effects in nanowire microstructures
The martensitic microstructures were evolved in the con-

strained nanowires of different sizes by quenching them to tem-
perature 250 K. The microstructures were allowed to evolve, by
minimizing the total free energy, till they were stabilized. Fig. 11
shows the plot of time evolution of rescaled free energy. The en-
ergy (and hence microstructure) has been stabilized after approx-
imately 500 time units.

We also observed the effect of geometrical constraint on micro-
structures in finite size nanowires similar as it was done with an
isothermal model [15]. Fig. 12 shows the evolved microstructure
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of the nanowires of length 2000 nm and varying widths. The mar-
tensitic variants are shown in red1 and blue color and austenite is in
green color. The twin martensitic microstructures have been ob-
served in nanowires of larger widths with a few twin switchings
from ½11� to ½�11� direction and vice versa. The twin switching in-
creases in smaller widths nanowires. At 58 nm width, the size effect
starts to dominate and complete twins running in ½11� to ½�11� direc-
tions can no longer be formed, thus evolving to a new dot type
microstructure. The size effect dominates at 55 nm, where the mar-
tensitic transformation is completely suppressed and the austenite
remains untransformed. The onset of suppression of the MT is char-
acterized by the critical width (or size) known also as the MT sup-
pression width. Below the critical width, the confined geometry
does not permit the nucleation of martensite.

During the microstructure formation, the OP e2 evolves. The
coupling of e2 and _e2 causes the temperature to evolve as per Eq.
(15) (second term on the right-hand side). Fig. 13 shows the plot
of average evolved temperature vs. nanowire width. At larger
widths, the temperature is high due to larger nanowire areas.
The evolved temperature decreases with the decrease in width
due to the formation of fewer twins. As the martensitic microstruc-
ture does not evolve below the critical size (e2 ¼ 0 with austenite
phase), the temperature evolution does not occur. An important
observation made is that the temperature does not change at and
below the critical size. These observations have not been captured
by previous models reported in the literature [15,14].

4.1.2. Thermal effects in square nanograin microstructures
Similar microstructure evolution studies were performed on

square nanograins. Fig. 14 shows the plot of time evolution of re-
scaled free energy. The energy (and hence microstructure) has
been stabilized after approximately 500 time steps. The evolved
microstructures in nanograins of different sizes are shown in
Fig. 15. The twins have been observed in larger size nanograins.
The dotted microstructure has been observed in the intermediate
size range and the MT suppression at the critical size of 60 nm.
Due to the symmetric shape and confined geometry, the twin
planes are oriented in the ½�11� direction and there is no switching
of twin planes, as observed in the microstructures in the
nanowires.

The deviatoric strain e2 changes with the microstructure for dif-
ferent sizes of nanograins. Fig. 16 shows the change in maximum
absolute deviatoric strain, max je2j, for different sizes of nanograin.
The max je2j decreases with the decrease in the nanograin size and
1 For interpretation of color in Figs. 2,3,5,8,9,12,15,17–22, the reader is referred to
the web version of this article.
its value becomes zero below the critical width. The change in
max je2j also serves as an indicator of the critical size in nanograins.

4.2. Mechanical properties of nanowires under dynamic loading
conditions

For the development of SMA devices based on nanostructures, it
is important to study the mechanical properties of different micro-
structures reported in Section 4.1 under dynamic loading condi-
tions. The stress–strain properties of the nanowire accounting for
the coupled thermo-mechanical physics have been compared with
the uncoupled structural physics from the model in the literature
[15]. Then, the stress–strain property of nanowires have been stud-
ied for different strain rates.

4.2.1. Mechanical behavior of nanowires with coupled and uncoupled
physics

The nanowire of size 200� 1000 nm has been evolved for suffi-
cient time till the microstructure reaches its steady state. The
stress–strain properties were obtained by performing the tensile
test on the nanowire. The tensile tests were performed numerically
on the nanowire specimens by applying the stress free boundary
conditions on the boundaries 2 and 3, and ramp displacements
equivalent to the uniform strain rate on the boundaries 1 and 4
out-of-material normal during loading and unloading. The adia-
batic boundary conditions were applied in the thermal physics.
The tensile tests have been performed on a nanowire for the cou-
pled thermo-mechanical and uncoupled mechanical physics. We
study the mechanical behavior by applying 3% axial strain in 1 ns
(equivalent to 3� 107=s strain rate). The high strain rate is a con-
sequence of model rescaling.

The average axial stress–strain curves of the FePd nanowire
accounting for the coupled physics are shown in Fig. 17 and the
microstructures at the selected points are shown in Fig. 19. The
wire has been elastically loaded till point a. In this part, the twins
extend to the surface and the strains are accommodated elastically.
A decrease in stress has been observed at the onset of detwinning
transformation (unfavored martensite (blue color) converted to fa-
vored one (red color)) at the ends of the nanowire. This region a–b
is marked by the sudden disappearance of martensitic twins. The
wire again starts loading elastically till point c after the disappear-
ance of martensitic twins. In the region c–d, the strain increases
significantly with small increase in stress. The martensitic twins
disappear due to the detwinning of the unfavored martensite var-
iant to the favored martensite variant during loading. Almost all of
the martensitic twins disappear and only the favored martensite
variant remains at point d. Beyond the point d, the favored
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martensite variant is loaded elastically. If the nanowire is unloaded
at point e, the stress–strain curve follows the path e–f. The micro-
structure at point f is different from the one at point o. The negative
stress is observed at point f because of compressive stress gener-
ated due to the stress free boundary conditions.
Fig. 12. Evolution of microstructure in nanowires considering coupled thermo-mechanic
and (e) 50 nm (red and blue indicate martensite variants and green indicates austenite
The stress–strain curve has also been plotted for the nanowire
accounting for the uncoupled mechanical physics in Fig. 17. The
initial elastic loading till point a is the same for both coupled ther-
mo-mechanical physics and uncoupled mechanical physics. A sig-
nificant difference is observed in the stress–strain curves of the
coupled and uncoupled physics during detwinning phase transfor-
mations in this case. The stress–strain curve of the coupled
thermo-mechanical physics is qualitatively similar, but have a
al physics for length 2000 nm and width (a) 200 nm (b) 90 nm (c) 62 nm (d) 58 nm
phase).



Fig. 15. Evolution of microstructure in square nanograins of size (a) 200 nm (b) 70 nm (c) 65 nm (d) 60 nm (red and blue indicate martensite variants and green indicates
austenite phase).
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steeper slope than the uncoupled mechanical physics. The shift in
stress–strain curve is caused due to the increase and decrease in
temperature during loading and unloading, respectively, as shown
in Fig. 18. During the axial loading in x-direction, _e2 > 0 (since
_u > 0), the temperature increases due to coupling between e2; _e2,
and h in Eqs. (10) and (15). During unloading _e2 < 0 (since _u < 0)
and the coupling causes decrease in temperature. The two-way
coupling between thermal and mechanical fields, inherent to
SMA, is captured by the model. On the other hand, there is no
change in temperature in the uncoupled case as the loading and
unloading process is isothermal. Pieczyska et al. [18,19] experi-
mentally observed a similar behavior of temperature increase
and decrease during loading and unloading of SMA specimens.

The detwinning of martensite is completed at 1.9% strain in the
coupled thermo-mechanical physics and at 2.3% strain in the
uncoupled mechanical physics during the loading stage. The early
completion of detwinning in coupled mechanical physics is due to
the increase in temperature, which aids the motion of twins during
loading. During unloading, the transformation starts at 1.6% strain
in the case of coupled thermo-mechanical physics and at 2.1% in
the uncoupled mechanical physics. The temperature dependent
stress–strain behavior in nanostructures cannot be captured with
the uncoupled physics model.

4.3. Tensile test study on nanowires of different sizes

The tensile tests have been performed numerically on the nano-
wires of different sizes at a constant strain rate 3� 107=s. Fig. 20
shows the stress–strain curves of nanowires of different sizes dur-
ing loading. It is observed that the stress–strain curves in nano-
wires are weakly dependent on widths less than 200 nm,
contrary to the expectation that different microstructures produce
different stress–strain curves. The insignificant difference in
stress–strain loading curves in smaller width nanowires is due to
strain accommodation during the phase transformation. The
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strains are accommodated at nearly constant stress until all the
unfavorable martensitic variants are completely transformed to
the favorable variants, which is marked distinctly by a change in
the stress–strain slope. The transformed favored martensitic vari-
ant starts loading elastically again.

On the other hand, for the nanowires of larger widths (widths
greater than 200 nm), the stress–strain behaviors are different than
for smaller width nanowires. The relatively larger widths nanowires
have distinct loading curves. The microstructure studies during the
tensile test have indicated that strains are accommodated through
phase transformations and elastically loading simultaneously. Qual-
itatively similar behaviors were obtained experimentally, for the
temperature uncontrolled case, by Pieczyska et al. [18,19] and
numerically, for uncoupled physics, by Bouville and Ahluwalia [15].
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loading and unloading for three different strain rates: 3� 107=s; 5� 107=s, and
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4.4. Tensile tests at different strain rates

The tensile tests were conducted on the nanowire of size
200� 1000 nm at different loading rates. Fig. 21 presents the
stress–strain response of the nanowire to the three different strain
rates: 3� 107=s; 5� 107=s, and 7:5� 107=s corresponding to appli-
cation of 3%; 5%, and 7:5% strain in 1 ns. It is apparent that higher
strain rates produce higher loading stresses due to the quicker in-
crease in temperature as shown in Fig. 22. At lower strain rate of
3� 107=s, the detwinning phase transformation is completed at a
nearly constant stress with the distinct point of completion, where
the slope of stress–strain curve changes drastically. At higher strain
rates of 5� 107=s, and 7:5� 107=s, the PT starts at higher stress
and the detwinning PT does not take place at nearly constant stress
due to the sudden increase in temperature, as in the case of low
strain rates. The observed increase in loading stresses at higher
strain rates can be attributed to the simultaneous coupled effect
of structural and thermal dynamics, loading rate and the time scale
of twin interface motion during the detwinning phase transforma-
tion. The higher strain rates do not give twin boundaries a time to
move and complete the detwinning phase transformation at the
constant stress. Instead, the detwinning phase transformation oc-
curs along with elastic loading simultaneously, raising the stresses.

5. Discussions and conclusions

We have developed the phase field model for square-to-rectan-
gular phase transformations in finite size constrained SMA nano-
structures. The inherent thermo-mechanical properties in SMAs
have been captured by coupling the structural and thermal phys-
ics. The two-way coupling has been introduced via temperature,
deformation gradient (strain) and rate of deformation gradient
(strain rate). We have observed a significant impact of temperature
dynamics on mechanical properties, which is not captured by the
models with isothermal phase transformations.
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The microstructure evolution study showed the twin micro-
structures in larger size nanostructures, dotted microstructures
at the intermediate size and the martensitic suppression below
the critical size. The temperature increase was observed during
the microstructure evolution due to creation and motion of the
martensitic variants. The temperature decreases with decrease in
nanostructure size, with no evolution of temperature below the
critical size. We found that the temperature and maximum abso-
lute deviatoric strain max je2j can serve as indicators in the study
of the onset of the MT suppression.

The tensile test on the evolved nanowires showed a significant
impact of thermo-mechanical coupling on the mechanical proper-
ties. The thermal physics causes the temperature to increase and
decrease during loading and unloading respectively due to cou-
pling of e2; _e2 and h. The temperature change causes steeper slopes
of stress–strain curves during the phase transformation in the cou-
pled thermo-mechanical physics compared to the case of uncou-
pled mechanical physics. The temperature change also aids the
motion of twins during the detwinning, causing the phase transfor-
mation to be completed early in the coupled thermo-mechanical
physics.

We observed the martensitic suppression phenomenon below
the critical size of nanostructures. The semi-analytical model,
based on the Ginzburg–Landau theory, was developed to predict
the onset of the martensitic suppression. The critical size predicted
with the semi-analytical model is in good agreement with the
numerical simulation results for the microstructure evolution in
the case of FePd nanograins.

This study demonstrated a key importance of thermal physics in
the study of properties of SMA nanostructures. We expect that the
thermo-mechanical coupling will play a significant role in deter-
mining the realistic stress–strain curves in 3D PTs. In the future
work, we plan to extend the developed coupled thermo-mechani-
cal model to 3D transformations and different materials for the
application of SMA nanostructures in NEMS and MEMS devices.
We anticipate computational challenges in 3D simulations, how-
ever using parallel programming and rich basis function (like
NURBS [65]) would make it practical.
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Appendix A

We rescale the equations (Eqs. (3)–(15)) to a dimensionless
form by using the following change of variables:

ei¼ ec eei ; ui¼ ecd eui ; x¼ d~x; F¼Fc
fF; t¼ tc~t; h¼ hc

~h: ðA:1Þ

The variables with tilde � and subscript c are rescaled variables and
constants respectively. On introducing the above equations in the
free energy, we obtain the rescaled free energy as:

fF ¼ 1
2

~a1~e2
1 þ

1
2

~a3~e2
3 þ
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~e6
2

þ 1
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; ðA:2Þ
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ec ¼
ffiffiffiffiffi
a4

a6

r
; d ¼

ffiffiffiffiffiffiffiffiffiffi
kga6

a2
4

s
; ~a1 ¼

a1

a6e4
c
; ~a3 ¼

a3

a6e4
c
;

~a2 ¼
a2a6

a2
4

ðh� hmÞ
hm

; Fc ¼ d2e6
c a6:

ðA:3Þ

The mechanical field equations (Eq. (10)) and thermal field (Eq.
(15)) can now be converted to the dimensionless form as:

@2~ui

@~t2
¼ @

~rij

@~xj
þ ~f i; ðA:4Þ

@~h

@~t
¼ ~k

@2~h
@~x2 þ

@2~h
@~y2

 !
þ ~v~h~e2

@~e2

@~t
þ ~g; ðA:5Þ

with

tc ¼

ffiffiffiffiffiffiffiffiffiffi
qd2

a6e4
c

s
; ~k ¼ ktc

d2qcv
; ~v ¼ a2e2

2ffiffiffi
2
p

qcvhc

; ~g ¼ gtc

qcvhc
;

~f i ¼
fit2

c

qecd
; ðA:6Þ

and the scaled components

~r11 ¼
1ffiffiffi
2
p ~a1~e1 þ ~a2~e2 � ~e3

2 þ ~e5
2

� 
; ðA:7:1Þ

~r12 ¼
1
2

~a3~e3; ðA:7:2Þ

~r21 ¼ ~r12; ðA:7:3Þ

~r22 ¼
1ffiffiffi
2
p ~a1~e1 � ~a2~e2 þ ~e3

2 � ~e5
2

� 
; ðA:7:4Þ

~rg1
¼ @4~u1

@~x4
1

þ @4~u1

@~x2
1@~x2

2

� @4~u2

@~x3
1@~x2

� @4~u2

@~x1@~x3
2

" #
; ðA:7:5Þ

~rg2
¼ � @4~u1

@~x3
1@~x2

� @4~u1

@~x1@~x3
2

þ @4~u2

@~x2
1@~x2

2

þ @
4~u2

@~x4
2

" #
: ðA:7:6Þ

The FePd material parameters used during the simulations are given
in Section 4.1.
Appendix B

We rescale equation (Eq. (17)) by using the method described in
Appendix A. Based on the dimensionless variables introduced in
Eq. (A.1), the rescaled free energy can be written as

fF ¼ 1
2

~a2~e2
2 �

1
4

~e4
2 þ

1
6

~e6
2 þ

1
2

@~e2

@~x

� �2

; ðB:1Þ
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with

ec ¼
ffiffiffiffiffi
a4

a6

r
; d¼

ffiffiffiffiffiffiffiffiffiffi
kga6

a2
4

s
; ~a2 ¼

a2a6

a2
4

ðh� hmÞ
hm

; Fc ¼ d2e6
c a6: ðB:2Þ
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