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A B S T R A C T

Experimental studies on the collective field emission from carbon nanotubes (CNTs) on metallic cathode

substrate show wide variability. In this paper, we investigate several related effects, such as the

relationship between the electron–phonon transport and the mechanical deformation in the CNTs. A

systematically coupled model of randomly oriented CNTs in a thin film is developed. Numerical

simulations are reported, which are able to reproduce several experimentally observed phenomena, such

as a fluctuating field emission current, deflected CNT tips and the heating process. Examples are shown,

where the electrodynamic stretching of the initially deflected CNTs can produce transients in the

collective field emission current as large as 103 times the usual field emission current. Correspondingly,

the tip temperature rises from 303 to 520 K within a time interval of 40 s. A 10 K variability in the

maximum temperature is observed over the 0.0144–0.0202 V/nm range of the DC bias electric field. The

maximum tensile stress is found to be 1.2 GPa, which is much smaller than the fracture stress.

� 2008 Elsevier B.V. All rights reserved.
1. Introduction

Field emission from carbon nanotube (CNT) was first reported
in 1995 by three research groups [1–3]. With significant
improvements in the processing techniques, the use of CNTs in
the field emission devices (e.g., field emission displays, X-ray tube
sources, electron microscopes, cathode-ray lamps, nanolithogra-
phy systems, etc.) have been successfully demonstrated [4–6].
Field emission performance of a single isolated CNT is fund to be
remarkable. This is due to structural integrity, high thermal
conductivity and geometry of the CNTs. Molecular dynamic studies
[7] indicate that the stress at fracture of CNTs is on the order of tens
of GPa and the fracture strain is greater than 10%. Thermal
conductivity of CNTs is generally very high (3000 W/m K as
reported in Ref. [8]), although ballistic phonon scattering and
change in the C–C spacing due to mechanical deformation can
reduce the thermal conductivity [9].

Theoretical and experimental studies on quantum thermal
transport [9] suggest that the electronic transport, and hence the
field emission current, is coupled with the thermal transport. If
treated as a semiconductor nanowire [10], a CNT with the film
substrate (cathode) on one end and the freely oriented CNT tip
towards the other end (anode) allows the flow of both the
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conduction and the valence electrons along its tubular surface. For
CNTs with larger diameter, a spiral model of electron dispersion
[11] adequately gives the electron density and the dynamic
conductivity, and for pure CNTs with smaller diameter, a
hexagonal dispersion model [11] adequately gives the electron
density and the dynamic conductivity. However, for a deformed
CNT, the electron density and the dynamic conductivity are likely
to change significantly. As it is the case for the present problem of
field emission from CNTs in a thin film, deformation is due to the
electromechanical forces.

An added complexity is due to the non-local nature of the
electro-mechanical forces, which is due to the interacting CNTs in a
film. At the device level, the collective field emission current is
found to be fluctuating, often with large spikes. Several studies
have been reported, which shed some lights regarding the
possibility of electrical breakdown [12,13] and thermal degrada-
tion [9,14] of isolated CNTs. In the case of multiwalled carbon
nanotubes (MWNTs), it has been observed that the field emission
current decreases by sharp steps, and this is due to the shell by
shell breakdown of a MWNT [12]. In order to stabilize the collective
field emission from a CNT based thin film, the bias voltage is often
increased after certain low voltage exposure initially. This is done
to achieve preferential breakdown of a small number of CNTs
purposefully [13].

Under high electric field, the coupled electron–phonon trans-
port is likely to produce temperature spikes. The temperature can
be high enough to melt a CNT tip and often the substrate [9,14,15].
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Also at a moderate temperature, structural defects may grow [14],
leading to reduction in the electrical conductivity. Numerical study
[14] based on a coupled model of field emission from the tip region
and the thermal transport along the CNT length shows a steep
transition of temperature. In view of the coupled nature of the
electrical and the thermal degradation, in this paper, we extend
the previously developed model [16] to include the details of the
electron–phonon transport and the electrical breakdown. It has
been experimentally observed that the collective field emission
from CNT thin films has not only step-wise drops, but also
preceding/successive rise in the form of spikes. The later aspect is
attributed to the reorientation of few CNTs while the other CNTs
undergo degradation. These reorientation effects are particularly
observed at the initial step-wise rise in the collective current from
the anode. Furthermore, very strong oscillations of the field
emission current have been observed on saturation [13]. Small
spikes in the current have also been observed experimentally [17],
which can generally be attributed to the change in the gap between
the elongated CNT tip and the anode plate, and also there is a
possibly a dynamic contact of pulled up CNT tips with the anode
plate when the bias voltage is very high (>800 V).

In this paper, we focus on the device-level performance of CNTs
in thin film. We consider CNTs grown on a metal substrate and
together acting as cathode. The anode acts as the field emission
current collector. Although an atomic force microscopy on a single
CNT reveals the details of electrical conductivity and the thermal
conductivity of an isolated CNT, however, it is difficult to perform
such measurements for an array of interacting CNTs in a film
during field emission. A major concern here is the inherent
coupling among (i) the ballistic electron–phonon transport and (ii)
electrostatic and electrodynamic forces causing deformation of the
CNTs.

2. Model formulation

The current density (J) due to field emission from a metallic
surface is usually obtained by using the Fowler–Nordheim
equation [18], which can be expressed as

J ¼ BE2

F
exp �CF3=2

E

 !
; (1)

where E is the electric field, F the work function for the cathode
material, B and C are constants. The work functions for field-
emission from CNT was experimentally reported at an early stage
of research on this subject by Sinitsyn et al. [19], Obraztsov et al.
[20] and several other researchers (see e.g., Ref. [21]). In several
references therein and also in the subsequent studies discussed in
Section 1, it has been explained how the experimentally obtained
work function values can be employed in the Fowler–Nordheim
(F–N) equation. Also, it may be recalled that the F–N equation does
approximate a one-dimensional transport of electron across an
interface between a crystalline phase and vacuum. One limitation
is that the thermal electrons, which are emitted from CNTs even at
low temperatures are not accounted in a coupled manner in the
theory behind the F–N equation. In the present paper, the authors
have attempted to bridge these gaps by introducing thermal effect
without solving a computationally intensive fully coupled
quantum-mechanical problem.

In the CNT thin film problem, under the influence of sufficiently
high voltage at ultra-high vacuum, the electrons emitted from the
CNTs (mainly from the tip region) reach the anode. Unlike the
metallic emitters, here, the surface of the cathode consists of
nanostructured tubes. Also, certain amount of impurities and
carbon clusters may be present. Moreover, the CNTs undergo
reorientation due to electromechanical interactions with the
neighboring CNTs during field emission. Analysis of these
processes requires determination of the current density by
considering the CNT ensemble geometry, their dynamic orienta-
tions and the variation in the electric field during electronic
transport.

2.1. CNT geometry and orientation

We consider an array of CNTs as shown schematically in Fig. 1.
For modelling purpose, we consider a representative volume
(Vcell), which contains several CNTs with a prescribed distribution
of their spacing on the substrate and random distribution of their
curved shapes. We treat each CNT as a cylindrical nanowires by
neglecting its torsional and the radial deformations and then
discretize each of them into several segments with nodes. At each
node, we assign the quantities of interest, such as displacement,
electron density, electric field and temperature. In what follows,
the governing equations involving these quantities of interest are
derived systematically. An initial description of the thin film is
prescribed in terms of the tip angles and the curved shapes of the
CNTs in each Vcell, uniform conduction electron density of
unstrained CNTs, a bias electric field and a reference temperature
(temperature of the substrate).

Considering the previously developed phenomenological
model of degradation of CNTs [16], let us assume that the number
of carbon atoms formed per unit volume from a CNT is n1ðtÞ. Here t

denotes the time. If Dh is the decrease in the length of the CNT over
a time interval Dt due to degradation and if dt is the average
diameter of the CNT, then the surface area of the CNT decreases by
pdtDh. By using the geometry details of the CNT, the decreased
surface area can be expressed as

pdtDh ¼ Vcelln1ðtÞ sðs� a1Þðs� a2Þðs� a3Þ½ �1=2; (2)

where a1, a2, a3 are the hexagonal lattice constants, Vcell the
representative volume element and s ¼ 1=2ða1 þ a2 þ a3Þ. The
chiral vector for a CNT is expressed as

Ch

!
¼ n~a1 þm~a2; (3)

where n and m are integers ðn� jmj �0Þ and the pair ðn;mÞ defines
the chirality of the CNT. By using the fact that ~a1 �~a1 ¼ ja1j2,
~a2 �~a2 ¼ ja2j2, and 2~a1 �~a2 ¼ ja1j2 þ ja2j2 � ja3j2, the circumference
and the diameter of a CNT can be expressed as [22], respectively,

jC
!

hj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2a2

1 þm2a2
2 þ nmða2

1 þ a2
2 � a2

3Þ
q

; dt ¼
jC
!

hj
p

: (4)

By defining the rate of degradation of CNT as
vburn ¼ lim Dt! 0Dh=Dt, dividing both sides of Eq. (2) by Dt as
lim t!0, we have

pdtvburn ¼ Vcell
dn1ðtÞ

dt
sðs� a1Þðs� a2Þðs� a3Þ½ �1=2: (5)

Simplification of Eq. (4) with the help of Eq. (5) leads to the
following.

vburn ¼ Vcell
dn1ðtÞ

dt

sðs� a1Þðs� a2Þðs� a3Þ
n2a2

1 þm2a2
2 þ nmða2

1 þ a2
2 � a2

3Þ

" #1=2

: (6)

Therefore, at a given time, the length of a CNT can be expressed
as hðtÞ ¼ h0 � vburnt, where h0 is the initial average height of the
CNTs (see Fig. 1).
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2.2. Electric field

In the absence of electronic transport within a CNT and field
emission from its tip, the background electric field is simply
E0 ¼ �V0=d, where V0 ¼ Vd � Vs is the applied bias voltage, Vs the
constant source potential on the substrate side, Vd the drain
potential on the anode side and d is the clearance between the
electrodes. The total electrostatic energy consists of a linear drop
due to the uniform background electric field and the potential
energy due to the charges on the CNTs. Therefore, the total
electrostatic energy can be expressed as

Vðx; zÞ ¼ �eVs � eðVd � VsÞ
z

d
þ
X

j

Gði; jÞðn̂ j � nÞ; (7)

where e is the positive electronic charge, Gði; jÞ the Green’s
function [23] with i indicating the ring position, n̂ j describing the
electron density at node position j on the ring and (n;m)
representing the chirality parameters. In the present case, while
computing the Green’s function, we also consider the nodal
charges of the neighboring CNTs. This essentially introduces non-
local contributions due to the CNT distribution in the film. We
compute the total electric field EðzÞ ¼ �rVðzÞ=e, numerically. The
effective electric field component for field emission calculation in
Eq. (1) is expressed as

Ez ¼ �
1

e

dVðzÞ
dz

: (8)

Computation is performed at every time step, followed by
update of the geometry of the CNTs. As a result, the charge
distribution among the CNTs also changes and such a change
affects Eq. (7). The field emission current (Icell) from the anode
surface corresponding to an elemental volume Vcell of the film is
then obtained as

Icell ¼ Acell

XN

j¼1

J j; (9)

where Acell is the anode surface area and N is the number of CNTs in
the volume element. The total current is obtained by summing the
cell-wise current (Icell).

The above formulation takes into account the effect of CNT tip
orientations, and one can perform statistical analysis of the device
current for randomly distributed and randomly oriented CNTs.
However, due to the deformation of the CNTs under electro-
mechanical forces, the evolution process requires a much more
detailed treatment. In order to account for the changing orienta-
tions and deformation, we first estimate the effects of electro-
mechanical forces as discussed next.
Fig. 1. CNT array configuration. Periodic nature of the localization of electric field

Eðx; yÞ around the tips is shown. The dotted lines indicate deformed CNTs.
2.3. Electromechanical forces

For each CNT, the angle of orientation u at its tip (see Fig. 1) is
dependent on the electromechanical forces. Based on the studies
reported in published literature, it is reasonable to expect that a
major contribution is by the Lorentz force due to the flow of
electron gas along the CNT and the ponderomotive force due to
electrons in the oscillatory electric field [24]. In addition, the
electrostatic force and the van der Waals force are also important.

The components of Lorentz force along Z and X directions (see
Fig. 1) are approximated as

f lz ¼ pdten̂Ez; f lx ¼ pdten̂Ex�0: (10)

Next, the CNT surface electron density is decomposed into a steady
part (due to unstrained CNT) and a fluctuating part (due to
electron–phonon interaction); that is,

n̂ ¼ n̂0 þ n̂1; (11)

where the steady part n̂0 corresponds to the Fermi level energy in
an unstrained CNT, and it can be approximated as [11]

n̂0 ¼
kBT

pb2D
; (12)

where kB is the Boltzmann constant, T the temperature, b the
interatomic distance and D is the overlap integral (�2eV for
carbon). In Eq. (11), the fluctuating part n̂1 is inhomogeneous along
the length of the CNTs. Ideally, n̂1 should be coupled nonlinearly
with the deformation and the electromagnetic field [25]. In a
simplified form, in which the circumferential mode dispersion of
electron flow is neglected, n̂1 is governed by the quantum-
hydrodynamic equation of continuity:

˙̂n1 þ n̂0
@u̇z0

@z0
¼ 0; (13)

where uz0 is the longitudinal displacement. In order to solve
Eq. (13) for n̂1, we need to couple the equations of motion for the
CNTs, which will be derived in Section 2.4.Integration of Eq. (13)
with respect to time leads to the total electron density

n̂ ¼ n̂0 1�
Z t

0

@u̇z0

@z0
dt

� �
: (14)

The integral in Eq. (14) is approximately the integral of strain
rate over the past time history. Although computationally
intensive, another way to estimate the total electron density n̂

is to compute the strained bond lengths as function of ezz and then
compute the strained band energies [10] and successively compute
the Fermi-Dirac distribution. The later approach involves several
theoretical issues, which have not been addressed till date in open
literature. This self-consistent coupling aspect will be addressed in
a forthcoming paper.

Ponderomotive force, which acts on the free charges under
oscillatory electric field, tends to straighten the bent CNTs parallel
to the z-axis. In order to estimate the components ( f px

; f pz
) of the

ponderomotive force (see Ref. [26]), the following approximation
is made.

f pz
� q2

2mev2
t

Ez
@Ez

@z
; f px

�0; (15)

where q ¼ ðpdten̂Þds is the total charge on an elemental segment ds

of a CNT, me the mass of an electron, vt ¼ 2p=t with t as the
relaxation frequency, f pz

is the Z component of the ponderomotive
force, while the X component f px

is assumed to be negligible.
We consider electrostatic force due to Coulomb interactions

among the neighboring CNTs. Mechanical contact and cohesion
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among the CNTs are not considered in the present model. Let us
consider two small segments of the two CNTs of lengths ds1 and ds2,
respectively. The charges on these two segments are, respectively,

q1 ¼ en̂0ðpdð1Þt Þds1; q2 ¼ en̂0ðpdð2Þt Þds2; (16)

where dð1Þt and dð2Þt are the diameters of the two neighbouring CNTs,
(1) and (2). The electrostatic force per unit length on s1 due to the
entire segment s2 is given by

f c ¼
1

4pee0

Z s2

0

ðpen̂0Þ
2
dð1Þt dð2Þt

r2
12

ds2; (17)

where ee0 denotes the effective permittivity of the aggregate of
CNTs and carbon clusters and r12 is the effective distance between
the centroids of the segments ds1 and ds2. The differential of the
force d f c acts along the line joining the centroids of the segments
ds1 and ds2. Therefore, the components of the force f c in X and Z

directions are, respectively,

f cx
¼

R
d f c cosf ¼ 1

4pee0

Z s2

0

ðpen̂0Þ
2
dð1Þt dð2Þt

r2
12

cos fds2;

� 1

4pee0

Xh0=Ds2

j¼1

ðpen̂0Þ
2
dð1Þt dð2Þt

r2
12

cosfDs2;

(18)

f cz
¼

R
d f csin f ¼ 1

4pee0

Z s2

0

ðpen̂0Þ
2
dð1Þt dð2Þt

r2
12

sin fds2;

� 1

4pee0

Xh0=Ds2

j¼1

ðpen̂0Þ
2
dð1Þt dð2Þt

r2
12

sin fDs2:

(19)

Here, f is the angle that the force vector d~f c makes with the X

axis, j the node number, and Ds2 is the length of the discrete
segments (assumed uniform in the present mode). The effective
distance ðr12Þ between the centroids of the segments ds1 and ds2 is
obtained as

r12 ¼ ðd1 � lx2
þ lx1

Þ2 þ ðlz1
� lz2

Þ2
h i1=2

; (20)

where d1 is the spacing between the CNTs while in contact with the
surface of the cathode substrate, lx1

and lx2
are the deflections of the

segments of the two neighboring CNTs (relative deflection
considering the two end nodes of each of the segments),
respectively, which are parallel to the X axis. Similarly, lz1

and lz2

are the deflections of the two segments, which are parallel to the Z

axis. The angle f between~r12 and the x-axis parallel is expressed as

f ¼ tan �1 lz1
� lz2

d1 � lx2
þ lx1

� �
: (21)

Next, we consider the van der Waals effect. The van der Waals
force plays an important role, not only in the interaction of the
CNTs with the substrate, but also in the interaction between the
walls of MWNTs and CNT bundles. Under bending type deforma-
tion, the cylindrical symmetry of the CNTs are no longer preserved,
leading to an axial–radial coupling [27]. For simplicity, let us
restrict ourselves to a 2D situation described with respect to (X; Z)
coordinate system shown in Fig. 1, and let us assume that the
lateral and the longitudinal displacements of a CNT are ux0 and uz0 ,
respectively. Due to their large aspect ratio, it is reasonable to
idealize the CNTs as one-dimensional elastic members with the
following kinematics.

uðmÞz0 ¼ uðmÞz00 � rðmÞ
@uðmÞx0

@z0
; (22)

where the superscript ðmÞ indicates the m th wall of a MWNT
with rðmÞ as its radius and uz00 as the center-line longitudinal
displacement. Under tensile force, bending moment and shear
force, the longitudinal displacement of the cross-section of one
wall relative to the cross-section of its neighboring wall can be
expressed with the help of Eq. (22) as

DðmÞz0 ¼ uðmþ1Þ
z0 � uðmÞz0 ¼ rðmþ1Þ @uðmþ1Þ

x0

@z0
� rðmÞ

@uðmÞx0

@z0
; (23)

where uðmÞx0 ¼ uðmþ1Þ
x0 ¼Dx0 is the lateral displacement. The lateral

shear stress tðmÞvs can be written as

tðmÞvs ¼ Cvs
DðmÞz0

Dx0
; (24)

where Cvs is the van der Waals coefficient. Therefore, the effective
shear force per unit length of a CNT can be expressed as

f vs ¼
X

m

Z 2p

0
Cvs

DðmÞz0

Dx0
reff dc;

) f vs ¼
X

m

pCvs ðrðmþ1ÞÞ2 � ðrðmÞÞ2
h i 1

Dx0

@Dx0

@z0
;

(25)

and its components in the (X–Z) coordinate system are, respec-
tively,

f vsz
¼ f vs sin uðtÞ; f vsx

¼ f vs cos uðtÞ: (26)

2.4. Dynamics of CNTs

Following the steps given in Section 2.3, the net force
components acting on the CNTs in the (X–Z) coordinate system
are calculated as

f ¼
Z
ð f l þ f vsÞdsþ f c þ f p; (27)

We employ this form of force components while writing the
conservation law.

Under the assumption of small strain and small curvature, the
longitudinal strain ezz and the longitudinal stress szz are written as

ezz ¼
@uðmÞz00

@z0
� rðmÞ

@2
uðmÞx0

@z02
þ aDTðz0Þ ; szz ¼ E0ezz; (28)

where E0 is the effective modulus of elasticity, DTðz0Þ ¼ Tðz0Þ � T0

the difference between the absolute temperature (T) during field
emission and a reference temperature (T0), and a is the effective
coefficient of thermal expansion. The longitudinal strain and the
stress in Eq. (28) are employed in the strain energy expression.
Subsequently, the kinetic energy is expressed in terms of the
velocities u̇x0 and u̇z0 . Next, by applying the Hamilton principle, we
obtain the governing equations in (ux0 , uz0 ) for each CNT, which can
be expressed as,

E0A2
@4

uðmÞx0

@z04
þ rA0üðmÞx0 � rA2

@2
üðmÞx0

@z02

�
X

m

pCvs ðrðmþ1ÞÞ2 � ðrðmÞÞ2
h i 1

Dx0

@Dx0

@z0
cos ðuðz0ÞÞ

� f lx0 � f cx0 ¼ 0; (29)

� E0A0
@2

uðmÞz00

@z02
� 1

2
E0A0a

@DTðz0Þ
@z0

þ rA0üðmÞz00

� pCvs ðrðmþ1ÞÞ2 � ðrðmÞÞ2
h i 1

Dx0

@Dx0

@z0
sin ðuðz0ÞÞ

� f lz0 � f cz0 ¼ 0; (30)
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where A0 is the effective cross-sectional area, A2 the second
moment of cross-sectional area about Z-axis and r is the mass per
unit length of CNT. We assume fixed boundary conditions (u ¼ 0)
at the substrate–CNT interface (z ¼ 0) and free boundary condi-
tions at the CNT tip (z ¼ hðtÞ). By solving Eqs. (29) and (30) in ux0

and uz00, one can essentially quantify the effect of electrodynamic
forcing on the current density fluctuation (n1) given in Eq. (14).

2.4.1. Acoustical phonon interaction with electron gas

Eqs. (29) and (30) describe the coupled nature of the dynamics
in its simplest form. It is important to analyze the fundamental
mode interaction between the acoustical phonon and the two-
dimensional electron gas flow along the CNT sheet. Here, we shall
consider only the longitudinal acoustical phonon mode and the
flow of s electrons forward and backward along the nanotube.
With the help of Eq. (14), we simplify Eqs. (29) and (30), and after
linearization of the nonlinear terms using Eqs. (11) and (13), the
homogeneous form of the longitudinal mode equation is obtained
as

E0A0
@2

uz00

@z02
� rA0üz00 þ pdð pÞt eEz0 n̂1 þ b2n̂1 ¼ 0; (31)

where b2 is a constant due to Coulomb interaction and is given by

b2 ¼
X

q

pe2n̂0dð pÞt dðqÞt sin f
2ee0

Ds; (32)

with superscript ðpÞ denoting the chosen CNT and the summation
over q denoting the Coulombic contribution from neighboring
CNTs. By assuming harmonic waveform of the field n̂1 and uz00, that
is,

n̂1ðz0; tÞ ¼ ñðvÞe�ikz0þivt; uz00ðz0; tÞ ¼ ũzðvÞe�ikz0þivt; (33)

where v is the circular frequency and k is the longitudinal mode
wave vector, and by eliminating n̂1 in Eq. (31) with the help of
Eq. (13), the dispersion relation is obtained as

k ¼ �in̂0
ðpdðpÞt eEz0 þ b2Þ

2E0A0
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�n̂

2
0

pdðpÞt eEz0 þ b2

2E0A0

 !2

þ r
E0

v2

vuut : (34)

In Eq. (34), the term within the square-root clearly shows the
interplay between the acoustic mode and the electron density
fluctuation due to background electric field (Ez0 �V=d) and the
Coulomb potential b2. There is a steady flow of electron when
k ¼ 0, and an amplification of acoustical phonon mode interaction
when Re½k� 6¼0, that is, when

v> n̂0
pdðpÞt eEz0 þ b2

2E0A0

 !2
ffiffiffiffi
E0

r

s
: (35)

It means that one obtains an amplification in the field emission
current when an AC electromagnetic field is applied with
frequency v such that Eq. (35) is satisfied. On the other hand,
various parameters in the right hand side of inequality (35) can be
estimated using spectral measurements under transient electro-
magnetic bias field.

2.4.2. Thermodynamics of electron–phonon interaction

During field emission, an electron flowing from the cathode
substrate towards the anode along the CNT surface acquires energy
and escapes from the tip region towards the anode by crossing
the Fermi energy level. Thus, the thermodynamic process is similar
to the thermionic emission, except that the temperature for
thermionic emission is much higher than the temperature for field
emission from CNTs. The energy lost in the replacement of the
emitted electron is likely to create intense temperature gradient in
the emitter [28]. For a metallic cone tip with hemispherical cap
having �0:3 m m or smaller diameter, an empirical estimate of
energy loss per emitted electron from the tip was reported to be
W ¼ Fþ bkBT (see Ref. [29]), where F is the work function and b
is a constant or an empirical function of temperature. On the other
hand, due to particular atomic arrangement at the tip and the
rolled graphene sheet in a CNT, the electrical potential across the
CNT tip and hence the field emission characteristics are different
than those due a metallic surface. Experimental studies using free-
standing CNT shows that the temperature distribution is
broadened as its length decreases [9] and most of the energy
provided by the electric field to each electron is converted into
phonons within the nanotube. This correlates well with the
observations reported in Ref. [9] that the electron mean-free path
is shorter than the umklapp scattering mean-free path for inter-
phonon scattering. Thus, a diffusive thermal transport model in the
ballistic regime appears suitable to analyze the temperature rise in
the CNTs. In the ballistic regime, the heat flux carried away by the
phonons can be obtained by integrating the non-equilibrium
phonon distribution associated with several photon modes [30].
Further simplification of this integral based on the analogy with
the Landauer formula for ballistic conduction of electron leads to
an approximate thermal conductance quantum kQ ¼ pk2

BT=ð6�hÞ.
We employ this temperature dependent thermal conductance to
derive the thermal transport model, which is discussed next. The
heat flux in a CNT segment is first written as

dQ ¼ I2 rcpd2
t

4L
dz0; (36)

where L is the effective length of the CNT, I ¼ pdte ˙̂n denotes the
current and rc � Ez0 le=ðe ˙̂nÞ denotes the electrical resistivity with le
as the electron mean-free path. Considering heat conduction of the
form qF ¼ �kQrT and thermal radiation from the CNT, the
quantum-thermal energy balance equation in rate form is
expressed as

dQ � pd2
t

4
dqF � pdtsSBðT4 � T4

0 Þdz0 ¼ 0; (37)

where sSB is the Stefan–Boltzmann constant.
At the substrate–CNT interface (z0 ¼ 0), the boundary condition

is T ¼ T0. At the CNT tip (z0 ¼ L), qF ¼ 2MkQ T (see Ref. [9]), where
M�0:1875kBTd2

t =ð�ha1cÞ and c�1:5	 104 m/s is the in-plane
speed of sound in graphite [31]. We assume a1 ¼ a2 ¼ a3.

Eq. (37) is discretized in Tðz0Þ using a four-point finite
differencing scheme over each segment 0 
 z0 
 L. Note that in
the developed model, the temperature distribution, the electron
density n̂ and the electric field Ez0 are strongly coupled. This means
that all the respective governing equations are to be solved
simultaneously. Based on Eq. (8), we first compute Ez0 at the nodes,
and then solve Eqs. (14), (29), (30) and (37) in (n̂, uz0 , ux0 , T). This is
done at each time step tiþ1 ¼ ti þDt and the state of each CNT is
updated. The angle of orientation u between the nodes jþ 1 and j

at the two ends of a CNT segment of length Ds j is expressed as

uðtÞ ¼ tan �1 ðx jþ1 þ u jþ1
x Þ � ðx j þ u j

xÞ
ðz jþ1 þ u jþ1

z Þ � ðz j þ u j
zÞ

 !
; (38)

u j
x

u j
z

� �
¼ ½G ðuðt �DtÞ jÞ� u j

x0

u j
z0

" #
; (39)

where G is the usual coordinate transformation matrix. Most
importantly, the angle at the tip of each CNT after incremental
reorientation under force field is obtained using the above



Fig. 2. Spikes in the field emission current at low bias voltage due to reorientation

and pull-up of few CNTs.

Fig. 3. Fluctuation of field emission current from a baked sample having vertically

aligned CNTs.

Fig. 4. Field emission current histories for various initial average tip deflections

h=m0 and under bias voltage V0 ¼ 500 V.

Fig. 5. Field emission current histories for various initial average tip deflections

h=m0 and under bias voltage V0 ¼ 600 V.
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equations. Field emission current at each time step is calculated
based on Eq. (9).

3. Results and discussions

The film surface area (projected on the anode) considered here
is 49.93 mm2. The average thickness of the film is 10–14 mm.
Actual experiments were performed in a vacuum chamber fitted
with a micro-meter to control the electrode gap. Field emission
current histories were measured under various DC bias voltages.
The gap (d) between the electrodes is maintained at 34:7 mm. Fig. 2
shows the occurrence of current spikes at 500 V (a low bias
voltage) obtained experimentally and such response is an
indication that few CNTs are emitting heavily and they are pulled
up towards the anode. Fig. 3 shows a more number of spikes as the
bias voltage is increased to 700 V. The CNTs used here were
initially in the vertically aligned positions. Next, we report the
results based on numerical simulations, which captures such
spiking in the current.

For numerical simulations, the constants in Eq. (1) were taken
as B ¼ ð1:4	 10�6Þ 	 exp ðð9:8929Þ 	F�1=2Þ and C ¼ 6:5	 107

(see Ref. [14]). It has been reported in the literature (e.g., Ref.
[14]) that the work function F for CNTs is smaller than the work
functions for metal, silicon, and graphite. However, there are
significant variations in the experimental values of F depending
on the types of CNTs. The type of substrate materials has also
significant influence on the band-edge potential. The numerical
results reported in this paper are based on computation with
F ¼ 2:2 eV. We solve for the mechanical displacement field (u),
electric field (E), current density (n) and temperature (T)
distributions in each CNT with the help of Eqs. (29) and (30),
Eqs. (8), (14) and (37), respectively. They are solved in a coupled
manner. Finally, the field emission current is computed using
Eq. (9).

Following sample configuration details have been used:
average height of CNTs h0 ¼ 12mm, average diameter
dt ¼ 3:92 nm and average spacing d1 ¼ 2 m m at the substrate
contact regions. A random initial height distribution with the range
h ¼ h0 � 2 m m and a random initial distribution of the orientation
angle u at the nodes have been used. The random orientation
distribution is parameterized in terms of the initially assigned tip
deflection (denoted by h=m0, m0>1). Several simulations were
performed and the output data (time histories, etc.) were averaged.
Figs. 4–6 show the simulated effects of the largely deflected CNT
tips in the film (higher h=m0 values) and the effects of increasing
bias voltages on the field emission current histories. By comparing
the curves in these figures, the following two important observa-
tions can be drawn: (1) for a constant bias voltage, as the initial
average deflections/angle of the CNTs are increased from h0=25 to
h=20, the average current reduces. With further increase in the



Fig. 6. Field emission current histories for various initial average tip deflections

h=m0 and under bias voltage V0 ¼ 700 V.
Fig. 8. SEM image showing the oriented tips of CNTs after t ¼ 100 s.

Table 1
Maximum tensile stress szz (GPa) due to electro-mechanical pull-up of CNTs for

various initial tip deflections and background electric field V0=d

Initial tip deflection 0.0144 V/nm 0.0173 V/nm 0.0202 V/nm

h/25 0.309 0.024 0.403

h/20 0.091 0.975 1.056

h/15 1.223 1.173 1.095

D. Roy Mahapatra et al. / Applied Surface Science 255 (2008) 1959–1966 1965
initial state of deflection/angle (e.g., h0=15), the electrodynamic
interaction among CNTs and the mechanical deformation
produces sudden stretching of the deflected tips towards the
anode; (2) the trends in the current fluctuation for higher h0=m0

in Fig. 6 (for high bias) indicate current spikes with an amplitude
factor of �103, whereas in Figs. 4 and 5 (for low bias voltage)
the trend indicates current spikes with an amplitude factor of
�102. The current spikes are the results of electrodynamic
stretching, causing reorientation of the CNTs. Fig. 7 shows a
comparison of the distribution of the tip angle u over an array of
100 CNTs at t ¼ 0 with h=20 and t ¼ 100s under bias voltage
V0 ¼ 700 V (0.0202 V/nm). Fig. 7 reveals that after experiencing
the electrodynamic stretching, some of the CNTs with angle þu
may reorient to �u, whereas some of the already largely
deflected CNTs move further away with increasing juj due to
Coulombic repulsion. The deflected tips shown in the SEM
images in Fig. 8 gives a qualitative agreement between the
experiment and the simulation.

As seen in Figs. 4–6, since the current spikes can cause high
stress and growth of defects in CNT, we further analyze the stress
accumulated in the CNTs based on Eq. (28). It may be noted that
the bias electric field (V=d) used in the numerical simulation is
much smaller than those used in the reported literature
regarding degradation and breakdown of single CNT [14,17].
Usually, V=d>1V/nm is considered to be high enough to produce
defects in the CNTs. Based on the simulation, the maximum
Fig. 7. Comparison of tip orientation angles uðtÞ at t ¼ 0 and t ¼ 100 s.
tensile stress attained during 100 s of field emission correspond-
ing to Figs. 4–6 is given in Table 1. Data in this table indicate non-
monotonic increase in the stress for increasing h=m0. The highest
stress is observed for h=15 under low bias field of 0.0144 V/nm.
For higher bias field, the stress increases monotonically for
increasing h=m0. The maximum stress in all the cases is found to
be 1.223 GPa, which is much smaller than the fracture stress [7]
(>65 GPa). Therefore, it is less likely in the present case that the
CNTs in the film could fail by fracture under the chosen initial
film pattern and bias field. This is confirmed from Fig. 2.
However, electric breakdown process is possibly accelerated as
the current spikes also give rise to temperature spikes. At a
breakdown temperature Tc (generally >900 K), one may expect
degradation of CNTs, and hence a proportional decrease in the
electron density at a rate n̂vcexp ð�Dc=ðkBTcÞÞ, where vc is the
highest frequency in the spectrum of the temperature spike and
Fig. 9. Maximum temperature of the CNT tips during 100 s of field emission.



Fig. 10. Variation in the maximum current and the average current due to field

emission under increasing bias electric field.

Fig. 11. Variation in the maximum and average temperature due to field emission

under increasing bias electric field.
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Dc � 3–4 eV (see Ref. [9]). In Fig. 9, we plot the maximum tip
temperature distribution over an array of 100 CNTs during field
emission at a bias voltage of 700 V over 100 s duration
(corresponding to the tip angle distribution shown in Fig. 7). This
result indicates a temperature rise up to �520 K for a bias field of
0.0202 V/nm. This temperature rise was observed at t ¼ 40 s.
Based on the statistical analysis of the simulated data, we plot the
maximum current and the average current in Fig. 10 for various
bias voltages. Similarly, the maximum temperature and the
average temperature for various bias voltages are plotted in
Fig. 11. A linear log ðIÞvs. V=d behaviour can be observed in
Fig. 10. However, at higher bias voltages, the maximum current
tends differ from the average current. From Fig. 11, it can be seen
that the average temperature is almost independent of the bias
voltage, whereas the maximum temperature fluctuates by more
than 10 K over the range of bias field.
4. Concluding remarks

In this paper, we have developed a method to analyze
systematically the collective field emission from CNTs in a thin
film, electron–phonon interaction and non-local electrodynamic
effects on the CNTs. It helps in analyzing various coupled effects
related to the mechanics, the thermodynamics and the process of
collective field emission from the CNTs. In particular, it is shown
how the the electric field, the electronic transport, the mechanical
deformation of the CNTs and the heat conduction in the CNTs due
to ballistic phonon scattering are interrelated. Results presented
along with the estimate of tensile stresses are indicative of the
collective field emission performance of the CNT thin film.
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